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STUDENTS’ AGGREGATE REASONING WITH COVARIATION 
Keren Aridor and Dani Ben-Zvi 

LINKS I-CORE, University of Haifa, Israel 

Helping young students to interpret and evaluate the relations between two variables is challenging. 
In this case study we examine how students’ aggregate reasoning with covariation (ARwC) emerged 
while they modeled a real phenomenon and drew informal statistical inferences in an inquiry-based 
learning environment using TinkerPlots2. We focus on two fifth graders (age 11) who participated in 
the 2015 Connections project in Israel. We analyze their emergent ARwC in statistical data analysis 
and modelling activities, and in growing samples investigations. We describe the students’ 
articulations of ARwC as they explore the relations between two variables in a small real sample and 
plan, construct and improve a model of the predicted relations in the population. This article 
contributes to the study of young students’ aggregate reasoning and the role of models in developing 
such reasoning. 

Keywords: aggregate reasoning, exploratory data analysis, informal statistical inference, reasoning 
with covariation, statistical model, statistical modelling. 

INTRODUCTION 

A core aspect of statistical reasoning is handling data from an aggregate point of view (Hancock, 
Kaput, & Goldsmith, 1992), namely, viewing data as an entity with emergent properties, such as 
shape, center and spread (Konold, Higgins, Russell, & Khalil, 2014). Research about students’ 
reasoning with covariation specified aspects of aggregate reasoning with covariation (ARwC) that 
are essential to judging and interpreting relations between two variables, such as viewing data as a 
whole (Moritz, 2004). Nevertheless, young students tend to see data as individual cases (local view) 
rather than a global entity (Ben-Zvi & Arcavi, 2001), and often focus on a single variable and not on 
the bivariate data (Zieffler & Garfield, 2009). Statistical modelling contexts can help address these 
challenges, by supporting students’ search for patterns in data and account for variability in these 
patterns (Pfannkuch & Wild, 2004). In this case study, we examine this assertion by demonstrating 
how fifth-graders’ ARwC can emerge while they make informal statistical inferences and model an 
authentic phenomenon using hands-on tools and TinkerPlots2 (TP2, Konold & Miller, 2011). 

LITERATURE REVIEW 

Informal Statistical Inference (ISI) 

Informal Statistical Inference (ISI) is a theoretical and pedagogical approach for developing statistical 
reasoning, connecting between key statistical ideas and informal aspects of learning statistical 
inference (Garfield & Ben-Zvi, 2008). ISI is based on making generalizations beyond the given data, 
expressing uncertainty using a probabilistic language and data as evidence for these generalizations 
(Ben-Zvi, 2006; Makar & Rubin, 2009; Makar, Bakker, & Ben-Zvi, 2011). 
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Reasoning with covariation 

Statistical covariation refers to the correspondence of variation of two variables that vary along 
numerical scales (Moritz, 2004). Bivariate relations are characterized by the variability of each of the 
variables; the pattern of a relation, its shape in terms of linearity, clusters and outliers; and the 
existence, direction and strength of a trend (Watkins, Scheaffer, & Cobb, 2004). Reasoning with 
covariation the cognitive activities involves in coordinating, explaining and generalizing two varying 
quantities while attending to the ways in which they change in relation to each other (Friel, 2007). It 
plays an important role in scientific reasoning and is applied depending on usage, goals and discipline 
(Schauble, 1996). Students tend to: focus on isolated data points rather than on the global data set; 
focus on a single variable rather than the bivariate data; consider a relation between variables only if 
it is positive (the unidirectional misconception); reject negative covariations when they are 
contradictory to their prior beliefs; have a hard time distinguishing between arbitrary and structural 
covariation; and lack an idea of the global trend (Batanero, Estepa, & Godino, 1997; Ben-Zvi & 
Arcavi, 2001; Gravemeijer, 2000; Moritz, 2004). Aggregate reasoning is essential for developing 
reasoning about covariation (Ben-Zvi, Zieffler, & Garfield, 2007). 

Aggregate reasoning 

Aggregate reasoning is a global view of data that attends to aggregate features of data sets and their 
propensities (Ben-Zvi & Arcavi, 2001; Shaughnessy, 2007). When viewing data as an aggregate, a 
data set is considered as an entity with emergent properties, which are different from the properties 
of the individual cases themselves (Friel, 2007). Two important aggregate properties are the 
distinction between signal and noise and the recognition and diagnosis of various types and sources 
of variability (Rubin, Hammerman, & Konold, 2006). Aggregate reasoning is discussed in the 
literature mostly in the context of data and distribution, or often without using this terminology (e.g., 
global reasoning in Ben-Zvi & Arcavi, 2001; reasoning with covariation in Cobb, McClain, & 
Gravemeijer, 2003). One goal of the current study is to extend the understanding and use of this 
notion to the context of statistical modelling and covariation, which we term ARwC. 

Statistical models and modelling 

Models and modelling are essential components of statistical reasoning (Lehrer, Kim, Ayers, & 
Wilson, 2014). A statistical model is an analogy that simplifies a real phenomenon, describes some 
of the connections and relations among its components, and attends to uncertainty (Wild & 
Pfannkuch, 1999). A modelling pedagogical approach can support the emergence of aggregate view 
of data since it requires summarizing data in multiple ways depending on its nature (Lehrer & 
Schauble, 2004; Pfannkuch & Wild, 2004). In this article, we focus on students’ emergent ARwC in 
relation to statistical models that were developed by them in an attempt to describe a real phenomenon 
and predict outcomes in an unknown population. 

RESEARCH QUESTION 

In this case study, we focus on two fifth grade students (age 11) who were involved in modelling 
activities of bivariate data and drawing ISIs in growing samples investigations. In this context, we 
ask: What are the characteristics of the students’ emergent ARwC? 
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METHOD 

To address this question we draw on data from the 2015 Connections Project in grade five in Israel. 
In this project, a group of researchers and teachers designed and studied an inquiry-based learning 
environment to develop statistical reasoning in grades 4-6. The focus of the Project in 2015 was 
aggregate reasoning using modelling activities in the context of making ISIs. 

The setting and participants 

The learning environment addressed the need for purpose and utility for the students (Ainley, Pratt, 
& Hansen, 2006) by combining growing samples (Bakker, 2004) and modelling. Students 
investigated samples of increasing size that were drawn from the same population. For each sample, 
they posed a research question, organized and interpreted the data, and drew ISIs. They made 
conjectures about a larger sample to confront uncertainty. The students participated in two main 
cycles of data investigations using hand-on tools and TP2: 1) investigations of their class and grade 
samples (2-3 attributes, samples of 25 and 73 cases); and 2) investigations of bivariate data of a part 
of the class and grade samples (18 attributes, samples of 10, 24, and 62 cases). For each sample, 
students modeled their conjecture about the investigated phenomenon in the population (all fifth 
graders in Israel), as hands-on representations, or a TP2 model. There were altogether nine activities 
(14 lessons, 90 minutes each). Each lesson included a pre discussion on the investigated topic, data 
investigation in small groups, and a post synthesis discussion of students’ findings. We emphasized 
sharing of students’ ideas and actions. We focus on the development of the ARwC of a pair of 
academically successful boys—Orr and Guy, who were fully videotaped using CamtasiaTM to capture 
both their computer screens and discussions. 

Data colletion and analysis 

The episodes were selected from Orr and Guy’s seventh to ninth activities. In the first six activities, 
they investigated univariate distributions and associations between categorical and numerical 
attributes. During whole class meetings, they discussed statistical ideas, such as center and 
representativeness, variability and outliers, comparing groups and covariation, and ways to represent 
and articulate these ideas. The data investigations dealt with the relations between the amount of 
push-ups one can make in a row (“Push-ups”), and the 900-meters running time in seconds 
(“Running”). They examined their question in samples of their class and whole grade (n=24 in 
Activity 7, n=62 in Activity 8), constructed hands-on models (Activities 7 and 8) and TP2 models 
(Activity 9). Online handouts that included questions, such as “Would your inference apply also to a 
larger group of students such as the whole class?” guided the students. 

The students’ videos were carefully observed, transcribed, translated from Hebrew to English, and 
annotated for further analysis of students’ ARwC. We used an interpretive microgenetic method 
(Siegler, 2006) taking into account verbal, gestural, and symbolic actions within the situations in 
which they occurred. Interpretations were discussed until consensus was reached. 

RESULTS 

The following four selected episodes describe the students’ emergent ARwC while they made 
informal inferences and created models of the population. Square brackets are used in this article to 
denote the transcript line number and the speaker's name. 
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Episode 1: An initial trend line 

In Activity 7, the students extended their previous investigation about the running distribution to 
study the relations between running and push-ups (a sample of 24). They struggled with the first task 
to formulate a research question. Orr asked whether push-ups influenced the 900-meter run results, 
while Guy rejected the idea of dependency, and asked: “Do other sports relate to running?” They 
were challenged to define an aggregate research question that reflected their contextual knowledge. 
The students then discussed the relations in the data (Fig. 1). 

Although the students responded to the interviewer’s efforts to encourage them to articulate an 
aggregative expression about the bivariate data [143], they looked mostly locally at the data, starting 
from an extreme case [Case 22]. To provide evidence for covariation, they identified a collection of 
four points [Cases 22, 5, 9 and 14] that made a pattern–an initial linear trend line, which they planned 
to draw [149]. They were possibly inspired by a previous class discussion about trends. In each case, 
they noticed the value of the two attributes [e.g., 134] and the change of the value in relation to the 
previous case [“it went down a little”, 148]. Attention to an outlier [152], which didn't fit their trend 
line [Case 1, worst running result], led them to acknowledge the variability in the data. 

Figure 1: The class sample (n=24): 
An initial trend line in TP2. 

Figure 2: The first trend line and the 
outliers in TP2. 

Figure 3: The “reasonable” trend line 
in TP2. 

Episode 2: An ideal covariation model 

In Activity 8, following the growing samples method, the students studied a larger sample of the 
entire fifth grade (n=62). They generated a scatter plot, added the means, medians and a horizontal 
reference line for the median of the number of push-ups (Fig. 2). Guy drew a trend line using the TP2 
pen and remarked that there were cases not represented by this line [Cases 1 and 56 in Fig. 2]. He 
drew a new “reasonable” [89] trend line in the middle of the data cloud, mostly without passing 
through cases, but rather between them (Fig. 3). The students added a vertical reference line of the 
median running time, which separated the graph into four quadrants, and then interpreted this 
representation. 

132 Guy We saw that 93 [push-ups, Case 22] also made a good running [time]. 
133 Int. That a person who did many push-ups… 
134 Guy Many push-ups, which is 93, so the [running] result is also good. … 
143 Int. Do you see, that the higher the push-ups is … 
144 Orr It gives less… The [running] result is lower. 
148 Guy Here [Case 5], it [push-ups] went down a little, and the [running] result is lower; also here [Case 9] the 

[running] result is lower, and it [push-ups] went down further more [Case 14] … 
149 Orr [Continues] and the [running] result is lower. So let’s draw a line. [They did not draw this trend line.] 
152 Guy And here [Case 1], It [push-ups] is also quite low, and the lowest [worst running] result. 
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122 Guy The more you approach the height here [at the upper-left quadrant in Fig. 3] … in the push-ups, the more 
you progress here, besides maybe these ones [Cases 44 and 49] … When you are in this area [the upper-
left quadrant], it means that he did a lot [a good result] in the running … If you are here [Case 22], it 
means that you do a lot of push-ups and also a good running result. 

123 Orr But if you are here [the lower-right quadrant], it means that you ran … 
124 Guy [interrupted] It means that it is quite little push-ups 
125 Orr And the result [of the running] is slow. 

Orr noticed that there is another area type in this graph that was created by the intersection of the two 
reference lines. Guy drew a circle around it (Fig. 4) and explained that this area is “the center of all 
these [cases]. The line that connects between all these [cases] is about the center of the entire [fifth] 
grade. These are the average [students] of the entire grade” [130]. Later on, the students expended 
their view of the attribute relations and refined their model by speculating about hypothetical data: 
“If there was one [kid] here [upper-right quadrant], he wouldn’t be part of this [attributes relations], 
since he does many push-ups and a low [running] result” [Guy, 219]. The students summarized their 
inference by saying that “the faster a person runs, the more push-ups he does” [Orr, 134]. When they 
compared between the class and the grade samples, they used their invented model (Fig. 4) to 
construct a new representation for the class data (Fig. 5) and were surprised by the resemblances of 
the two samples (Figs. 4 and 5). The usage of this model led them to discover that the medians 
intersection is related to the trend line and “show you where the line passes” [Orr, 147]. 

Figure 4: The relation between push-ups and running – 
the center of the grade. 

Figure 5: The relation between push-ups and running – 
the class data sample. 

We view the students’ cautious attention to the location of the trend line, its representativeness of the 
data and its features, as part of their struggle to view bivariate data aggregately. The combination of 
the trend line, the four quadrants and the area around the medians’ intersection constructed an “ideal 
model” for the main features of covariation. This model defined the existence of covariation as a 
phenomenon in which data cases are located on either upper-left or lower-right quadrants, spread 
aside the trend line and sometimes vary a lot (Cases 44 and 49, Fig. 3). Using their “ideal model,” 
they talked about covariation in an advanced language: “the more… the more…” [122]. 

Episode 3: A cluster covariation model 

The next task in Activity 8 was to draw a conjecture about the population of all fifth graders in Israel. 
The students followed the interviewer’s advice to first describe the push-ups distribution and drew an 
almost normal distribution. For the first time, instead of duplicating the shape from the TP2 real data 
graph, they spent time reasoning about aspects of the distribution, considering the data at hand and 
their beliefs. Later on, they drew the co-relations between the attributes and explained their 
conjectured graph (Fig. 6): “[The graph] will be about the same as this one [Fig. 4]. In the middle 
[the intersection], there will be a lot. There will be a lot here [the upper-left quadrant] and here [the 
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lower-right quadrant]. Here and here [upper-left and lower-right quadrants], about the same amount, 
and here [in the center] also a lot, more than the two of them [these quadrants]” [Guy, 323]. 

Figure 6: Orr and Guy’s conjecture about the population of 
all fifth graders in Israel. 

Figure 7: The students’ TP2 model of the running–
push-ups relations. 

The students expressed their conjecture about the population (Fig. 6) using their “ideal model” of 
covariation (Fig. 4). They presented the bivariate data in clusters related to each other in a way that 
expressed covariation between the attributes. They accounted for the variability in the data by 
noticing outliers and noise, but in clustering, they didn’t relate to continuity of the aggregate. 

Episode 4: Conditional distribution model 
In the final Activity 9, the students constructed a TP2 model of their population conjectures (Fig. 7). 
They first reasoned with the shape and range of the running distribution and defined it as a symmetric 
“tower with small steps.” They then modeled the dependency between the attributes, by separating 
the running range to two (100-200 and 200-400 seconds) and explained their choice: “A champion 
runner will run [900 meters] in a minute and a half, which is about a hundred [seconds]. … There's 
no chance that someone [in our sample] will run in a minute and a half” [Orr, 26]. They added: “If 
you ran fast–then you also made a lot of push-ups. If you ran slowly–you made [less push-ups]” [Guy, 
37]. The students thus constructed a model of the relations between the attributes while considering 
variability within and between them, and both data and context. We view these students’ actions and 
reasoning as related to conditional distribution view of covariation, as they described the dependent 
attribute as two distinct skewed distributions conditioned on the values of the independent attribute. 
However, their discourse about covariation was partial at this point, mostly articulating their model 
structure without relating to the variability expressed in this model. 

DISCUSSION: AGGREAGATE REASONING WITH COVARIATION 

In this case study, we identified four different aspects of students’ emergent ARwC. The four episodes 
depicted the students’ progress from perceiving covariation as an initial trend line, an ideal 
covariation model, a cluster covariation model, to conditional distribution model. These perceptions 
of covariation were developed and refined throughout the learning process, supported by the design 
of the environment: the growing samples method, the generating and refining of models, and the 
sharing mechanism of students’ ideas and methods. We discuss below the four perceptions in relation 
to the literature described earlier and the ways the students attempted to: 1) define an analysis unit to 
examine covariation, 2) reason with signal and noise; 3) account for variability; and 4) communicate 
about the co-relations between the attributes (discourse about covariation). 

Students’ initially perceived covariation as an initial trend line (Fig. 1). The analysis unit was a single 
case, starting from extreme values as the most noticeable signal, and following the slope of a trend 
line in selecting additional key cases. Cases that only partly met the defined relation were considered 
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as noise. They reasoned with both variation between and within attributes in relation to single cases 
and their discourse related to a single case and the way the attributes behaved regarding to this case. 

The need to compare between two different-size samples according to the growing samples method, 
and their growing sensitivity toward viewing and articulating data as a whole, resulted in a new 
perception: an “ideal model” of covariation (e.g., Fig.4). The analysis units were four quadrants 
generated by the median reference lines and the area around their intersection. The signal was a trend 
line and noise and outliers were considered as cases that were at the edges of quadrants. They 
reasoned with variation between attributes, and talked about covariation related to the way the 
attributes varied within a general case, considering all cases in the analysis units 

The requirement to evaluate their conjectures in different size samples and the TP2 affordance to shift 
easily between representations helped the students to extend their view and role of the trend line as 
an aggregate representative of data as a whole. The need to model the conjecture about the population 
of all fifth graders in Israel encouraged the students to express their ARwC considering signal, noise 
and variation but not continuity of the data. This reasoning led them to model covariation as clusters. 
In this view, the students described covariation in three main clusters that have common properties, 
such as size and density: 1) the center - the “average students” in the population; 2) upper-left 
quadrant – the fast runners who make lots of push-ups; and 3) lower-right quadrant – the slow runners, 
who hardly make any push-ups. The analysis unit in this perception was the data as a whole. The 
signal was the pattern of the co-relation, its shape in terms of clusters and the existence of a trend, 
but without considering continuity in the data. Cases at the edge of the quadrants were considered as 
noise, and variation was discussed in relation to the analysis unit, by attending to both attributes. 

The request to construct a TP2 model of the students’ conjecture as a final report about their findings, 
fostered an advanced perception of ARwC: conditional distribution model. In this view, the students 
described the data as a model of two attributes, where one attribute is described by its conditional 
distribution given the other. The analysis unit in this perception was the data as a whole. Signal was 
described in relation to the analysis unit and both attributes, while considering continuity in the data. 
Noise was attended while reasoning about the range, shape, center and tendency of each distribution. 

This short description is far from exhausting the students’ complex ARwC processes. Nevertheless, 
this study suggests the possible important role of modeling activities and the growing samples method 
to the emergence of students’ ARwC. It seems that this new line of research can advance our ongoing 
vision and efforts to understand and improve the learning of aggregate views in statistics education. 
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THE ROLE OF TECHNOLOGY IN BUILDING STUDENT 
UNDERSTANDING OF FUNDAMENTAL CONCEPTS IN STATISTICS 

Gail Burrill 

Michigan State University 

Technology can make a difference in teaching and learning statistics when it serves as a vehicle for 
learning and not just as a tool to crunch numbers and to draw graphs. This paper describes a 
technology-leveraged program for developing understanding of core statistical concepts.  A 
carefully designed sequence of applet-like interactive dynamic documents allows students to take a 
meaningful statistical action, immediately see the consequences, then reflect on what those 
consequences indicate about a concept.  The materials are based on the research literature about 
student learning and designed to support a coherent progression of statistical ideas within and 
across grades related to the beginning statistics and probability strand, in particular those 
associated with the U.S. Common Core State Standards (CCSS).  

Keywords: interactive dynamic technology, action consequence principle, distribution, mean, 
deviation, random 

INTRODUCTION  

Technology plays a central role in teaching and learning statistics, perhaps a greater role than for 
many other disciplines (Chance, Ben-Zvi, Garfield, & Medina, 2007).  The use of technology, 
however, should not only be “doing the work”, a view supported by the American Statistical 
Association’s Guidelines for Assessment and Instruction in Statistics Education (GAISE) that 
stresses the use of technology for developing conceptual understanding as well as carrying out 
analyses (Franklin, Kader, Mewborn, Moreno, Peck, Perry, & Scheaffer, 2007). This view is 
supported by a number of studies that suggest the strategic use of technological tools can help 
students transfer mental images of concepts to visual interactive representations that lead to a better 
and more robust understanding of the concept (e.g. Guin & Trouche, 1999; Artigue, 2002).  

LEARNING TECHNOLOGIES IN STATISTICS EDUCATION 

Interactive dynamic technology allows students to link multiple representations − visual, symbolic, 
numeric and verbal – and to connect these representations to support understanding (Sacristan, 
Calder, Rojano, Santos-Trigo, Friedlander, & Meissner, 2010). For example, a regression line can 
be dynamically linked to a visualization of the residual squares and the numerical sum of the 
squared residuals. Computer simulation activities enable students to experience variability by 
comparing random samples, generating simulated distributions of sample statistics, and observing 
the effect of sample size on sampling distributions (Hodgson, 1996; delMas, Garfield, & Chance, 
1999). The ability to display multiple screens simultaneously allows students to contrast different 
graphs of the same data or notice how changing a data point affects a distribution. Spreadsheet 
features provide opportunities for managing large sets of data, enabling students to investigate 
subsets of the data for similarities and differences, for example, sorting a data set according to 
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gender to compare curfews or spending money.  Interactive linking supports investigations into 
varying assumptions and asking “what if” questions that can lead to a better understanding of the 
concepts involved. Many misconceptions held by students about statistical concepts can be 
confronted using technology to “predict and check”. Students can conjecture what they will observe 
(e.g., expected shape of a distribution) and obtain immediate feedback on their understanding. 

This paper describes a set of applet-like documents, Building Concepts: Statistics and Probability, 
developed to introduce statistics and probability concepts at the middle school level and created to 
exploit the affordances of an interactive dynamic environment. Building Concepts is based on two 
premises: 1) the development of the Common Core State Standards (CCSS) in the United States is 
an opportunity to rethink the statistics curriculum in new and productive ways and 2) interactive 
dynamic technology can be used to improve the learning of statistics, especially of “tough to 
teach/tough to learn” fundamental concepts. 

BUILDING CONCEPTS 

An Action Consequence Principle 

Learning is best supported when students are engaged in actively processing, applying, and 
discussing information in a variety of ways (National Research Council, 1999; Michael & Model, 
2003). Building Concepts activities are designed to embody the notion of active learning and thus 
have been guided by an  “action/consequence” principle, where the learner can “deliberately take a 
mathematical action, observing the consequences, and reflecting on the mathematical implications 
of the consequences (MET II, p. 34)”. 

Content Framework 

The activities are based on the CCSS progressions documents (2011), narratives describing the 
learning progression of a topic across a number of grade levels, informed both by research on 
children's cognitive development and by the logical structure of mathematics/statistics (Fig. 1). 
Static pictures or examples contained in the progression document are made interactive in the 
activities, which have been designed in light of the research related to student learning, challenges 
and misconceptions. 

Figure 1: Statistics and probability-A coherent progression (note that the grade level aligns with the CCSSM) 
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The next section describes how Building Concepts: Statistics and Probability addresses several key 
statistical ideas within this content framework.  These include understanding distributions, 
interpreting the mean, considering random behavior, and recognizing that reasoning from known 
behavior can help in understanding the unknown. 

BUILDING CONCEPTS: STATISTICS AND PROBABILLITY 

Distributions 

In the first activity students investigate distributions of the maximum recorded speed or life span of 
different animal types, connecting words with shapes, describing distributions as mound shaped, 
symmetric, skewed, and uniform. They notice how changing a data point affects a distribution and 
experiment with removing two or three data points from a distribution to see the effect on the shape. 
Students contrast different graphs of the same data or the same graph of different data to understand 
the limitations and affordances of different graphical representations. The documents allow students 
to connect numerical representations to graphical representations in multiple scenarios to support 
their understanding. Students realize that measures of center and spread are affected by the shape of 
a distribution; for example, in some distributions, the mean may not represent the largest cluster of 
data points, and the median may be a more useful measure of center.  

The activities focus on helping students distinguish between the distribution of a sample 
characteristic such as maximum recorded speeds for a sample of the animal types and the 
distribution of the maximum recorded speeds for all of the animal types. Repeatedly taking samples 
allows them to see that a distribution of sample maximum recorded speeds varies from sample to 
sample as do the summary measures associated with random samples and to investigate the affect of 
an outlier (the maximum recorded speed of a peregrine falcon) on summary measures of the sample. 

Questions in the activities deliberately focus on well-documented misconceptions, such as 
describing variability in a distribution of speeds in terms of the frequencies rather than data values. 
Associating shapes and measures of center and variability helps students develop an understanding 
of what these measures mean graphically and numerically (Garfield & Ben-Zvi, 2005). Students 
create histograms with a large amount of variability and with little variability to challenge the 
misconception that variability is defined by the range rather than the spread around the mean 
(Matthews & Clark, 2003; delMas & Liu, 2005). Class discussions consider questions such as 
which of distributions (Fig. 2) have the most variability in the number of pairs of shoes owned by 
students? The least? 

a) b) c) d)

Figure 2: Ranking distributions according to variability 

A third type of distribution, sampling distributions or distributions of a sample statistic such as the 
mean or median, is introduced through simulation.  
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Mean and Deviation 

Misconceptions or superficial understanding of measures of center have been well documented 
(Mokros & Russell, 1995; Friel, 1998; Watson & Moritz, 2000; Groth & Bergner, 2006). Students 
often can perform the computations but cannot apply or interpret the concepts in different situations 
and have correspondingly ill formed notions of variability. In the past many texts introduced the 
mean and median (and often mode) as measures of center in a single lesson, and several lessons 
later or in another chapter, if at all, introduced measures of spread. Treating center and spread 
together helps students take both measures into account when reasoning about variation in a variety 
of situations (Shaughnessy, Watson, Moritz, & Reading, 1999) and helps students recognize that 
either measure alone tells a very incomplete story about the distribution of the data.  

In Building Concepts, median and interquartile range are introduced in one activity followed by 
activities related to mean and mean absolute deviation (which is introduced as a precursor to 
standard deviation). The literature suggests that students have problems interpreting the mean and 
applying it appropriately. To counter this, the activities explicitly develop mean as  “fair share” in 
two ways: 1) fair share as “leveling off” where students drag dog food bags from the dogs who have 
the most bags to dogs with fewer bags (Fig. 3) until all of the dogs have the same number of bags; 
and 2) fair share as pooling, where all of the contributors (the dogs) put their bags of dog food into a 
group (Fig. 4), and the entire group is then divided equally among the total number of contributors 
(dogs) (Fig. 5). The first develops a conceptual understanding of how to interpret the mean as a 
measure of center, and the second leads to the procedural algorithm typically used to compute a 
mean.  

       Figure 3: Leveling out  Figure 4: Pooling  Figure 5: Dividing up the pool  

Recognizing the difficulty students have shifting from bar graphs to 
graphs involving quantitative data graphed on a number line, one file 
connects numerical (16 total bags) and pictorial representations to a 
dot plot, where students observe how the dot plot changes as the 
pictorial representations are moved (Fig. 6). The fact that all of the 
dots are in a vertical line at four when each dog has four bags of dog 
food lays the groundwork for considering the mean as the balance 
point of a distribution. 

Mean As Balance Point engages students in distributing the number of soccer goals per team to 
achieve a given mean number of goals for the nine teams involved in a tournament (Kador & 
Memer, 2008). Students move dots (goals) to “balance” the goals on the number line given the 
mean has to be six goals and constraints such as no teams scored six goals, two teams scored two 
goals, and one team scored three goals must be satisfied. They notice that the “deviations” from the 
mean are related to whether the distribution is balanced on a fulcrum. 

Figure 6: Connecting 
Representations 
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Students identify a measure to rank the different tournaments (distributions) in terms of “most 
evenly matched teams”. Perfectly matched teams are represented in 
Figure 7, where every team scores the same number of goals in the 
tournament. This leads to the mean absolute deviation as a measure of 
spread around the mean (Fig. 8). The development gives students time to 
build an understanding of the word deviation in a simple context 
before they think about to think about standard deviations.  

Figure 8: Ranking soccer tournaments in terms of the most “evenly balanced” teams 

Once students have a sense of the mean and mean plus/minus the mean absolute deviation, the 
technology allows them to visualize randomly generated distributions of points earned by different 
classes, make conjectures about the measures of center and spread, and instantly check their 
conjectures (Fig. 9). The technology supports students in making connections among numerical, 
visual and algebraic representations where students interpret data in a table and relate the data and 
summary measures to a graph (Figs. 10 & 11), allowing them to consolidate their understanding and 
move it to a space where they can apply it to different situations. 

Figure 9: Checking conjectures        Figure 10: Deviations                     Figure 11: Deviations from the mean 

Random Behavior 

Probability is presented theoretically, but the emphasis is on estimating probability from the relative 
frequencies of a long sequence of repetitions. This involves a shift from a formula-based approach 
to providing experiences based on simulations. With the technology, students can perform random 
experiments or simulations, formulate questions or predictions about the trend in the outcomes after 
generating many repetitions of the experiment, collect and analyze data to test their conjectures, and 
then justify their conclusions based on these data. This approach allows students to see randomness 
as a dynamic process in contrast to a printed copy of a random sequence that seems to lose the 
essence of what random means (Johnston-Wilder & Pratt, 2007). The typical sequence of results 

Figure 7: Evenly matched 
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obtained through repetition lacks a pattern (Fig. 12) at the onset; the results cannot be predicted at 
the local level. However, “ In this apparent disorder, a multitude of global regularities can be 
discovered, the most obvious being the stabilization of the relative frequencies of each possible 
result” (Batanero, 2015) (Fig. 13). 

     Figure 12: Initial variability              Figure 13: Relative frequency stabilizes 

Students learn that randomness can be surprising, with streaks and clusters appearing in a sequence 
of random outcomes. Technology can establish a cognitive dissonance that can help students 
change their ways of thinking about the concept. In the activity Choosing Random Samples, 
students draw names from a hat to identify four randomly selected students out of 28 who have to 
hand in their homework on a given day (Fig. 14). By chance in the first week, one student had to 
hand in homework three times and three others were called on twice, which is “unfair” because of 
the belief that random behavior somehow balances out in the short run 
(Konold, 1989; Fischbein & Schnarch, 1997; Jones, Langrall, & Mooney, 
2007). Simulation allows the process to be repeated many times, and 
students soon recognize that just by chance, a random selection of 
students will typically have several students called on at least twice 
in a five-day week. Simulation in a real context can help students 
establish a better understanding of the nature of randomness. 

This pattern of random behavior, in the short-term unpredictable but in the long-term stable, is 
again visible in generating distributions of sample statistics. For random samples selected from a 
population, students recognize that medians and means computed from samples will vary from 
sample to sample and that making informed decisions based on such sample statistics requires some 
knowledge of the amount of variation to expect. 

The discussion above described some of the 24 different activities, addressing particular concepts 
outlined in the CCSS progressions for Statistics and Probability. The files are accompanied by 
supporting materials that include 1) a description of the statistical thinking that underlies the file; 2) 
a description of the file and how to use it; 3) possible mathematical objectives for student learning; 
4) sample questions for student investigation; and 5) a set of typical assessment tasks. The activities
have been developed for use on a TI©Nspire platform (iPad app, computer software or handheld) 
and can be downloaded at no cost from the Building Concepts website (c 
http://www.tibuildingconcepts.com/activities/statistics). The activities were used in a preservice 
statistics course for elementary teachers, with fairly positive results. Certain activities such as 
generating random samples and estimating measures of center and spread (Fig. 9) were omitted due 
to time constraints but had to be revisited. The activities alone were not sufficient to develop the 
concept of a random sample; in taking surveys, students persisted in thinking they just needed to 
involve as many different kinds of people as possible with some scheme, like every fifth person at 

Figure 14: A Random Sample 
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the coffee stand. They did develop a robust sense of deviation that transferred well to standard 
deviation. The results will be described more formally in a later paper.  

CONCLUSION 

In 1997, Ben-Zvi and Friedland noted that technology for teaching and learning has evolved over 
the years. Since then technology has continued to provide powerful new ways to assist students in 
exploring and thinking about ideas, providing opportunities to focus on interpretation of results and 
understanding concepts rather than on computational mechanics. And technology continues to 
change and offers opportunity to rethink what and how we operate in our classrooms and how that 
is related to the world outside of the classrooms (Gould, 2011). If we use technology to do what we 
have been doing, we will get the same results (Ehrmann, 1995). This paper proposes several ideas 
for adding new thinking to new technology to enhance statistical learning for all students. 
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STATISTICS TEACHERS’ AFFECT – ATTITUDES, BELIEFS, 

MOTIVATION 

Andreas Eichler, Alexandra Sturm 

University Kassel, University of Education Freiburg 

In this paper, we analyze existing research referring to teachers’ beliefs, attitudes and motivation is 

given. For this, we firstly discuss the construct of statistics related affect including beliefs, attitudes 

and motivation. Afterwards, existing studies addressing the mentioned aspects of statistics related 

affect are discussed. 

INTRODUCTION 

There is a broad consensus that aspects of teachers’ professional worlds beyond knowledge, which 

Hannula (2012) summarized as mathematics related affect, are important for research in 

mathematics education (Calderhead, 1996). Although it is partly an open question to which extent 

teachers’ mathematics related affect impact on several other aspects of mathematics teaching, e.g. 

the teachers’ classroom practice (Skott, 2009), the students learning (Hiebert & Grouws, 2007) or 

the development of teachers’ affect (Levin, 2015), in principle,  the fundamental impact of teachers’ 

mathematics related affect on the reality of mathematic teaching in school is not doubted. Just as 

well, the importance of teachers’ statistics related affect for teaching statistics (e.g. Batanero, 

Garfield, Ottaviani, & Truran, 2000), and, more general, for these teachers’ statistical literacy (Gal, 

2002) is not doubted. However, in contrast to the importance of statistics teachers’ affect, research 

in this field seemed to be scarce. For example, Shaughnessy (2007, 1001) states that “very little 

work has been done on students' or teachers' attitudes and beliefs specifically about statistics”.  

The research on statistics teachers’ affect that was summarized several years ago in three chapters 

based on the ICMI/IASE study in 2008 (Chick & Pierce, 2011; Eichler, 2011; Estrada, Batanero, & 

Lancester, 2011). The potential aim of these three reviews was on the one side to document the 

status quo of research in this field, but also to initiate further research referring to identified gaps in 

existing research. The main aim of this paper is firstly to investigate the progress of the statistics 

education research referring to teachers’ affect. A further aim is cleaning up the field of statistics 

teachers’ affect that is based on different theoretical constructs, different theories or different 

methods. A related aim is to provide relations among existing research approaches that sometimes 

exist more or less isolated. Finally, one aim of this paper is to identify possible further research on 

statistics teachers’ affect. Before we address the main aim, we discuss a theoretical model for 

statistics related affect that facilitates to relate different research approaches to each other. 

STATISTICS TEACHERS’ AFFECT 

Fives and Buehl (2012, p.471) stated for one aspect of teachers’ affect, i.e. teachers’ beliefs, that 

“research on teachers ’ beliefs […] runs the gamut of research methodologies, theoretical 

perspectives, and identification of specific beliefs about any number of topics.” Taking into account 

theoretical constructs that are close to beliefs like motivation, goals, attitudes, values, identity and 
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even emotion it is obvious that the statement of Fives and Buehl is all the more valid for teachers’ 

affect. For this reason, a theoretical model for arranging the different aspect of mathematics and 

statistics teachers’ affect is useful. We use a two-dimensional model of Hannula (2011) that is 

shown in figure 1 containing the main theoretical constructs to describe statistics teachers’ affect. 

Figure 1: Two dimension referring to researching teachers’ beliefs Hannula (2011) 

The cognitive domain includes also beliefs (ibid.). Following (Philipp, 2007), beliefs consist of a 

proposition that individually is thought to be true or false. The subordination of propositions under 

the construct of beliefs or the construct of knowledge is difficult. Pajares (1992, p. 325) suggests 

beliefs to be understood as “inextricably intertwined” with knowledge. However, a possible 

distinction between knowledge and beliefs is that a belief refers to a proposition that is more or less 

restricted to the individual. By contrast, knowledge represents propositions that are thought to be 

true in a certain group of persons. In this paper we make a distinction between statistics teachers’ 

knowledge to which a considerable amount of research exists (e.g. Batanero, Burrill, & Reading, 

2011) and beliefs that are a focus in research on statistics teachers (Chick & Pierce, 2011).  

The emotional domain includes attitudes that are a further focus of statistics education research 

(Estrada et al., 2011). To differentiate beliefs and attitudes, it is possible to define attitudes as 

“emotional dispositions towards mathematics” and “perceived competence in mathematics” (Di 

Martino & Zan, 2010, p. 44) that are not based on propositions that are true or false. For example, 

the attitude “I like statistics” has no logical value, but show "a psychological tendency that is 

expressed by evaluating a particular entity with some degree of favor or disfavor" (Eagly & 

Chaiken, 1998, p. 270). In contrast “statistics is a tool to solve real world problems” has a logical 

value and could individually assigned to be true or false. Following Bandura (2012), the perceived 

competence in statistics is an expression of self-efficacy and, thus, a belief about self. 

Finally, following Hannula (2006, p. 167), motivation consists of parts of cognition and parts of 

emotion since “for example, the motivation to solve a mathematics task might be manifested in 

beliefs about the importance of the task (cognition), but also […] in sadness or anger if failing 

(emotion)”. Similarly, Rheinberg et al. (2001) use cognitive and emotional aspects to define and 

measure motivation including for example the aspect of interest. Referring to teaching statistics the 

teachers’ goals in terms of orientations (Eichler & Erens, 2014) are part of research in statistics 

education. Hannula (2012) further distinguishes state and trait when regarding aspects of 

mathematics related affect. Whereas “state” represents cognitions, motivations and emotions that 

occur in a concrete specific situation, “trait” represents cognitive, motivational and emotional 

dispositions that could be activated in a specific situation.  

The theoretical distinction of different aspects of statistics teachers affect is used in the following 

paragraphs to systematically discuss existing research in this field. Further, we use a distinction of 

research aims to collocate the research field. Thus, we distinguish research that aim to investigate 1) 
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the status quo or rather the structure of statistics teachers’ affect; 2) the development of statistics 

teachers’ affect and 3) the impact of statistics teachers’ affect on the classroom practice and/or 

students’ learning. 

TEACHERS’ ATTITUDES IN STATISTICS EDUCATION RESEARCH 

There exist at least three questionnaires aiming to measure statistics teachers’ attitudes, namely the 

Staistics Attitudes Scale (SAS) by Robert and Bilderback (1980), the Attitudes Towards Statistics 

(ATS) by Wise (1985), and the Survey of Attitudes Toward Statistics (SATS) by Schau et al. 

(1995). Further, there exists a questionnaire developed by Estrada that contains parts of the 

mentioned instruments (Martins, Nasciemento, & Estrada, 2012). However, using the definition of 

the construct of attitudes of Eagly and Chaiken (1998, see above), the mentioned three instruments 

measure not only attitudes, but also beliefs and motivation:  The item “I will enjoy taking statistics 

courses” (SATS) expresses a favor of using statistics, and, thus, an attitude towards statistics. By 

contrast, the item “statistics involves massive computations” (SATS) is a proposition that is 

individually false or true, and thus a belief. Finally, the statement “I am interested in using 

statistics” (SATS) represents a persons’ interest as aspect of motivation (see above). Although the 

three instruments aim to measure a different number of constructs (for an overview see Estrada et 

al., 2011; to the factors c.f. Cashin, 2005) the items in all instruments refer to 1) attitudes (feelings 

about statistics), 2) beliefs (e.g. self-efficacy), and 3) motivation (e.g. interest). In the next 

paragraph we focus only on results referring to feelings about statistics (attitudes). 

Status quo and structure of statistics teachers’ attitudes 

Several researchers used the SATS to measure statistics teachers’ attitudes as learners of statistics 

and namely to prospective teachers (e.g. Batanero, Estrada, Diaz, & Fortuny, 2005; Chick & Pierce, 

2011; Hannigan, Gill, & Leavy, 2013; Nasser, Fadia, M., 2004). The authors using the SATS 

reported in agreement slight positive attitudes (feelings) concerning statistics. Using other 

instruments, also Begg and Edwards (1999) reported teachers’ positive attitudes towards statistics. 

Onwuegbuzie (1998) found that the attitudes of prospective teachers referring to statistics are lower 

than the attitudes of other students. A similar result is found by Sturm referring to 64 prospective 

teachers (2016). Hannigan et al. (2013, n = 134) further found that prospective teachers’ attitudes 

are more positive for postgraduate students compared to students of the first two years. The implicit 

effect of the maturation of students is also reported by Estrada et al. (Estrada et al., 2011). 

Whereas research yielded consensus about the status quo of statistics teachers’ attitudes, research 

yielded different results referring to the effect of attitudes on achievement. Thus, Hannigan et al. 

(2013) found no significant relation between attitudes and achievement. In contrast Nasser (2004, n 

= 162) found a moderate positive correlation and, finally, Zientek et al. (2010, n = 95) reported a 

strong impact of attitudes on prospective teachers’ achievement. A possible reason for this 

disagreement is the different definition of achievement in the three studies. Further, an impact of the 

maturation on students’ achievement could influence the different results (Hannigan et al, 2013). 

Studies using SATS mostly measured correlations between attitudes and more cognitive variables. 

Estrada et al. (2011, p. 167) stated that “liking or disliking statistics was related in these teachers to 

their perception of self-capacity to learn statistics and to the value given to statistics.” Zientek et al. 

(2010) found these relations to be strong. 
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There are few studies that research statistics teachers’ attitudes in a qualitative design. Martins et al. 

(2013) analysed the written responses of 175 in-service teachers to several items of a questionnaire 

that yield low scores in a previous study. They found different reasons of in-service teachers for 

rating attitudes items positively or negatively. For example, the lack of motivation or a perceived 

lack of knowledge yielded a negative attitude towards teaching statistics. Thus, Martins et al. (2013) 

found motivation, knowledge or beliefs as a reason for teachers’ attitudes. Similarly, Leavy et al. 

(2013) report several of 134 teachers’ rationales - namely concerning the nature of statistics or the 

role of the context -  for holding positive or negative attitudes referring to statistics.  

Impact and development of teachers’ attitudes 

Currently, there is no research focus on the impact of statistics teachers’ attitudes to the classroom 

practice. Also the development of statistics teachers’ attitudes is rarely and at most implicitly 

addressed. For example, the results of Hannigan et al. (2013) and partly the results of Batanero et al. 

(2005) gave evidence about a development of statistics related attitudes through a maturation.   

Concluding the research results referring to statistics teachers’ attitudes, three aspects are striking: 

- the research on attitudes gained a considerable amount about prospective teachers and, thus,

teachers as learners who have positive attitudes towards statistics. In contrast there is a lack 

of research results about attitudes of in-service teachers.  

- the statistics teachers’ attitudes are positive correlated with further dispositional variables,

e.g. motivation (interest) or beliefs (self-efficacy, value of statistics). Qualitative research

gave evidence that the teachers give cognitively based reasons for their attitudes. 

- the relation between teachers’ attitudes and teachers’ knowledge is still unclear since

research yielded contradictory results. 

TEACHERS’ BELIEFS IN STATISTICS EDUCATION RESEARCH 

Status quo and structure of statistics teachers’ beliefs 

Begg and Edwards (1999) investigated 34 in-service and prospective teachers referring to their 

beliefs about the benefit of statistics for society. These teachers emphasized statistics as a tool to 

understand decision making in real life. Parts of related beliefs are also included in the 

questionnaire-instruments discussed above. For example the ATS includes the statement that 

“statistics is an inseparable aspect of scientific research”. Referring the results of the SATS 

concerning the value of statistics, Hannigan et al. (2013) stated that the prospective teachers “placed 

a value on statistics” which is in agreement to other studies in this field. Sturm (2016) distinguishes 

further the value of statistics for society and the value of statistics for the own life. She found that 

teachers valued the benefit of statistics for society higher than the benefit for their own life.  

A further question in research on statistics teachers’ beliefs is the nature of statistics as a discipline 

in or outside the domain of mathematics (Biehler & Burril, 2011). Whereas several researchers 

claim that statistics is different from mathematics studies mostly show that teachers understand 

statistics as a part of mathematics (e.g. Begg & Edwards, 1999). Further evidence for this belief of 

teachers’ is given by the strong correlation of scales measuring the teachers’ interest in mathematics 

and statistics (Sturm, 2016) or the strong correlation of scales measuring anxiety towards 

mathematics and statistics (Nasser, 2004). Qualitative studies including 50 teachers yield that 
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teachers on the one side understand statistics as integral part of mathematics, but understand 

statistics as applied mathematics (Eichler & Erens, 2015). Yang (2014) reported similar results 

referring to 27 in-service teachers investigated with interviews and questionnaires. However, he 

stated that these teachers perceive differences in teaching statistics and mathematics. In contrast to 

most of the studies reported in this paper, Yang (ibid.) found that the teachers in his study mostly 

avoid to use real contexts in their teaching due to the  absence of real contexts in final exams. 

As reported above, teachers’ beliefs about themselves measured by the SATS give mostly evidence 

that the statistics (prospective) teachers’ are “confident about their intellectual knowledge and skills 

when applied to statistics” (Hannigan et al., 2013,  p. 443). However, research that investigate the 

relation between statistics teachers’ beliefs and these teachers’ knowledge gave evidence that the 

teachers overestimate their statistical competence (ibid.; Nasser, 2004). 

Impact and development of teachers’ beliefs 

Compared to the review of Eichler (2011) research yielded no further results referring to the impact 

of statistics teachers’ beliefs on the classroom practice or the students’ learning. Recapitulating this 

review, statistics teachers’ beliefs seem to impact on these teachers’ classroom practice, particularly 

if there is a differentiation between central and peripheral beliefs. Further, the relation between 

statistics teachers’ beliefs and their students’ knowledge and beliefs is vague, although there are 

results that imply an impact of the teachers’ learning orientation referring to a constructivist 

orientation or referring to emphasizing real data on students’ knowledge and beliefs (ibid.). 

The study of Pearson (2014) is one of very few that addresses belief changes. In this research, the 

impact of a professional development program on 14 teachers is discussed. Results show that it 

seems to be possible to particularly increase the teachers’ beliefs concerning the value of statistics. 

A similar approach from Sturm (2016) in a short-term intervention yield, however, less evidence for 

a belief change. An interesting approach is reported by Olfos, Estrella and Morales (2014), who 

present the belief change of 28 teachers that are based on the ongoing discussion of lesson studies. 

Concluding the research results referring to statistics teachers’ beliefs, two aspects are striking: 

- as stated above, the quantitatively oriented investigation of teachers’ beliefs with

questionnaires like SATS mostly focuses on prospective teachers. In general, research 

referring to statistics teachers’ beliefs is at most scarce. 

- the results of the research statistics teachers’ beliefs seem to be isolated. Research

approaches are sometimes not related to already existing research. 

TEACHERS’ MOTIVATION IN STATISTICS EDUCATION RESEARCH 

Status quo and structure on statistics teachers’ motivation 

The motivational aspect of interest (Rheinberg et al., 2001) is investigated in studies using SATS. 

However, it is not easy to interpret the results referring the teachers’ interest. In some studies (e.g. 

Hannigan et al., 2013) the teachers’ ratings of interest towards statistics seem to be lower than other 

variables. However, existing studies including the variable of interest did not focus on a comparison 

of teachers’ interest to other variables of teachers’ affect. A main aspect of researching motivational 

variables of statistics teachers is to analyze teachers’ goals for statistics teaching. Referring to a 

qualitative study (n = 13) and a quantitative study (n = 113), Eichler (2011) discusses particularly 
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two different overarching goals of statistics teaching, namely emphasizing statistics as applied 

mathematics developed in a process or statistics as static body mathematics that is not necessarily 

related to an application. The research of Watson (2001) - including 43 in-service teachers and 

aiming to analyze profiles of teachers - yields that the aspect of application of statistics in everyday 

life is the main reason for teaching statistics. A further approach to investigate statistics teachers’ 

goals as a motivational variable is to analyze statistics teachers’ learning orientation. For this 

purpose, Zieffler et al. (2012) provided a questionnaire called Statistics Teaching Inventory (STI). 

The main aim of the STI is to investigate teaching orientations. Applying the STI, Fry (2014) 

reported a missing relation between a student-centered teaching orientation and the use of 

technology in statistics classrooms. An mostly isolated study referring to statistics teachers’ 

motivation is provided by Lesser et al. (2013) who described aspects of motivation to integrate fun 

(games, songs, cartoons etc.) into statistics classrooms. 

Impact and development of teachers’ motivation 

We already discussed the impact of motivational variables on the teachers’ classroom practice and 

students’ learning in respect to the construct of beliefs. Further, Sturm (2016) describes a moderate 

change of teachers’ interest in statistics based on a short-term intervention. 

Concluding the research results referring to statistics teachers’ beliefs, it is striking, that: 

- studies referring goals of statistics teaching are very seldom in statistics education research.

Accordingly the knowledge about teachers’ motivation for teaching statistics is scarce. 

- although there are some studies including teachers’ interest as a part of teachers’ motivation

(Rheinberg et al., 2001), the analysis of this is variable could be more emphasized. 

Although research in statistics education yielded some results referring to statistics teachers’ affect, 

the knowledge of teachers’ beliefs, attitudes and motivation is not sufficiently researched. 

Accepting that teachers’ statistics related affect have a high impact on the classroom practice and 

also the students’ learning it must be an important task for future research to broaden the knowledge 

in this field. For an increasing amount of research in statistics teachers’ affect important aspects 

would also be to specify the aspects of statistics teachers’ affect (attitudes, beliefs, motivation) that 

should be investigated, and to relate more intensively the research in the existing body of research. 
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The goal of this research is to study how the statistical component of fifth-grade mathematics 

textbooks in Colombia contributes to the development of critical citizenship. This research followed 

a socio-critical perspective. Content analysis was the technique used to make sense of the data 

produced by seven mathematics textbooks and the unit of analysis were 261 tasks. The results show 

that the context of the tasks were mostly hypothetical. Very few tasks were presented in real contexts 

mainly to function as platform to introduce measurement calculations and application of statistical 

procedures. The real context condition of the task was squandered as a possibility to contribute to 

the development of the critical citizenship.  

INTRODUCTION 

Literature has shown that students learn a big amount of statistical information in their school years 

that are not able to use when they face real world situations (Bakker, van Mierlo, & Akkerman, 2012). 

We see this phenomenon as a dichotomy among the school and students’ world, which is promoted 

mainly for the way statistics is taught. In the era of information and technology, schooling does not 

need to focus in factual knowledge but in developing students’ critical citizenship. We understand 

critical citizenship as a quality of thought that supports students “to be critical citizens who can 

challenge and believe that their actions will make differences in society” (Skovsmose, 1992, p. 2). 

To accomplish this goal, many authors have argued that teaching should encourage the mathematical 

process of modelling in real contexts (Barbosa, 2006; Biembengut & Hein, 2002; Skovsmose, 1992; 

Stillman, Brown, Faragher, Geiger, & Galbraith, 2013) and we support that argument. Critical 

citizenship emphasizes awareness of the social/political context (Stillman, Brown, Faragher, Geiger, 

& Galbraith, 2013). Critical citizenship promotes environmentally and socially aware citizens and 

develops a critical disposition towards the surrounding world. The research question explored in this 

research is: Does the statistical component of fifth-grade mathematics textbooks in Colombia promote 

the development of critical citizenship? 

THEORETICAL FRAMEWORK 

Critical Citizenship 

We understand critical citizenship as an intellectual tool oriented to educate critical and aware citizens 

that have the responsibility to participate in society and contribute to its transformation. Some authors 

have referred to the same construct but using different expressions. For example, Giroux (1988) talks 

about critical democracy to refer to the possibilities of thought ―rooted in a spirit of critique― that 

enables people to participate in the understanding and transformation of their society. D’Ambrosio 

(1999) and Skovsmose (1992) ―possibly inspired by the ideas of literacy from Paulo Freire― talk 

about mathemacy and matheracy respectively. In their discussions, mathemacy is the mathematics 

1 This research was supported under a grant from the University of Antioquia Research Committee ―CODI― Social 

Sciences and Humanities, 2012. 
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for equity and democracy. It is a fusion of mathematics with democracy to educate students to be 

critical, engaged citizens. Matheracy offers “a much broader dimension to mathematical thinking, 

stressing its value as an instrument for explaining, understanding and coping with reality in its broad 

sense. Matheracy is the main intellectual instrument for the critical view of the world” (D’Ambrosio, 

1999, p. 150). Matheracy has a strong connection with the real context ―called the “world outside” 

by D’Ambrosio.  

Barbosa (2006) assumed a socio-critical perspective in which the teaching of mathematics should 

contribute to the critical understanding of the surrounding world and should promote reflection on 

the role of mathematics in society. One of the aims of mathematics in the school is to produce critical, 

politically engaged citizens. According to Barbosa, the context needs to be extracted from students’ 

everyday lives or other sciences that are not pure mathematics. It is essential that the contexts are real 

instead of hypothetical or fictional. Stillman, Brown, Faragher, Geiger and Galbraith (2013) use the 

expression socio-critical competency to refer to the development of critical dispositions emphasizing 

awareness of the social/political context and state that the contexts related to social, economic or 

environmental indicators have potential for enhancing an understanding of the world. 

Skovsmose (1992) refers to a similar construct called democratic competence ―critical citizenship― 

when discussing the development of the required skills for “children’s and adolescent’s later 

participation in democratic life as critical citizens” (p. 3). Finally, Valero (2002) calls it citizenship 

education2 that is an expression related to the development of the citizen awareness. She argues that 

citizens do not act in the world exclusively in terms of their cognitive dimension but they participate 

in a social-economic-politic-historic-cultural world. Her point of view implies the inclusion of real 

references related to social facts or problems in the teaching of mathematics. 

This literature review shows that critical democracy, matheracy (or mathemacy), socio-critical 

competency, critical citizenship, and citizenship education are different expressions to refer to the 

same notion ―we have called it critical citizenship. All the authors coincide in the importance of 

connecting the school with the “world outside” through real contexts.  

According to Skovsmose (1992), in the process of developing democratic competency (critical 

citizenship), three types of knowledge come into play: mathematical knowledge, technological 

knowledge and reflective knowledge. To develop critical citizenship, reflective knowledge should be 

privileged over mathematical and technological knowledge. Mathematical knowledge is linked to the 

mathematical skills, including competencies to reproduce mathematical thinking, theorems, and 

proofs as well as mastering a variety of algorithms. In this research, the mathematical knowledge is 

the statistical knowledge (e.g. required knowledge to calculate a central tendency measurement). 

Technological knowledge3 is the knowledge needed to develop and use the technology (e.g. required 

knowledge to represent data in a graphic). Reflective knowledge is a meta-knowledge based on 

previous interpretations. The starting point is to understand the situation in which the technological 

2 This is a translation by the authors. The expression in Spanish is Formación ciudadana.  
3 Skovsmose uses the problem of motoring to clarify the differences among technological and reflective knowledge. 

Technological knowledge is related to the skills required to construct and repair a car while the reflective knowledge is 

related to the skills required to drive a car and to assess the social consequences of car production. “Technological 

knowledge itself is unable to predict and analyse the results of its own production; reflections are needed. The competence 

in constructing cars is not sufficient for the evaluation of the social consequences of car production” (Skovsmose, 1992, 

p.7).
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knowledge comes into play (e.g. assessment of the social consequences of a study to support athletes 

if informants are exclusively men). 

Research in Textbooks 

The textbook is an extensive printed object intended to guide the student’s work throughout the school 

year in a specific area of knowledge (Johansson, 2003). Research in mathematics textbooks is a field 

with a recent history and a high development in the last three decades (Fan, Zhu, & Miao, 2013) 

which has moved in different interests. Some studies have explored the organization of the content 

presented in the textbooks (Cantoral, 1997; González-Astudillo & Sierra-Vasquez, 2004; Jones & 

Fujita, 2013; Mesa, 2000; Otte, 1986; Salcedo, 2015). Other studies have set their sights on the 

coherence among textbooks and public policy and research (Borba & Selva, 2013; Cantoral, 1997; 

Chandler & Brosnan, 1995; Johansson, 2003; Usiskin, 2013); others have studied how students 

(Rezat, 2013) and teachers use the textbook (Nie, y otros, 2013). Other studies have shown their 

interest in historical studies of textbook (González-Astudillo & Sierra-Vasquez, 2004; Howson, 2013; 

Pepin, Gueudet, & Trouche, 2013; Xu, 2013). Finally, another group of studies have examined 

textbooks from critical standpoints (Herbel-Eisenmann, 2007; Stillman, Brown, Faragher, Geiger, & 

Galbraith, 2013; Österholm & Bergqvist, 2013). This reveals that research in textbooks has focused 

on specific aspects of the texts as content, use, coherence with public policy, historical revision but it 

is necessary to deepen the study of the textbook as a support to the development of students’ critical 

citizenship. This research is a contribution in that direction. 

METHODOLOGY 

The technique to make sense of the data collected is content analysis. Although content analysis is a 

technique commonly known as systematic, objective and quantitative, it moves between “the rigor of 

objectivity and the fertility of subjectivity” (López-Noguero, 2002, p. 173), and attempts to uncover 

the hidden, the “unsaid” of the documents. It reveals the internal structure of the information on the 

sources of study. 

The documents studied were the statistical component of fifth-grade (age 10 and 11) mathematics 

textbooks available in the textbook market of the Colombian educational system. We selected the 

textbooks using the subsequent criteria. We followed the textbook catalogue 4  prepared by the 

Ministry of Education of Colombia to help teachers and schools selecting their textbooks. The 

catalogue listed 28 mathematics textbooks from ten different editorials from 2005 to 2014. If an 

editorial had several textbooks in that 10-year period, we only took into account the most recent 

version of the textbook. Although the catalogue included textbooks in English for bilingual education, 

we only considered textbooks in Spanish since it is the official language of instruction. The catalogue 

listed some textbooks that were not available in the market any longer. We only included those 

available in the textbook market at the beginning of 2014. We validated it with two bookstore visits5. 

Table 1 presents the selected textbooks.  

4 Catalogue available on line in the following link  

http://aplicaciones2.colombiaaprende.edu.co/textos_escolares/contenidos/resultado_busqueda.php 
5 One of the bookstores has its catalogue available on-line. Catalogue visited on February 11, 2014  

http://www.panamericana.com.co/categorias/categoria.aspx?p=reN6vDa2UjMBxvdrQqQYWeLel8MiV6lZ 
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Textbook Name [Translation into English] Publisher 

Los Caminos del Saber 5 (Joya-Vega, et al., 2014) [The Paths of Knowledge 

5] 

Santillana 

Avanza Matemáticas 5 (Silva-Calderon, 2014) [Forward Mathematics 5] Norma 

Enlace Matemáticas 5 (Acevedo-Caicedo & Pérez-de-Díaz, 2013) 

[Mathematics Link 5] 

Educar 

Matemáticas en Red 5 (Duran, Sarmiento, Bogotá-Torres, Morales, & 

Fuentes, 2013) [Mathematics in the Net 5] 

Ediciones SM 

Matemática Experimental 5 (Uribe-Cálad, 2013) [Experimental Mathematics 

5] 

Uros Editores 

Zona Activa 5 (Mejía-Fonseca, Guzmán-Pineda, Vega-Reyes, & Baquero-

Guevara, 2011) [Active Zone 5] 

Voluntad 

Contacto Matemático 5 (Beltrán-Beltrán, Rodríguez-Sáenz, Suárez-Olarte, & 

Abondano-Mikán, 2014) [Mathematics Contact 5] 

Editorial 

Educativa 

Table 1. Selected Texbooks 

The units of analysis were the tasks of the statistical component of mathematics textbooks. A 

statistical task is what is asked the student to do, such as: application of algorithms, symbol 

manipulation, design representations, transformation of problems in expressions or models (Shimizu, 

Kaur, Huang, & Clarke, 2010). The use of the task as the unit of analysis is justified according to 

Trends in International Mathematics and Science Study -TIMSS 1999, in which more than 80% of 

the time of the regular mathematics class students spend it in mathematical tasks (Hiebert, et al., 

2003). We designed and applied an instrument to each of the 261 tasks in which we focused on the 

nature of the context (real, hypothetical, theoretical, without context), dimension of context (political, 

social, economic, scientific, historical, cultural, artistic, sports), type of knowledge promoted 

according the classification of Skovsmose (1992) ―statistical, technological, or reflective. A task in 

a real context gives accurate information that can be contrasted with external sources ―data bases 

from statistical departments, historical records, or scientific data, for example: “number of kilometers 

different vehicles travel with a gallon of gasoline” (Acevedo-Caicedo & Pérez-de-Díaz, 2013, p. 67). A 

task in a hypothetical context provides no verifiable information, for example: “the age of the young 

registered in a contest was recorded and presented in the diagram. Construct the frequency table” 

(Beltran-Beltran Rodriguez-Saenz, Suarez-Olarte, & Abondano-Mikan, 2014, p. 257). The data of a 

task in a theoretical context can be simulated ―by using manipulatives or software― or by applying 

combinatorics theory, for example: “writes all the pairs after throwing two dice” (Joya-Vega, et al., 

2014, p. 244). A task without context is presented away from any relationship with the world, for 

example, “writes the mode of each data set, A = [2, 3, 4, 4, 5, 6, 7]” (Joya-Vega, et al., 2014, p. 180). 

As a validation strategy, the researchers applied the instrument to each task independently, and then 

compared the punctuations. The results revealed a high level of coincidence.  

RESULTS 

By studying the nature of the context linked to the tasks (Figure 1), we found that the majority were 

hypothetical (59.3% of the total, 155 tasks) and very few were real (11.5% of the total, 30 tasks). This 

finding was similar when we analysed the nature of context discriminated by textbook (Figure 2). 

Although textbooks produced by Norma Publisher (Silva-Calderon, 2014) and by Voluntad Publisher 

(Mejía-Fonseca, Guzmán-Pineda, Vega-Reyes, & Baquero-Guevara, 2011) stood out among the rest 
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with a superior number of tasks in real contexts, the number of these was still small compared to the 

tasks in hypothetical contexts.  

Taking into account the socio-critical perspective we follow, this is a troubling result since real 

contexts are essential to promote the development of critical citizenship. We cannot understand the 

world by turning our backs to the realities of the world. The problem with non-real (hypothetical and 

theoretical) or absent contexts is that instead of helping students improving their understanding of the 

world, they offer a strange view of the reality and a cynical assessment of the implementation of the 

school mathematics in the world (Stillman, Brown, Faragher, Geiger, & Galbraith, 2013). 

Furthermore, the tasks in non-real contexts keep promoting the division between the world and the 

school and students continue nourishing the idea that school knowledge is only useful and functional 

in school and that the world needs another type of knowledge. To develop a critical view of the world 

is necessary to give students tasks to model social phenomena. 

Figure 1. Context nature in tasks in textbooks 

Figure 2. Context nature in tasks by Publisher 

Although the tasks presented in contexts of real nature were unusual, we run an analysis 

discriminating according to the type dimension of context (see Figure 3). We found that most of the 

tasks in real contexts were linked to sports (number of athletes participating in the National Games 

in 2012, by gender, by state and by sport category; medals won at the National Games in 2012 by 

state; medals won by athletes at the Pan American Games in Rio de Janeiro in 2007) followed by 

scientific contexts (animals life span, fuel consumption by type of vehicle, number of species per 

fungi group, weight of an elephant by numbers of days after being born), social contexts (production 

of waste by country, number of people per state in Colombia) and artistic contexts (number of 

instrument strings in the National Symphony Orchestra by type of instrument, average time to repeat 

a tongue-twister poem in the classroom, number of magicians attending the International Day of 

Magic in Spain ). Very few tasks were presented in economic contexts (variation of a pound of coffee 

from 2004 to 2009, minimum wage in Colombia from 2005 to 2009, performance of the dollar in the 

first half of the year), and political contexts. Even though the variety of real contexts was interesting, 

it was exclusively used to introduce statistical measurement calculations or the construction of 

graphical representations. There was not a single reference in which the tasks in real contexts have 

been used as a pretext to enhance students’ critical citizenship. 
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Figure 3. Dimension of real contexts within the textbooks 

To contribute to the development of the students’ critical citizenship, understanding and involvement 

in the world, it is necessary that the tasks are presented in real contexts. Tasks related to population 

growth, food production, spread of diseases, climate change, diet, quality of life, poverty, poverty 

measures, socio-economic indicators, human development indicators, environmental impact have 

good potential to contribute to these objectives (Stillman, Brown, Faragher, Geiger, & Galbraith, 

2013).  

Another interesting result was the type of knowledge promoted for the tasks. A task can promote 

statistical, technological or reflective knowledge (or varoius simultaneously). The socio-critical 

perspective focuses primarily on promoting reflective knowledge where the statistical or 

technological knowledge is a natural consequence of the reflective knowledge. We found that the 

textbooks tasks promoted essentially statistical knowledge (Figure 4). Only 3 tasks were devoted to 

stimulate the reflexive knowledge. The development of critical citizenship is associated with the 

opportunities the students have to promote reflection; these opportunities are diminished if there is 

little chance to connect students with their world. 

Figure 4. Type of knowledge promoted by the tasks 

Some tasks presented in real contexts with great power for the introduction, discussion, reflection and 

modelling of social phenomena were scenarios exclusively to introduce the calculation of statistical 

measurements or probabilities. The tasks with potential to promote the development of critical 

citizenship expected in every citizen was wasted. For example, a task presented in the context of 

waste production (see Figure 5) reduced the student’s challenge to transfer information given in a bar 

graph to a frequency table and to calculate the average production per day.  

Figure 5. A task in a real context (from Matemática Experimental 5, [Uribe-Cálad, 2013, p. 249]) 
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A task with excellent characteristics to model real phenomena and with strong conditions to promote 

reflective knowledge was limited to promote the statistical (averaging) and technological (chart 

reading) knowledge. A task like this should offer the student the opportunity to discuss the 

environmental impact of waste production and the ways in which schools, families and individuals 

could help in reducing the environmental impact. 

This finding is in line with the literature that has found similar results. When tasks use the context of 

social phenomena, statistical and technological knowledge is privileged over the reflection on the 

social or cultural concerns (Stillman, Brown, Faragher, Geiger, & Galbraith, 2013).  
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FRAMEWORK FOR THE TEACHING OF STATISTICAL PROBLEM 

SOLVING AT SCHOOL LEVEL 

Eun-Sung Ko 

Jeonju National University of Education 

This study extracts issues at each step of statistical problem solving at school level. To do this, the 

study draws on literature discussing statistical problem solving or statistical enquiry and prize 

posters at the National School Statistics Poster Competition, the Korean version of ISLP Poster 

Competition. This study presents a framework for the teaching of statistical problem solving at 

school level. It suggests that the framework can be also used as a framework for assessment of 

statistical problem solving at school level. 

INTRODUCTION AND BACKGROUND 

Statistics exists as a tool to solve problems in everyday life. These problems range from setting the 

place for a picnic and favorite meals, which are common for elementary school students, to 

investigating at what time is right to gain independence from parents, which is common to 

secondary school students, to predicting the weather and to investigating the association between 

smoking and lung cancer. In order for statistics to be meaningful to students, they should experience 

statistical problem solving and learn statistical topics and ideas through statistical enquiry. 

The importance and the need of statistical problem solving in school education has increased 

(GAISE, 2007; NCTM, 2000). School students need to have experiences of all steps of statistical 

enquiry: they are able to formulate questions to be solved with data; they should learn to collect 

data and organize them; they are able to make representations suited to them; they are able to 

interpret results. 

Wild and Pfannkuch (1999) structures around the statistical enquiry cycle which includes the way 

one acts and what one thinks about during the course of a statistical investigation by using 

interviews with “project students” and statisticians (pp.224-225). The cycle comprises problem, 

plan, data, analysis, and conclusions. Grasping system dynamics and defining the problem take 

place at the problem step. The plan step includes measurement system, sampling design, data 

management, and piloting and analysis. One does data collection, data management, and data 

cleaning at the data step. The analysis step includes data exploration, planned analysis, unplanned 

analysis, and hypothesis generation. The conclusions can include interpretation, conclusions, new 

ideas, and communication (p.226). Their structure of the statistical enquiry cycle distinguishes the 

steps of the cycle and suggests main issues at each step. It has a great contribution to statistical 

problem solving at school level. However, it is unreasonable for the structure to be applied to 

statistical enquiry at school level as it is because the structure has been discussed with statisticians 

and graduate students. It models statistical thinking of experts in statistics and it is suitable for 

complex or high level statistical problems. For example, grasping system dynamics at the problem 

step is considered by statisticians, but school statistics pays almost no attention to the issue.   
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GAISE (Franklin et al., 2006) proposes a conceptual structure for statistics education which has two 

dimensions. The structure considers statistical problem solving as a statistical enquiry including 

formulating questions, collecting data, analyzing data, and interpreting results. According to 

it, students should be able to formulate questions based on prediction of variability. At the 

data collection step, they have to try to reduce variability recognizing the causes of variability. 

At the analysis step, they have to use distributions to explain variability. At the interpretation of 

results step, they should be able to see more than considering variability in data. It focuses on 

only the nature of the variability at each step. 

It is a challenge to teach statistical problem solving teachers to teach school statistics because they 

have no experience on a statistical enquiry or knowledge related to main issues at each step 

of statistical problem solving. Furthermore, they do not know what they should pay attention to at 

each step of statistical enquiry. Research should help teachers to teach statistical problem solving to 

their students. This study presents a framework for the teaching of statistical problem solving at 

school level. To do this, the study extracts issues at each step of statistical problem solving, 

which are suited to school statistics.  

METHOD 

The study draws on literature (Budgett & Pfannkuch, 2010; Franklin et al., 2005; Pfannkuch  

& Wild , 2004; Wild & Pfannkuch, 1999) discussing statistical problem solving or statistical 

enquiry and prize posters (57 posters in 2013 and 57 posters in 2014) at the National School 

Statistics Poster Competition, the Korean version of the ISLP Poster Competition (Statistics 

Korea, 2013, 2014). The analysis to derive issues at each step of statistical problem solving 

comprises two steps. The first analysis was to review the literature discussing statistical problem 

solving or statistical enquiry. Through the reviews, statistical problem solving is divided into four 

steps and main issues at each step of statistical problem solving were extracted. 

The second analysis draws on the prize posters at the National School Statistics Poster Competition. 

The analysis paid attention to issues at school level. Especially, it focused on errors 

or improvements that the posters include. For example, the issue ‘clarification of the terms’ 

which is not mentioned in the literature, was added to the framework because many posters 

displayed errors related to the issue (see Table 1). The issue ‘noticing variability’ which is included 

in the literature was removed from the framework because students were able to formulate 

questions based on prediction of variability.  

RESULTS 

Table 1 shows the framework for the teaching of statistical problem solving at school level, which 

compounds main issues at each step of statistical problem solving from the literature and the prize 

posters. There is no space in this article to present detailed explanations and examples, so 

several issues will be given brief entries.  

The validity of operational definition. In statistics, abstract concepts have to be transformed to 

something that can be observed and measurable. We try to make an operational definition (Scott & 

Marshall, 2009). The definition should be appropriate in view of the statistical problem and should 

not be confusing. For example, when students carry out a statistical enquiry related to 

TSG-15

43



1 - 3 

‘independence from parents’ they need to provide an operational definition of the independence. 

Errors related to an operational definition were observed in the posters.  

Overlap of categories. The overlap of categories can have great impact on results and lead to 

undesirable conclusions. This was usually observed in categorical variables. 

Illogical jumps in conclusions. When students draw a conclusion from the results they make a 

questionable logical leap. They incline to suggest too much from their results. Consideration of 

leaps in the logic is also important for the development of critical thinking. 

Consideration of variability. When students interpret results they have to consider variability 

because the results are from a sample not a population. For example, when two different categories 

A and B attain 38.0% and 37.5% respectively we cannot propose that category A is a win. Instead, 

it is proper to say that both of the categories are winners. 

Steps of statistical problem solving Issues 

Formulating questions Clarification of questions 

Recognizing variability 

The validity of operational definition 

Collecting data Clarification of the terms 

Samples or sampling 

Interaction with questions 

Control of variability 

Analyzing data Choice of representations 

Correct representations 

Overlap of categories 

Consideration of both visual and numerical 

representation 

Interpreting results Illogical jumps in conclusions  

Interaction with questions 

Interaction with contexts 

Consideration of variability 

Table 1: Issues at each step of statistical problem solving 

CONCLUSIONS 

This study presents the framework for the teaching of statistical problem solving at school level 

including main issues at each step of statistical enquiry. However the author does not claim that the 

framework includes all issues related to each step of statistical enquiry at school level. Issues should 

be added to it through further research. The future research can be conducted to departmentalize the 
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framework. For example, it can depend on single variables or bivariates, elementary school or 

middle school level, and observational or experimental study. 

The framework was developed for the teaching of statistical problem solving at school level, but it 

can also be useful for assessment statistical enquiry skills of school students. It informs teachers 

where they have to pay attention to when they assess students’ activities of statistical enquiry. 
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LESSON STUDY: INVESTIGATING CORE CONCEPTS IN CLASSROOMS 
OF STATISTICS. A CASE STUDY.  

Xie Yang Chun 

The Affiliated High School of Gannan Normal University,China 

The described research has been done as a requirement fulfilment for MA degree in Gannan 
Normal University. It addresses absence of definite statement by Chinese Education Ministry 
about what are the core concepts in high school statistics. Author analyses different statements of 
researchers on the subject and focuses on the development of core concepts by a teacher of a 
statistics class. The data are obtained from two videotaped classes and are analysed with the help 
of APOS theory. Conclusions focus on the improvement of teachers’ training and the quality of 
textbooks. 

INTRODUCTION 

Chinese Ministry of Education published the "ordinary high school mathematics curriculum 
standards (experimental)" (referred to as "high school curriculum standard") in April 2003. The 
recommendation for teachers was "to emphasize the basic concepts and the basic idea of 
understanding and grasp of some of the core concepts and basic ideas (such as functions, spatial 
concepts, operations, vector, derivative, statistics, random ideas, algorithms, etc.)”. The central goal 
of "high school curriculum standards," is to improve students' mathematical thinking skills through 
the development of thought process.  The thought process include visual perception, observed 
induction analogy, spatial imagination, abstraction, symbols, calculation solving, data processing, 
interpretation proved Reflection and Construction. However, "high school curriculum standard" did 
not explain what is a core concept, and did not did specifically list core concepts. 

Chinese Ministry of Education published the " full-time compulsory education mathematics 
curriculum standards” in January 2011. It contains  junior high school mathematics curriculum 
goals and divides them into objectives and processes, which result in the goals. Its focus is “on 
developing students' number sense , symbol sense of space concepts, geometric intuition,  the 
concept of data analysis , computing power, reasoning ability, the model of thinking , application 
and sense of innovation”. It made clear that the core of statistics is data analysis . 

As the “high school curriculum standards” are still in the experimental stage, we can understand 
reasons for the difficulty in precise formulation of the core concepts. However it is our 
responsibility in this situation to accumulate experience in practice, constantly revising and 
improving our understanding of core concepts in high school mathematics. 
This research investigates the notion of the core concept through (1) "high school curriculum 
standard" and its special version referred to as "the Beijing Normal University version" and (2) by 
analysis of the classroom teaching concepts with the help of APOS theory (Tall,2008) after 
observing two high school mathematical statistics teaching classes. 
The research questions of the investigation are: 
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(1) What are the key concepts in high school mathematic statistics?
(2)What is the connotation of the data analysis sense? What is the relationship between these
concept and the data analysis sense? 
(3) What is the current situation of statistics lecture in high school? What are the problems and how
did these happen? 
 We focus here on (3), while the concept map presenting the role of data analysis within the 
curriculum of high school statistics course will be presented at the conference. 

LITERATURE REVIEW 

Hurd (1971) believes that the composition of the scientific curriculum concepts and principles 
should be able to show the picture of contemporary discipline. This composition can be referred to 
as core concepts (Key concepts or representative ideas). Erickson (2003) believes that the core 
concept are central for the subject. Jianyue Zhang (2013) asserts that to understand the key concepts 
one has to consider not only their generation and development but also how they make up a network 
system. This suggests concept maps as the essential help to the teacher with concept nods and lines 
joining them representing relationships (Jianyue Zhang, 2013). Both Ningzhong Shi (2008) and 
Xuelian Xu (2005)   underline that key concepts represent not only concepts but also processes of 
thinking. Mingming Fan (2014) sees “data analysis” as not only “an idea” but also a capacity. These 
are both cognitive and behavioral processes, which combine concepts and methods of their 
development. Therefore in the analysis of classroom events one needs to pay attention to introduced 
concepts as well as promotion of student thinking methods about them. The theory APOS (Tall, 
2008) addresses both the network of concepts as well as thinking process which lead to its 
development through the stages of Action, Process, Object, Schema. Different researchers have 
different understanding of APOS. Ying Zhan (2014) believes that the Action is to let the students 
observe the schema or use the tools. The Process can collect all features of Actions and stimulate 
students to constructs them in their minds. The Objects can be described as concept, analysis of 
positive and negative examples. On the Scheme stage the students try to combine all the knowledge 
from previous stages and correlate it in order to make a frame, a network. Lijuan Cao (2012) 
believes that after leading students through all stages they will be able to connect all relevant 
components of knowledge and solve problems. 

RESEARCH METHODOLOGY 

Research Site and Participants 

The research sites were located at High school A and B in city G of Jiangxi Province. The classes 
are eleventh grade students. They both belong to top 5 schools in city G of Jiangxi Province. They 
are both old schools and their faculty have a lot of teaching experience. The admission level of 
these two schools are in the top 3 schools. The students are all excellent. The objects of study are 
Lecturer W in School A and Lecturer M in School B. W is the excellent teacher with Bachelor 
degree. W has been teaching for 33 years. M has been teaching for 11 years with Master degree and 
had won the competition of lecturing in China. 

Research Method Design 

According to previous references, the construction of the students’ data analysis concept is related 
to the learning of statistic key concepts. The key concepts contain knowledge and methods, 
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involving the whole statistic process. So in the lecture, both the overview of the classes and each 
single teaching step will indicate the teaching process of the key concepts. The knowledge and 
learning process are tightly related. 
So far, there are two methods to do sampling. One is by recording the activity after a constant time 
interval. The other is recording the given event frequency during the whole process (Jiansheng Bao, 
2005). This research was sampled by the event. The author marked the four stages of A, P, O and S, 
respectively. Any teaching phenomenon occurred in A will be marked as a1, a2 , in P will be 
marked as p1,p2 and so on. The same rules for marking for the rest of the stages. The author first 
analyzed the transcribed text files, split one lecture to several fragments and judge whether there 
was any teaching of the expected phenomenon of A,P,O or S. If A level happened once, it will be 
marked down as“1”， otherwise as “0”; if two stages occur, for example A & P, those two will 
be marked separately as“1”, and O,S as“0” . In order to discriminate who accomplished the 
teaching phenomenon, teacher “t” or students “s”, they are marked down by different ways. If both 
joined the phenomenon, then the one leading the phenomenon will be marked down. The data was 
collected by taking the video of the whole classes, then transcribe it to text files, split to fragments 
and marked each fragments by the way we mentioned above. After that, we collected all of the data 
and analyzed it. All the result are collected in the table. 
Teacher initiated actions 
Teacher W A P O S Total Teacher M A P O S Total 

# actions 1 6 8 0 15 #  actions 1 6 18 2 27 

% percent 5.56 33.33 44.44 0 83.33 % percent 
of  total 

3.57 21.43 64.29 7.14 96.43

Student initiated actions 

# actions A=0 P=1 O=0 S=2 T=3 # actions A=0 P=1 O=0 S=0 T=1 

% percent 
of  total 

0 5.56 0 11.11 16.67 % percent 
of  total 

0 3.57 0 0 3.57 

㎝ Additionally, in order to understand the teachers’ plan and the lecture components there were 
interviews conducted for these two teachers. Their colleagues were also interviewed in order to 
totally understand the teaching strategy and plan from various views. The interviews were based on 
Ningbo Li(2010). 

DATA ANALYSIS AND RESULTS 
Within the teacher W class, the four stages were observed 18 times. Only 3 events out of 18, 
(16.67%. ) were inititated by students. The rest was led by the teacher,( 83.33%). W motivated the 
new course by the background examples from life experiences of the concepts; as a consequence 
the teacher led the course on the stage “Action” only once, (5.56%). On the stage “Process” the 
phenomenon happened 6 times, (33.33%). On the stage “Object” the phenomenon happened 8 times, 
(44.44%). The stage “S” was not discussed by the teacher. This indicated that W let the students 
themselves to accomplish “application of concepts” and “problems solving”. In the first three stages 
out four, the student only finish one phenomenon on the “P” stage, initited by questions from W. 
The rest was led by W. Remaining two phenomena initiated by students were in the  “S” stage, 
11.11%. The data indicated that the teacher is the main subject in the class.The same analysis 
methods were used to teacher M’s 10 fragments with 28 different teaching events. The phenomenon 
was led only once by students, (3.57%), too little. The rest were led by the teacher, 96.43%, (much 
too much). M teacher led the phenomenon on “A” stage only once, (3.57 %); on “P” stage - 6 times, 
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(21.43%); and on the “O” stage - 18 times, (64.29%). The differences among the stages are 
significant, indicating that the M was describing the equations instead of explaining or deducing. 
Whereas small sample of teachers doesn’t allow for generalization, the following tendencies can be 
observed on the basis of the data: 
(1) The teachers play an important role in lecture. The students obtain the opportunities of leading
the learning by being asked questions or by practicing the questions. The teacher-leading 
phenomenon takes 89.88%. The students take 10.12%. 
(2) Analyzing by using APOS theory, the stage “A”, is introduced by the teacher from the
background but not from real practice. Stage “P” and “O” take most of the lecture, about 81.75%. 
They focus on these two stages. On stage “P”, the teacher will enhance the students’ understanding 
by positive examples. But some of the teacher did not do it well. They state shortly or give the name 
directly without any more interpretation and real examples, let alone negative examples to help 
students’ learning. On stage “O”, they spent more time on repeating the characteristics and features. 
This indicated that the high school teachers intend to just “tell” the students the concepts and 
equations instead of helping them to analyze and think about.  
(3) Some of the teachers in high school start to forget and miss the knowledge they are teaching
right now. This might be the reason of lack on training. 
(4) The text book is too simple. It requires more discussion on the thinking methods.
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COGNITIVE LOAD DURING SIMULATION-BASED INSTRUCTION ON 
BINOMIAL PROBABILITY DISTRIBUTIONS 

Jase Moussa-Inaty and Mark Causapin 

Zayed University 

Studies related to the benefits of simulations on learning have shown mixed results. There are 
grounds to believe based on cognitive load theory that conventional approaches may in fact hinder 
learning as it may cause unnecessary burdens on working memory (Sweller, 1988). The research 
presented aimed to investigate students understanding of probability by comparing a conventional 
approach to teaching with a simulation-based approach. Results showed that students who were 
engaged in simulation-based instruction outperformed students in conventional-based instruction. 

INTRODUCTION 

The impetus for this study was the 2005 Guidelines for Assessment and Instruction in Statistics 
Education (GAISE) College Report endorsed by the ASA that listed goals for statistics instruction 
across the country. These included the following: emphasizing statistical thinking; using real data in 
the classroom; stressing conceptual rather than procedural understanding; fostering active learning; 
use technology; and using assessments to improve and evaluate student learning.  Heeding this call 
to reform statistics instruction, many researchers have started investigating ways to introduce 
simulation into their classrooms in order to improve conceptual understanding (e.g.Tintle, 
VanderStoep, Holmes, Quisenberry, & Swanson, 2011). 

Research on the use of simulation in statistics education has shown that utilizing this technology 
does not necessarily and automatically increase learning and student performance (e.g. Lane, 2006). 
Although meta-analytic studies on the effects of an all encompassing-category, Computer-Assisted 
Instruction (CAI), have shown moderate effect sizes (Larwin & Larwin, 2011; Sosa, Berger, Saw, 
& Mary, 2011), studies more specific to simulation and statistics have produced mixed results.  For 
example, delMas and Garfield (1999) observed that despite using simulation methods in class, some 
students still showed serious misunderstandings and also indicated that unless the learning 
experience is designed carefully, simulation could result in passive learning, poor learning 
experiences, and no conceptual change among students. Lane’s (2006) research further supports this 
and discusses the possibility that simulation may create an environment that encourages passive 
observation. Lane (2006) posits that guided discovery learning, where students are asked questions 
first before they verify their answers using simulation, appear to be more effective than simply 
using simulation by itself. 

More recently, Wang, Vaughn & Liu (2011) also found that animation interactivity on a hypothesis-
testing lesson increased student learning on intermediate-level learning where students were able to 
explain, paraphrase or exemplify the statistical concepts, and solve application problems. It is 
important to note, though, that the technology they used was not simulation but simply animation 
with some interactive components. Cognitive theories have attempted to provide an explanation for 
such mixed results. For example, there are grounds to believe based on cognitive load theory that 
conventional methods of teaching probability may in fact be detrimental to learning as it may cause 
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unnecessary burdens on working memory (WM) (Sweller, 1988). The research presented aimed to 
investigate students understanding of probability. Specifically, the research compared a 
conventional approach to teaching probability with a simulation-based approach. 

Cognitive Load Theory and Simulation Based Instruction 

Cognitive load theory (CLT) is an instructional theory that was developed in order to deal with 
some of the traditional instructional designs that tended to overlook the limitations of WM 
(Chandler & Sweller, 1991; Sweller, 1988). The basic hypothesis of CLT is that the acquisition of 
knowledge is dependent on the efficient use of the available limited capacity of WM. In other 
words, learning is likely to be hindered once the limit of WM is exceeded and this causes an 
instructional design to be unaligned with the basic functioning principles of the human cognitive 
architecture. Based on CLT, instructional materials need to be designed in such a way to reduce the 
learner’s cognitive load and enhance learning performance (Moussa-Inaty & Atallah, 2012) and this 
is especially true when designing simulation-based materials. 

Consequently, CLT research has identified a number of instructional designs (See Sweller, 2004; 
Van Merriënboer & Sweller, 2010) that may assist in the development of effective learning 
environments. The cognitive theory of multimedia learning was further developed to emphasize that 
a major goal of multimedia learning and instruction is to “manage essential processing, reduce 
extraneous processing and foster generative processing” (Mayer, 2009, p.57).  Researchers have 
specifically examined the effects of various instructional designs aimed at improving computer 
simulations while considering the limitations of WM (Lee, Plass, & Homer, 2006; Rey, 2011). A 
recent attempt to investigate computer simulations and the ways in which frames were presented 
showed that students in single-frame conditions were superior to students in multiple-frame 
conditions due to student’s ability to pay more attention to the important representations included in 
the single-frame condition (Lin, Liu, & Sweller, 2015). Since computer-based simulations are 
designed to optimize learning and research about the effectiveness of simulations has presented 
mixed results, there is a need to further explore this area of research while considering some the 
recommendations made by cognitive theories such as CLT. 

METHODOLOGY 

The study utilized a quantitative method approach. In an attempt to follow the guidelines presented 
by GAISE and allow students to use technology and engage in active learning, the focus of the 
study was to test under what conditions would students learn best when learning about binomial 
probability distributions. 

Participants, Materials, & Procedure 

A sample of sixty-six undergraduate male and female students from a federal institution agreed to 
take part in this study. All participants were registered in a university college course (MTH 213) 
that mainly covers business. The mean average age was 21 years. The lesson was on binomial 
distributions introduced through coin tossing. Two types of instruction were designed: typical or 
conventional, where the researchers taught the students in a way that instructors would typically 
teach, and simulation-based, where the researchers used the “one proportion” web applet produced 
by Tintle and his colleagues (n.d.). In order to avoid ceiling effects, a pretest was administered 
before the beginning of the lesson.  This was followed by a lesson and lessons were designed based 
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on the group the participants were assigned to. After the lesson, a posttest was administered that 
aimed to measure the transfer of learning and conceptual understanding. Mental effort ratings were 
collected after the pretest, lesson, and posttest using a 9-Likert rating scale developed by Paas 
(1992). The questions for the posttest, which was similar to the pretest and presented with a 
probability table and distribution included questions such as: “What is the probability of getting at 
least 7 tails when a coin is tossed 8 times?” The questions for Test 2 were designed to be “transfer” 
questions and included questions such as: “What is the probability of getting exactly 5 heads when 
a coin is tossed 4 times?,” and “What can you say about the probability of getting exactly 2 heads 
and the probability of getting exactly 7 heads when a fair coin is tossed 9 times? (distribution 
included)”. 

The questions for Test 3, which were multiple-choice items and designed to test conceptual 
understanding, are as follows: 

1. Look at this distribution.  Choose the best statement (only one) that matches the distribution.

2. Which among the four choices show the distribution for when a fair coin is tossed 30 times?
3. What is the most likely scenario for a fair coin?

4. Look at the distribution.  What is the best interpretation?
5. The distribution for getting heads in coin tossing is this.  If I get 40 heads when a coin is

tossed 40 times, what does this mean? 

RESULTS AND CONCLUSIONS 

The analyses showed that there are statistically significant differences between the means of the 
Acquisition and Post-Test Mental Effort Ratings and Test 3 scores between Conventional and 
Simulation-based treatments (see table 1). For Test 3, the mean of simulation-based scores was 
higher than conventional instruction scores. The simulation-based instruction on binomial 
probability distributions may have positively impacted the performance of students on conceptual 
understanding, where working memory space was not exceeded, which resulted to better learning.  
The conventional lesson and post-test showed to be more cognitively demanding and this is 
consistent with the research on Cognitive Load (e.g. Rey 2011). No evidence for differences 
between means was found for other tests and MER’s.   

Conventional Simulation-Based 

N Mean 
Std. 
Deviation N Mean 

Std. 
Deviation 

Pre-Test 26 1.12 A, B .99 40 1.55 A, B 1.46 
Pre-Test MER 26 5.50 1.53 40 5.25 2.00 

Acquisition MER * 26 3.96 2.36 39 2.72 1.78 
Post-Test 26 3.42 A 1.27 40 3.30 A 1.10 

Post-Test MER * 26 4.04 2.29 40 2.83 1.97 
Test 2 26 1.12 0.91 40 1.10 1.08 

MER Test 2 26 5.81 1.79 40 6.68 2.12 
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Test 3 * 26 2.50 B 1.21 40 3.10 B 0.90 

MER Test 3 26 4.92 2.06 40 4.35 1.86 
Note: * Difference between conventional and simulation-based (means) is significant, p<0.05.   
A, B Tests with the same letter signify differences (within treatment), p<0.001. Differences 
between medians also significant p<0.002 (Wilcoxon Signed Rank Test). 

Table 1: Test and Mental Effort Rating Statistic. 

In conclusion, the results of this study support the literature on the positive impact of simulation on 
learning.  The findings of this study suggest that when teaching binomial probability distributions, 
using simulation may be an effective instructional approach as compared to more conventional 
approaches.  Future research should focus on looking at the effects of simulation-based instruction 
throughout an entire course rather than just a single lesson. 
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PROSPECTIVE PRIMARY TEACHERS UNDERSTANDINGS OF GRAPHS 
Aisling Leavy and Finbarr Sloane  

University of Limerick and the National Science Foundation, USA 

This paper reports on the statistical knowledge of 456 entry-level, prospective teachers relating to 
data representation. We report on responses of participants to three items sourced from the OECD 
Programme for International Student Assessment (PISA) and the National Assessment of 
Educational Progress (NAEP). We discuss the implications for the teaching of statistics in 
classrooms and provide recommendations to improve the statistical experiences of future teachers, 
and in turn the children they will teach. 

INTRODUCTION 

The incorporation of data handling into elementary mathematics curricula has sharpened the focus 
on developing statistical literacy, thinking and reasoning. We want students to construct accurate 
conceptual understandings of statistics, develop connections between procedures, concepts and 
representations, and engage in (age) appropriate dialogue and discourse around the process of 
statistical investigation. Supporting the construction of these types of competencies requires that 
teachers themselves have conceptually accurate and connected understandings of statistics and also 
requires that many teachers teach statistics in ways counter to how they themselves were taught. 
Arising from research on teacher’s mathematical knowledge and its role in teaching and the 
interplay between mathematics and pedagogy, Ball has developed a theory of mathematical 
knowledge for teaching (MKT) (Ball, 1999; Hill, Rowan & Ball, 2005). This type of knowledge 
includes both mathematical knowledge common to those working in diverse professions (Subject 
Matter Knowledge, SMK) and the mathematical knowledge that is specialized to teaching 
(Pedagogical Content Knowledge, PCK). While both components have been demonstrated to 
contribute to good teaching practices, this paper addresses one of the dimensions: Subject Matter 
Knowledge. This study explores prospective elementary teachers’ skills of representing and 
interpreting data, skills that may in turn support their teaching of data in primary (K-6) level 
classrooms. 

Graphical representations as tools in the making of meaning has been identified in the 
research literature (Lajoie, 1993; Scaife & Rogers, 1996). Tufte (1983) describes excellence in 
statistical graphics as consisting of “complex ideas communicated with clarity, precision, and 
efficiency”. The use of graphs allows observation of trends that occur in the data, trends that may be 
missed with the use of descriptive statistics. As Tukey (1977, p. vi) noted, “the greatest value of a 
picture is when it forces us to notice what we never expected to see.” Tufte (1983) describes 
graphics as revealing data and states that graphics supports insights from statistical computations in 
revealing information about the data. Few studies examined how teachers conceptualize graphical 
representations. However, that for teachers graphical construction often became the endpoint of 
statistical investigations with the predominant focus on technical aspects of graph construction 
rather than using graphs as a tool to illustrate patterns and trends in data (Heaton and Mickelson, 
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2002). Furthermore, studies indicate that teachers may not integrate graphical analysis and 
interpretation components into statistical units in a pedagogically sound and conceptually 
appropriate manner. These findings lead to the primary focus of this study: what understandings and 
skills do prospective teachers possess when selecting and using graphs to communicate aspects of 
data?  

METHODS 

The study involved the administration of statistical tasks to 456 entry level (freshman) pre-service 
primary teachers in Ireland. The tasks used were designed to elicit models of understanding of 
certain statistical phenomena. The overlying framework used to categorize tasks is the Guidelines 
for Assessment and Instruction in Statistics Education (GAISE) framework (Franklin et al., 2007). 
Each task was located within the GAISE framework, situated within primary curriculum 
frameworks, and the type of teacher understanding necessary to complete the task was described. 
We report on the outcomes arising from three tasks relating to graphical literacy.  

The Indonesia Task (PISA): The purpose of this open constructed-response item task, was to 
ascertain whether participants could choose a suitable graph to illustrate patterns between variables 
in data. 20% of prospective teachers constructed a graph that represented the uneven population 
distribution: Scatterplots (8%), double bar charts (4%) and a variety of alternative representations 
(8%) accounted for the correct responses (see image 1). 35% did not attempt the task, with many 
indicating that they did not know how to represent the variables. Over a quarter managed to 
represent each variable separately on either a bar chart (15%) or a pie chart (12%) but failed to 
show the relationship between variables. 8% constructed trend graphs incorrectly implying some 
relationship between the data and time. 8% of responses were incomplete. Analysis of these latter 
responses indicated multiple failed efforts to adequately display the relationships in the data. 

Figure 1: Indonesia Task (PISA) 
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Image	  1	   Image	  2	  

The Zedland Postal Task (PISA): The purpose of this multiple-choice task was to ascertain 
whether participants could choose a suitable graph to illustrate patterns in data. 18% selected the 
correct option of graph c, a ‘step graph’. Graph D accounted for the majority of incorrect responses 
(52%). One reason that may account for the popularity of this response has to do with scaling 
issues. This graph, as compared to graphs a-c, facilitates observation of the trend for the 0-500 
grams. In addition the scale on the x-axis is similar to the categories presented on the table of data 
values, a situation that may have persuaded participants if examining surface features of the 
problem. Graph B was a slightly more popular choice than the correct option (21%). Examination 
of this graph reveals that it has many of the features that participants might expect to find in a graph 
– a series of points joined by a curved line. However, selecting points along the line results in prices
that are not ‘available’ at the post office – thus the graph does not accurately reflect the pattern 
presented on the table of data.  

Figure 2: Zedland Postal Task (PISA) 

The Election Task (NAEP): The purpose of this task was to ascertain whether participants could 
choose a suitable graph to illustrate patterns in data. The item is classified as low complexity 
(NAEP). Although this was one of the better-answered task, with 48% of participants providing the 
correct solution, more than half answered the item incorrectly. The results are particularly 
concerning when compared with those of American 12th graders who answered the same task. 60% 
of US 12th grade students chose the correct graph to represent the data – a significantly higher 
number than prospective teachers in this sample. In the full paper we will discuss curricular 
differences across countries.  
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Figure 3: Election Task (NAEP) 

FINDINGS AND DISCUSSION 

Poor performance on the PISA tasks indicates lack of experience reasoning about graphs in 
unfamiliar and novel contexts. Prospective teachers did not appear to have adequate exposure to a 
range of graphical representations to facilitate exploration and comparison of distributions of data. 
This highlights the critical need to expand the scope of data visualization approaches by expanding 
the repertoire of graphs we teach at primary and post-primary level. Another plausible explanation 
for the low proportion of correct responses may lie in preservice teachers’ belief structures and 
experiences relating to graphs. One suggestion is that they did not comprehend the functionality of 
graphical representations; in other words they did not understand the advantages afforded by 
constructing a graph. Participants’ secondary level experiences with graphs were procedurally-
based with the emphasis placed on ‘how to’ with little attention placed on ‘when to’ or ‘why’ 
(Lyons et al., 2003). Hence, the current focus on the production of graphs needs to broaden to 
include a focus on the functionality of graphs. Attention needs to be focused on developing 
understanding of the function of graphs as communicating data. Experiences need to be provided 
wherein the use of graphs within investigative contexts arises out of the need to display the data 
collected; such experiences will reveal the relative affordances of different graphs in terms of the 
types of data they display, the tendency to reveal/hide individual data values, and the emphasis 
placed on variability.  
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EARLY STATISTICS: GRAPHICAL REPRESENTATIONS AND 
TRANSNUMERATION IN 3RD GRADE STUDENTS 

Soledad Estrella and Raimundo Olfos 

Pontificia Universidad Católica de Valparaíso, Chile. 

This paper describes the graphical representations produced by third grade children who were 
presented with a data analysis situation. The situation was designed by primary school teachers 
from the same school as a lesson study group. The research focuses on the breadth of graphical 
representations (mostly) similar to bar graphs without scale produced by the children when 
presented with a data analysis situation. 

INTRODUCTION 

This research analyses the different comprehensions held by third grade students (approximately 8 
years old) with regard to data analysis and data representation. This is because it is known that 
statistical literacy is becoming an essential skill for new generations of citizens. Three main results 
motivate this research. Firstly, data is at the heart of statistics, and dealing with data analysis 
situations responds to the need to develop statistical thinking as early as in the third grade, as 
proposed by different studies (Franklin et al., 2007; Franklin and Mewborn, 2006; Common Core 
State Standards Initiative, 2010; National Council of Teacher of Mathematics, 2000, 2006). These 
studies have established the need for primary school students to begin to understand fundamental 
aspects of analysing statistical data. Secondly, not only is data analysis a central aspect of statistics, 
but data representations are also a powerful statistics tool for visually representing how data 
behaves (Ben-Zvi and Garfield, 2004; Tufte, 1983). Thirdly, there are several studies into the 
difficulties of subjects of all ages with regard to data analysis and data representation. Though there 
are studies into graphical comprehension in statistical education, this area has not been sufficiently 
explored in terms of the breadth of graphical representations produced by children when presented 
with a data analysis situation. 

This paper analyses our work with third grade children to illustrate their comprehension when 
analysing data and how they build representations. We posit that the analysis of the different 
graphical representations from the children will provide a more complete vision of early statistical 
comprehension. Therefore, the research is based on the following question: In what ways do third 
grade students (7 years of age) comprehend data analysis and data representation? 

BACKGROUND 

Teaching based on problem solving analysed by a lesson study group composed of training teachers 
is in line with the recommendations of the SET report (2015) and other previous reports (Franklin et 
al., 2007; ASA, 2005), in that it emphasises statistical thinking and knowledge of statistics content 
and the pedagogical content knowledge needed to teach statistics. As stated in SET (2015), 
statistical education should ideally develop statistical thinking and conceptual comprehension as 
part of active learning and the exploration of real data. This report adds that the basis of statistical 
literacy should begin in the first grades of pre-kindergarten to 5th grade, when the students begin to 
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develop data meaning, i.e. the understanding that the data are not simply numbers, categories or 
images, but entities within a context that vary and can be used to answer questions about the world 
around us. The framework also considers the recommendations for the development of statistical 
thinking of ASA (2005), the GAISE framework (Franklin et al, 2007), the school mathematics 
principles of NCTM (2000) and the CCSSM (2012). These include understanding the components 
of a statistical question; knowing how to investigate statistical questions in contexts of interest; 
collecting data; distinguishing between categorical data and numerical data; ordering, classifying 
and organizing data; understanding that data vary; understanding the concept of data distribution 
and the main characteristics of this distribution; understanding how to represent distributions in 
tables, charts, graphs and numerical summaries; etc. (SET 2015, p. 18). 

The first years of primary education provide an ideal setting for developing value for the role 
statistics plays in daily life. Statistics not only reinforces certain mathematical concepts such as 
measure, count, classification, operations, fair distribution, order, etc., but also gives meaning to 
data in context, and links data with other areas of knowledge. The present analysis focuses on 
graphical representation and its characteristics and aim to answer the following questions: What 
characteristics are common to the graphical representations produced by third grade students? And 
what transnumeration abilities are present in these representations? 

METHODOLOGY 

Theoretical perspective for task analysis. The transnumeration framework proposed by Chick 
(2004) is applied to data for finding and revealing messages among data. Each transnumeration 
technique involves some “change in representation”, creating a new variable, organising the data in 
a different way or representing the data visually. Graphing, tabulating as changing the 
representation are types of transnumeration.  

Subjects. 6 cases are shown from a third grade class of 35 students at a mixed subsidised school in 
the region of Valparaiso. The children work individually to answer the proposed problem. 

Procedure. The situation proposed in the group of four teachers from the Lesson Study group 
revolved around the question: “How can we help Matias organise the data to reduce water 
consumption in his home?” The data were given to the students on a sheet of paper with images. 
Each student was given a page with 36 images of water consumption in the home of a fictional 
family (Matias’ family) showing data chosen by the teachers in proportion to a real situation (13 
toilets, 10 showers, 8 bathroom sinks, 4 kitchen sinks and 1 garden hose). The students produced 
different representations with the 36 data images. During the lesson, the teacher gave the children 
the page with the images and the student then had to write the answers. 

RESULTS 

The six children whose representations were chosen for analysis presented the data in a numerically 
correct form and represented them in different ways to answer the same question. All the 
productions that graphically represent the data contain three functional characteristics that allow the 
data to be compared: classification, linearity and baseline. The latter places a vertical or horizontal 
line to begin placing the data linearly (in some sense). These three characteristics are essential to be 
able to compare the data represented and obtain information from the graphs and answer the central 
question of the lesson. 
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Graph 1 shows the use of the baseline (traced along the horizontal axis) and graph 2 shows 
classification and linearity (by showing bars) but no horizontal baseline, which may lead to errors in 
interpretation. 

Graphs 3 and 4 show representations that only include classification and do not allow rapid 
comparisons by visual means, but force counting by category as they do not contain baseline or 
linearity. 

Graphs 5 and 6 include the characteristics of classification, baseline and linearity, but do not present 
axes with scales, though they do clearly answer the central question. Graph 5 is given the name 
number-bar and graph 6 text-bar; these are not representations presented in the school curriculum as 
pictogram (they do not use the same icons). 

Graph 2: graph without baseline, but with 
classification and linearity. 

Graph 1: graph with baseline, classification 
and linearity.

Graph 4: data as icons, with classification 
but without baseline and linearity. 

Graph 3: data as text, with classification but 
without baseline and linearity. 

Graph 5: text-bar, with classification, 
baseline and linearity. 

Graph 6: number-bar, with classification, baseline and linearity. 
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Graphs 5 and 6 allow us to identify the minimum and maximum visually and are more robust that 
the pictograms presented in the curriculum for the first years of primary education, which demand 
more abstraction by setting a single icon for the entire graphical representation. Only two students 
of the 36 presented a bar graph typical of those that are taught, as in Graph 1. 

In the graphical representations produced by the third grade students, it can be seen that there is a 
transnumeration strategy of the frequency calculation in the representation of frequency of the class 
(for example, in graph 6, the last number in the class represents the frequency); the transnumeration 
strategy of grouping, as the data are grouped according to some criteria (by using classes, as in 
graphs 1 and 2); the technique of graphing, as all the productions present the variables in the data 
(in their present form) in graph form. 

CONCLUSIONS 

This study analysed the representations produced by third grade students in the context of data 
analysis. The freely-produced graphs show firstly the identification of classes of variable 
(classification), order of data presentation (linearity) and graph construction using a basis to allow 
visual comparison (baseline). Furthermore transnumeration techniques were also observed. 
Allowing and encouraging the emergence of different types of pictograms, such as number-bars and 
text-bars, leads to comprehension and interpretation of data prior to the teaching of pictograms. 
Free construction of data representations allows student to develop interpretation and evaluation 
abilities for graphical representations in their complexity and simplicity, providing a basis for 
constructing the elements of graphs, such as units, scale and axes. 
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TEACHING STATISTICS IN PRIMARY SCHOOL: COLLECTING AND 

ORGANIZING DATA 

Sonia Kafoussi 

University of the Aegean, Greece 

This paper presents the implementation of a learning statistical activity that was designed for first 

grade students concerning collection and organization of data in order to answer a statistical 

question. During the teaching experiment we illustrated learning situations that stimulated from 

discussions in the classroom and they could be characterized as critical for the realization of the 

activity. These situations concerned how to collect data efficiently, what number of answers the 

students could propose, how to count their data and how to check their data.  We claim that the 

awareness of similar learning situations by the teachers is necessary if we want them to handle 

statistical activities with success. 

INTRODUCTION 

In 2011 in Greece a new mathematics curriculum was created according to the new standards for 

mathematics education as they have been shaped by recent research trends in mathematics 

education and the needs of society. In this new curriculum it is incorporated for the first time the 

topic of stochastic concepts during all the grades of the compulsory education (5-15 years old), 

beginning from kindergarten school, hoping to a better development of students’ statistical 

understanding and reasoning during their mathematics education. This change has been based on 

recent research that underlines that children as “little researchers” can deal with stochastic problems 

from early childhood years (e.g. Clements & Sarama, 2009) and it is in accordance with curriculum 

development in other countries (e.g. Canada, Cyprus, Australia, United Kingdom). The overall goal 

of statistics education in compulsory education is to enable students -as future citizens- to critically 

analyze, evaluate data and make inferences from data in order to make predictions and take 

decisions. Especially, for the first cycle of compulsory education, which is addressed to ages from 

five to eight years old, the learning of statistics is focused on the collection and organization of data 

through researches from students in their classrooms and the representation of data using simple 

diagrams like pictographs, bar graphs and line plots.  

Based on a socio-constructivist approach to teaching and the establishment of an “inquiry 

mathematics” tradition (Gravemeijer, 2004), children are requested to formulate questions that 

provoke their interest in order to collect and organize their own data. In general the design and 

realization of a statistical activity incorporates four phases: a) formulating a question that can be 

addressed with data, b) collecting and organizing data to answer the question, c) representing the 

data through a diagram and d) discussing about the interpretation of the data in order to take a 

decision about the problem. However, the implementation of the new curriculum will be difficult to 

be done, if it is not accompanied by curriculum materials for students and guides for classroom 

teachers (Shaughnessy, 2007). This is especially necessary for statistics as many teachers have 
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never been taught this topic in their own school mathematics program. However, as all these issues 

have been taken into account in the new Greek mathematics curriculum trying to enhance in-service 

teachers pedagogical knowledge, the realization of teaching experiments is absolutely necessary in 

order to improve statistics education (Garfield & Ben-Zvi, 2007; Shaughnessy, 2007). Trying to 

handle statistical activities in the classroom, teachers as well as students have the opportunity to 

discuss issues that arise spontaneously and are not always predictable by curriculum designers.  

In this paper the implementation of a learning statistical activity that was designed for first grade 

students is presented. During the teaching experiment we tried to illustrate learning situations that 

arose from the students’ discussions with the teacher and their classmates and they could be 

characterized as critical for the realization of the activity. This approach is in accordance with 

recent trends for mathematics teachers’ professional development (e.g. Matos, Powell & Sztajn, 

2009).  

METHOD 

The teaching experiment was realized in two groups of students for two years. The teaching 

sessions lasted four hours in every group each year (in 2014 and in 2015). The duration of the 

experiment was decided according to the new curriculum timetable about the teaching of statistics 

in primary school (4 hours for the first and 4 hours for the second year of the primary school). The 

two groups of students attended the first grade of primary school in 2014 and the second grade of 

primary school in 2015 (43 students in total, 22 and 21 respectively). The teaching experiment was 

realized in a school in an area of Athens in Greece with middle socio-economical background. Four 

statistical activities were designed by an experienced teacher-researcher in cooperation with the 

mathematics educator (two activities for each year), concerning collection, organization and 

representation of data. In this paper we will focus on one of the learning activities and especially on 

the first part of it, concerning collection and organization of data. This activity was realized at the 

beginning of the teaching experiment. Collection of data was based on the tape-recorded teaching 

sessions as well as handwritten notes from the mathematics educator, who had a role of a 

participant observer during the teaching experiment. 

COLLECTING AND ORGANIZING DATA 

In this section we are presenting critical learning situations that arose during the implementation of 

one of the activities that the teacher realized in the first grade classroom. The context of the activity 

concerned an invitation addressed to the first grade students with the following content: «My name 

is Omiros Anagnostakis and I live in rue Aisopou 34. I learned that you like very much stories and 

fairy-tales, so I invite you in a feast of fairy-tales. However, I’m wondering how this feast could be 

organized. I would like you to help me to organize this feast so that each of you could be happy. 

Discuss among you and send me your decisions». The children were asked to pose questions in 

order to organize the feast, that is, if they were at the position of Mr. Anagnostakis what they had to 

think about this organization. Children at this age have already experiences from the organization of 

their parties, so it was not so difficult for them to propose questions. There were many proposals in 

both groups: What refreshments should Mr. Anagnostakis order for the children? What color of 

balloons should he choose in order to decorate the room? What fairy-tale should he choose? What 
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taste of cake should he buy? In both groups they agreed to deal with the question of the colors of 

balloons (especially in the second group they voted about it). 

How can we collect data? 

The following learning situation arose from the discussion among the first group of students in the 

first grade.  

Teacher: 

Marina: 

Apostolis: 

Marina: 

Teacher: 

Children: 

How to find our favorite color? 

We’ll raise our hand and each of us to say what color he likes. 

Let’s answer one by one. I’ll start, then goes Marina…  

The first row (of tables) will start answering, then the second one… 

All of us will remember the colors?  

Yes. 

Each student said his/her favorite color one-by one only orally, without writing anything. 

Teacher: 

Children: 

Teacher: 

Panagiotis: 

Maria: 

Ok. Now do you remember what each child has just said in order to find our favorite 

color?  

The red… The blue… No…  

So, what can we do?  

We’ll write our name in a paper and we’ll draw which color we prefer.  

We’ll write them (she means the colors) at the board. You (she means the teacher) will 

ask us which color we prefer, we’ll raise our hands and you’ll count us.  

The children decided to draw their favorite color in a paper. When they began, a child drew two 

colors. 

Teacher: 

George: 

Teacher: 

Children: 

Teacher: 

Can we draw two colors?  

Why not? I like both of them.  

Yes, but if someone draws two colors, can we help Mr Anagnostakis to choose the right 

color or shall we confuse him? How many are we in the class?  

(after counting) Twenty two. 

So, we have to send twenty two  ideas about colors to Mr. Anagnostakis.  If we send more 

ideas than them, Mr. Anagnostakis may be confused. 

The children decided to draw only one color in the paper. 

This situation revealed that the way of collecting data had not an obvious solution for the students; 

rather it was a problem for them that it needed to be solved. First of all, the role of the improvised 

question of memory functioned as a catalyst for the ways that the children could propose to collect 

data effectively in order to answer their question. They realized that the oral answers were not a 

fruitful method for them. Moreover, another learning situation concerned the number of answers 

that each child could give. We could hypothesize that the teacher could leave them to give more 

than one answers. But, through his reaction, the children constructed their first “contract” about the 

number of the answers could collect in a similar research from each individual. However, we have 

to express a strong argument to the children that they have to give only one answer. This problem 

has also appeared in the second group of students in the first grade.  

How can we answer the question? 

When the children drew their favorite color in the paper, they discussed again about the answer that 

they had to give to Mr. Anagnostakis.  

     Teacher:     So, what can we say to Mr. Anagnostakis. Which is our favorite color? Did we find it? 

 Helen:        We’ll find the most of us.  

     Teacher:     Ok. How can we do it?  
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     John:           You’ll say a color (he means the teacher) and we’ll stand up all of us who have drawn it.  

     Katerina:     How does the teacher know all the colors that we drew?  

     Maria:         We’ll say the colors to write them at the board, we’ll raise our hands and you’ll count us. 

The children decided to say a color, to stand up and count. For each color the teacher wrote on the 

board the number of children that they stood up in a vertical column (Red: 10 – Yellow: 3 – Blue: 4 

– Green: 0 – Orange: 1 - Pink: 2- Mauve: 1 – Beige: 1).

Teacher: 

Maria: 

Stelios: 

Now, are we sure that all of us have answered the question? 

Raise your hands if you didn’t answer!  

Count! If we are 22, we have answered all of us. 

The children found the sum and it was correct. 

After having collected the data, answering the question is also a learning situation for the students. 

Firstly, there was a problem how to count their data. In the first group of the students they decided 

to stand up. In the second group they chose from the beginning to write colors on the board and to 

raise their hands. However, in that case, when they added the numbers they didn’t find the correct 

number of the students, because some of them raised their hand twice. So, they repeated the process 

of collecting their data in order to answer their question, but that time they proposed to the teacher 

to answer one by one and the teacher had to write the number 1 after each answer beside each color 

that they suggested (Red: 1, 1, 1, 1 – Azure: 1,1 - Yellow: 0 - Blue: 1,1,1,1,1,1,1,1,1,1,1,1,1,1 – 

Pink: 0 – Mauve: 0 – Green: 1 – Orange: 0 – Grey: 0). 

DISCUSSION 

Learning to collect and organize data is a fruitful activity for the first graders. They have to take 

many decisions about the process: how to collect data efficiently, what number of answers they 

could propose, how to count their data, how to check their data. Although teachers try to predict 

their students’ thoughts in order to help them, the handling of learning situations demands from the 

teacher to take many decisions directly, in order to pose the “right” question that can enhance 

students’ statistical thinking. The realization of many teaching experiments in a lot of classrooms 

could give mathematics educators the possibility to collect and organize critical learning situations 

as well as suitable questions in order to help teachers to teach statistics more efficiently. 
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PRACTICAL APPLICATION OF STATISTICAL METHODS IN THE 

GOLDEN APPLE SCHOOL PROJECT 

Danijela Marolt 

Gimnazija Celje – Center, Slovenia 

Second year students of the Gimnazija Celje – Center Grammar School are involved in the 

Golden Apple project. The project team has many members and covers all school subjects. The 

main goal of the project is to familiarise young people with the importance of sustainable 

development in their immediate environment. My contribution to the project is based on the 

practical application of statistical methods. By applying them, students can gain a better 

understanding of their theoretical knowledge and thereby put it into practice. 

THE GOLDEN APPLE SCHOOL PROJECT 

Legend has it that the people of Kozjansko were very poor. Maria Theresa, Empress of the 

Habsburg dynasty, ordered that every couple who wished to get married had to plant an apple 

tree. In Kozjansko, apple trees have since become a synonym for the cultural, tourism and 

agricultural development of the country. 

In early autumn, students are taken on a field trip to the region. The programme starts in the 

medieval town and continues at Castle Podsreda and then at the old orchard, the dry meadow 

and the farm.  

At Castle Podsreda, we are taken on a journey through time. We are welcomed by knights and 

the Lady of the castle invites us to enter. We learn about the knights’ lives in Medieval times 

and the basics of sword fighting. The students stage a performance involving troubadour poetry 

and Medieval courtly dances. All the events are accompanied by music of that time performed 

live by the school’s musicians. Everyone is dressed in Medieval costumes, which creates a 

particularly authentic atmosphere. The castle’s smoke kitchen prepares a delicious local feast 

for us. After that, we go on a guided tour of the castle, which was built as early as in the first 

half of the 12th century. Some of its rooms are now used to house art exhibitions. What 

impressed us most were the castle dungeon and the castle’s toilet facilities, which offer the most 

beautiful views from the castle. 

The natural science part of the field trip takes place in the old orchard, on the Vetrnik Hill and 

at the organic farm of the Krivec family. We learn about the special features of the tall old apple 

tree varieties, the natural, geographic and social characteristics of Kozjansko, biodiversity, the 

importance of dry grasslands and the many projects carried out by the Kozjansko Park staff. 

At the full-day field trip, students watch closely, observe and critically assess the events around 

them. They collect impressions, facts and figures that they will statistically analyse in the 

second part of the project day.  
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PRACTICAL APPLICATION OF STATISTICAL METHODS 

There are very few mathematics subjects that are arguably as appropriate for demonstrating 

practical applicability in the lower years of grammar schools as statistics. Besides theoretical 

knowledge, students have enough experience with it from their daily lives: statistical research 

results are published in the media, participation in telephone and other surveys ... It can easily 

be connected to any area of interest, facilitating cross-curricular links.  

The main statistical terms students use in their work are: 

population – the group being studied, 

statistical unit – an individual element of the population, 

statistical properties – the characteristics of statistical units; these may be spatial, temporal or 

factual (qualitative or quantitative) with quantitative further divided into continuous or discrete, 

statistical parameters – the characteristics of the population as a whole, 

sample – a part of the population (with a special emphasis on random samples). 

The students are able to order and group the data. They are aware of the meaning and purpose 

of frequency classes and can calculate the class width and the class mark. They know what 

(absolute) frequency means and how to calculate relative frequency. In line with the principle 

“a picture is worth a thousand words”, they can show the data on a histogram, frequency 

polygon and circular chart, using various pictograms and diagrams of quartiles. They are 

familiar with the differences between them and know when to use one method over the other. 

They can calculate the mean value from statistical parameters. The arithmetic mean or average 

are among the most often used. They are also familiar with the median, the mode and the 

quartiles. They measure data variability using the range, interquartile range, variance and 

standard deviation. 

Through their work, students gain firsthand experience with the methodology of statistical data 

analysis: 

 they collect data and connect with other thematic sets,

 they know the differences between the main statistical terms and can use proper

terminology, 

 they can order, group and graphically show the data using modern technology,

 they can calculate mean values of quantitative variables, evaluate them critically and

calculate one of the parameters for measuring data variability. 

At the end of their research, each student makes a presentation in the form of a poster or a 

PowerPoint presentation. This is evaluated using a specially designed assessment criteria:  

Grade Criterion 

Adequate (2) Independently finds key information needed for analysis. Orders and examines 

collected data with some assistance.  

Good (3) Independently finds, orders and examines key information. Needs assistance 

interpreting the obtained results. Observes the agreed deadlines. 

Very good (4) Independently finds, orders and examines key information. Independently interprets 

the obtained results. Grasps the relationships between the studied elements. Can 
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forecast the consequences the studied data will have on the future. Uses clear 

language. Observes the agreed deadlines. The product has a nice appearance. 

Excellent (5) Independently finds, orders and examines key information. Independently interprets 

the obtained results. Grasps and analyses the relationships between the studied 

elements. Derives generalisations and critically evaluates them. Can forecast the 

consequences, effects and influences the studied data will have on the future. Uses 

clear language. Observes the agreed deadlines. The product has a nice appearance. 

Each group presents their work in the third part of the project, where the most original statistical 

product in electronic form is presented as well, while the posters decorate the walls of the school 

gym for the duration of the programme. 

Students like the project-based approach to learning because it is varied and diverse. It gives 

them a chance to express not only their knowledge, but also their creativity, imagination and 

potential more clearly than during their regular work in the classroom. 

Sources and literature: 

PAVLIČ, G., et al. 2011. Linea nova, matematika za gimnazije. Ljubljana. Modrijan. pp. 154–

176.  

SAJOVIC, Alenka. 2005. Pomen naravnega parka za sonaraven razvoj Kozjanskega. Diploma 

thesis. University of Ljubljana. Faculty of Arts. Department of Geography. Ljubljana.  

Internal documents of the Kozjansko Park. 

Internal documents of the Golden Apple school project. 

Accessible at: < http://www.kozjanski-park.si/ >. [Retrieved on 16 September 2015; 19:20] 

Accessible at: < https://sl.wikipedia.org/wiki/Grad_Podsreda > [Retrieved on 16 September 

2015; 18:40] 
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COMMUNICATING AND REPRESENTING STUDENTS SKILL USING 
SOCIO MATHEMATICAL NORMS IN CLASSROOM ABOUT DATA 
REPRESENTATION: ONE CASE STUDY OF A GRADE 6 LESSON IN 

INDONESIA 
Ratu Ilma Indra Putri, Zulkardi 

Sriwijaya University 
Maarten Dolk 

Utrecht University 

This paper examines a research study to foster communication and representing data among 
Indonesian students. This research is part of implementing an Indonesian version of Realistic 
Mathematics Education, labelled as PMRI, in primary schools.  Pendidikan Matematika Realistik 
Indonesia (PMRI) is an innovation in mathematics education in Indonesia. This approach, 
originally developed in the Netherlands,  has been introduced in almost last two decade. A case 
study of one lesson involving Grade 6 students on the choice of data representation in Palembang 
will be discussed. The analysis is focused on the enacted social norms and socio-mathematical 
norms during a whole class discussion and their communication and representation students’ of 
data. 

INTRODUCTION  

Data representation is one of the important materials due to its connection to daily life. However, 
many students are not able to read and to represent data in a meaningful way. According to Bakker 
(2004), representing data has to relate to the problem, such as the growth of population, we can use 
the line graph. To representing data, students need to have communication skill. Having a strong 
emphasis on explicit communication of thinking in mathematical learning is quite often associated 
with the “reform-inspired pedagogy” whereby the negotiation of mathematical meanings is co-
constructed by students and a teacher in supporting students’ mathematical development (Sfard, 
2000).  

In Indonesia, there has been an increased awareness to create an engaging and meaningful learning 
process by establishing and practicing socio mathematical norms in learning mathematics. One of 
the reform initiatives in Indonesia known as PMRI was implemented a decade ago as an adaptation 
of Realistic Mathematics Education (RME), a seminal approach inspired by Freudenthal’s (1991) 
notion of mathematics as a human activity. Pendidikan Matematika Realistik Indonesia (PMRI) is 
an innovation in mathematics teaching in Indonesia. It has been initiated by a group of teacher 
educators and mathematicians since 2001 (Sembiring, Hoogland, & van den Hoeven, 2009; Putri, 
2011; Putri, 2015). PMRI calls for a pedagogical approach with an emphasis on communicating the 
thinking process in learning mathematics using real-world contexts (Sembiring, Hoogland & Dolk, 
2010). Up until now, many efforts have been carried on by the PMRI team to develop mathematics 
education in Indonesia. 

Communication of thinking and making sense of each others’ thinking are valued as a critical 
aspect in learning mathematics and students are expected to exercise this in the mathematics 

TSG-15

70

TSG-15

70



Putri 

1 - 2 

learning process. Students are guided by the teacher to solve mathematical problems in multiple 
ways and to share their ideas and strategies in class. Group work and whole class discussion are 
utilised to engage students in a collaborative work to construct mathematical ideas together. This 
mode of learning requires a different set of classroom norms and culture. Mathematics education in 
Indonesia has been changing: from instruction as the ‘transmission of knowledge’ toward ‘learning 
as the construction knowledge’ (Gravemeijer, 2010). This paper covers a study of classroom 
mathematical discourse of Grade 6 students in one lesson on various ways to represent data. It will 
examine how the dynamics of classroom mathematical discourse with respect to the enacted socio 
mathematical norms affects students’ mathematical knowledge on data representation. In contrast, a 
productive mathematical discourse entails active listening, critical examination of each other’s 
reasoning and arguments, and articulation and reflection of own mathematical solution and thinking 
(Widjaya, 2012). 

Classroom social norm is a challenging practice for both teachers and students because in many 
countries it is not considered a part of the classroom culture yet (Widjaya, 2012). The notions of 
social norms and socio-mathematical norms (Yackel & Cobb, 1996) are valuable in understanding 
and interpreting mathematical learning process, especially when students are engaged in classroom 
discourse. Yackel and Cobb (1996) introduced the terms social norms and socio mathematical 
norms to infer to regularities in patterns of social interaction in learning. Social norms refer to the 
normative expectations of classroom interactions in any subject matter. Actions such as challenging 
others’ thinking, justifying students’ interpretations to the whole class are considered as social 
norms as these norms are not unique to mathematics. In this paper, the analysis of classroom 
discourse will be grounded in interaction and exchanges between students and the teacher using 
social norm and socio mathematical norm in groups and whole class discussion. 

The Translation Socio mathematical Norms into Indonesian Classrooms 

According to Yackel and Cobb (1996, p. 464) engaging students in the discussion about “what 
constitutes mathematically different supports higher-level cognitive activity”. Social norms and 
socio mathematical norms are accepted as a useful tool in analyzing and mathematical learning in 
classrooms (Gravemeijer, 2010). 

In the context of implementing PMRI, a classroom norm is one of the critical aspects in classroom 
pedagogy that needs to be established at the beginning. As noted in Gijse (2010); Widjaya (2012); 
Putri (2015), when a teacher asks a question in Indonesian primary school classroom, it is common 
that students will shout out “Me, me, me!”. Another challenge in Indonesian classrooms is to 
change the common practice whereby the teacher gives final judgment to students’ answers as right 
or wrong. In PMRI classrooms, teachers are encouraged to invite students to take an active role in 
making this decision by means of teacher’s prompts and other students’ questions; they are guided 
to determine if their answers are acceptable. Students learn to take turns in sharing their ideas and in 
listening to each other (Sembiring, Hoogland & Dolk, 2010). 

Setting and Participants 

The case study involved one lesson with 30 Grade 6 students from one of PMRI pilot schools in 
Palembang that had worked closely with Sriwijaya University since 2010. This lesson was carried 
out on 29 August 2009, part of a sequence of lessons from mid-August to end September 2015. The 
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teacher, Ms. Epi, was a young teacher and she had been involved with the PMRI project since 2010. 
She had consistently implemented the PMRI approach in her lessons. The researcher was a non-
participant observer during the lesson, assisted by three  technical assistants who video-recorded the 
lesson. 

The Lesson 

This lesson was selected because it featured an interactive classroom discourse during a whole class 
discussion whereby students shared their ideas and made sense of each others ideas.  The problem is 
we gave students of 10 and 11 years old a problem about a girl whose father had measured her 
length each birthday. The students were asked to draw a graph that would show how the girl had 
grown. 

Prior to this lesson, the students collected data based on a worksheet. The students worked in five 
groups (5-6 students per group). At the end of the 1-hour lesson, students were expected to explore 
their result discussion in front of the class. Videotapes of episodes of students’ interaction during 
the whole group and class discussion were taken and students’ work presented on the white board 
was recorded using a camera digital.  

Findings and Discussions 

In opening the whole class discussion, the teacher invited students to ask questions based on 
unresolved questions or confusions they had during the learning process. In this case, the teacher set 
another social norm for students to participate in bringing forth any unresolved problem in 
comprehending data or choices of data representations. 

Representations data from different groups only using bar graphs. These representations are 
surprising that students at Grade 6 because they have to make differences representations such as 
line graph. During the whole class discussion, some students raised questions about the problem, 
which will be discussed later. All of the representations using bar graph but there is difference 
answer by group 3 because they confuse about zero (0).  

Conclusion and Implications 

Both the teacher and students engaged in the process of constituting understanding of data 
representations. They exercised social norms by asking questions to understand others’ ideas, 
providing explanations to help others understand their own strategies, evaluating others’ ideas and 
challenging others’ explanations with different cases. The exercise on socio-mathematical norms is 
critical to building an understanding of what constitutes a different solution and acceptable 
explanation.  

The analysis of this lesson provides evidence that some students interpreted different 
representations.  This is a limitation of this case study. Especially the enacted social norms and 
socio-mathematical norms and their impacts on students’ learning. Further studies to examine key 
aspects of classroom discourse that afford or constrain mathematical learning in classrooms are 
needed. The teacher revealed that to establish these norms in her class before her students felt 
comfortable in participating to ask questions, to challenge other’s ideas, to communicate their 
reasoning, and to justify their thinking.  
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STATISTICAL LITERACY OF CHILDREN INVESTIGATED WITH THE 

SUPPORT OF INFORMATION AND COMMUNICATION TECHNOLOGIES 
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Santa Catarina State University, Joinville, Brazil 

This work presents qualitative research that was conducted in the framework of statistics education 

to investigate the use of learning objects (LO) for statistical literacy of children who study in the 

early years of elementary school, from six to eight years of age. The goal of the research was to 

present and discuss examples of information and communication technology (ICT) resources aimed 

at teaching statistics in the early years of elementary school, in support of the teaching practices of 

early childhood education teachers. The focus was to analyze digital games and applications that 

are available on the Internet. The analysis was made based on two criteria: the first took into 

account the functioning and accessibility of LOs and the second took into account the way in which 

these LOs could be used for pedagogical practices for statistical literacy. As a result, it was found 

that LOs can be used for statistical literacy. But it is essential that teachers test and critically 

evaluate the LOs available on the Internet not to run the risk of presenting LOs with errors to their 

students, which can disrupt the statistical literacy process. 

INTRODUCTION 

Statistics is part of the mathematics curriculum in primary education in Brazil. But even so, 

statistics education is hardly addressed in most curricula of mathematics degrees, which highlights a 

gap in the initial training of future teachers. On the other hand, the use of information and 

communication technology (ICT) resources in education is presented as a trend for contemporary 

mathematics education. Thus, at the confluence of these two research interests, this paper was 

developed in the context of statistics education. The research activities were done to find, select, 

test and evaluate LOs available on the Internet that can be used by teachers in the early years of 

elementary school, for statistical literacy of children who are six to eight years of age. So theoretical 

studies about the research and practices of LOs for the examination and evaluation were performed. 

This research was conducted to develop a senior project for a student completing a Bachelor's 

Degree in Mathematics. 

STATISTICAL LITERACY IN THE EARLY YEARS OF ELEMENTARY SCHOOL 

The use of statistics involves a set of techniques, research methods and data analysis. Statistics 

gives us a means to deal rationally with situations that are subject to uncertainties and has 

applications in several human activities, aiding in the study and understanding of collective, 

economic, social and scientific phenomena. Despite this important role, there were times when the 

teaching of statistics in Brazilian schools was done only in high school math classes. But today the 

landscape has changed because it is known that we can work with statistical content in a way that is 

consistent with the children's age, starting from the early years of elementary school and thus assist 

in the development of a critical and investigative mindset.  
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Working with statistical content since the early years of elementary school increases awareness of 

citizens by learning interpretations and readings of abstract information. In other words, to be a 

good citizen, it is necessary to know how to calculate, measure, think, argue and process 

information statistically. Thus, "being statistically literate involves being able to understand and 

communicate data based on information, being able to critically position yourself in a critical 

manner in order to make individual and/or collective decisions" (TV Escola, 2014, p. 4). In this 

scenario, the teaching of statistics in the cycle of literacy for children six to eight years old (early 

years of elementary school) has been undergoing changes in our country. In recent years, the 

literacy of children at the right age has been a concern of public policies aimed at the training of 

teachers. In the early years of elementary school, the child has great curiosity and willingness to 

learn; statistics teachers have to encourage, cultivate and awaken an interest to investigate and 

understand the world around us.  

Teaching statistics in school has achieved great gains with the advent of technology.  Many of the 

teaching and learning activities can be improved with the use of LOs. It is possible, for example, to 

use special techniques that use more than just the blackboard, chalk, paper and pencil. It is 

important to note that statistics should not be taught through formulas in children's early learning 

phase. Teachers should discuss daily situations of the children or issues about which they are 

curious. Questions such as, "What are the favorite cartoons of one-year-olds?", "How many 

students eat fruit?" or "What is the foot size of each of them?" - that are part of the daily lives of 

children - can be the starting point for statistical literacy, respecting the children's age group. In 

addition to generating interest in discovery and doing the data collection activities, it is important 

for teachers to teach students how to communicate and interpret the data collected using, for 

example, graphs and tables. In this context, the use of LOs can contribute to the construction and 

interpretation of graphs as well as for data collection. 

ABOUT LEARNING OBJECTS 

Today, most children studying in the early childhood education cycle can handle applications that 

run on computers, smartphones and tablets. Thus, innovations in teaching statistics for children can 

be achieved with the use of technology, not as a substitute, but as a complement to traditional 

classes. Games, apps and videos that the child uses for fun can also serve to make more meaningful, 

enjoyable and effective learning. In addition, technology enables the expansion of critical views of 

the phenomena being studied. LOs are the resources that can be used, with the support of 

technology in different teaching and learning processes. According to Santos (2007), learning 

objects are digital resources that are reusable in different situations of teaching and learning using 

computers and ICTs. The issues raised highlight the possibilities and challenges of the use of IT in 

statistical literacy processes. 

THE RESEARCH 

In this research, we selected and tested fun LOs, intended for children from six to eight years of 

age, such as games and interactive software available online. All LOs were for teaching statistics. 

The study was conducted in four stages. The first stage involved the search on the Internet for 

statistical LOs for teaching students in the early years of elementary school. This search was done 

on research websites by typing terms such as "application for teaching statistics," "statistical 
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games," or "software for creating graphics for elementary school." As a result, there were two 

repositories that were important because they showed lots of games and applications. These apps 

available for statistics teaching were accessed and used to check if they met expectations. Suitable 

LOs were selected and went to the second stage of the research that included testing and analysis of 

these LOs with respect to their operation, use, accessibility and suitability for the age range. Some 

of the applications tested showed failures in the process and were excluded from use in the next 

stage of the research. In the third stage, testing and analysis of LOs chosen in the second stage were 

performed in order to draw conclusions about their use in the conducting of educational activities 

for statistical literacy. So we used one education statistics notebook that was created for a training 

course for early childhood education teachers conducted nationwide in Brazil, the National Pact for 

Literacy at the Right Age (PNAIC). The goal of using this material was to relate the use of LOs 

with activities already done by early childhood education teachers, without the use of technology, 

which were reported there. So the education statistics notebook was studied to collect best practices 

of statistical literacy. Such practices helped direct this paper to show alternatives to the use of ICT 

resources in teaching children studying in early childhood education. The fourth stage was the 

presentation of the analysis of the previous steps and drawing conclusions.  

As a matter of limited space for writing this paper, we present here only one of the LOs studied in 

the research. The presentation will be made by showing the proposed activity without the use of 

technology followed by an example using a LO. The activity lists the preferred pets of a group of 

students in the first grade and discusses the difference between domestic and wild animals.  The LO 

(Data Graphs
i
) can be used to create the bar graph and also the pie chart and the data table, as

shown in Figure 1. This learning object helps in the construction of bar graphs. Regarding the pie 

chart, construction on paper is difficult for children because they need to know how to draw angles. 

The presentation of the data in a table, in the same application, facilitates the establishment of 

relations between the different forms of communicating the behavior of the data, either in graphical 

form or in tables. It is an interesting way of working with children in the early childhood education 

phase. The important thing is that the teacher, as he would do in the activity with the classroom 

poster, has students participate in the construction of graphs, debating, asking, questioning, 

formulating hypotheses and then analyzing the results presented. By using LOs like this, the teacher 

has the option of online interaction and adjustment. 

Source: PNAIC – Education Statistics Course Notebook 

Figure 1 – Data Graphs screens showing the options and graphs about pets 
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FINAL CONSIDERATIONS 

Teaching statistics in the early years of elementary school allows the construction of critical 

knowledge, develops social cognitive skills and opens the way for the full realization of citizenship, 

leading to the realization of statistical literacy. With children, the teacher working with 

interdisciplinary problems and representations that are appropriate for their age group is important. 

The problems should be ones they are interested in and are able to investigate and report. However, 

for this age group, it is important to exercise both the construction and interpretation, because one 

complements the other. Technology can help in the construction. The children of the digital 

generation are quick to learn to use tablets, computers and smartphones. Schools need to take 

advantage of the technological means to perform statistical literacy. The teachers must analyze and 

test LOs that they want to use with their students. In addition, they should plan lessons appropriate 

to the age range of the children. The activities must be planned and intentional, with a beginning, 

middle and end, so that they do not become just technological games without a purpose. Teachers 

should act as mediators who work to allow their students to investigate and understand the world 

around them, and learn the basic principles of statistical literacy. 
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DESIGNING FOR REASONING WITH UNCERTAINTY 

USING THE INTEGRATED MODELLING APPROACH 

Hana Manor Braham and Dani Ben-Zvi 

The University of Haifa, LINKS I-CORE, Israel 

This poster presents a new “integrated modelling approach” (IMA) that was developed and implemented to 

help students understand the relationship between sample and population and to assist them confront and 

quantify the uncertainty involved in drawing conclusions from a single sample to a population. It describes 

the IMA learning trajectory, its design considerations, and how it can promote students’ reasoning with 

uncertainty in the context of Informal Statistical Inference (ISI). 

THEORETICAL BACKGROUND 

Nowadays, in a modern information-based society, understanding core statistical ideas such as inference and 

sampling is required since it provides systematic tools to handle decision making under conditions of 

uncertainty. In response to this issue, the concept of Informal Statistical Inference (ISI) has received much 

attention in recent years in the statistics education community. The uncertainty involved in drawing 

conclusions based on a single sample is a fundamental idea in ISI but is also one of the most difficult ideas 

for students to understand (Ben-Zvi, Aridor, Makar, & Bakker, 2012; Pfannkuch, 2008). Given the 

importance of studying Informal Inferential Reasoning (IIR), a significant question is how to facilitate and 

enhance students’ reasoning with uncertainty during sampling and ISIs tasks. 

THE INTEGRATED MODELLING APPROACH 

The purpose of this poster is to present a pedagogical approach, the integrated modeling approach (IMA), 

aimed to help students understand the relationships between sample and population. This approach is based 

on the idea that reasoning with samples and sampling has two different emphases: 1) reasoning within 

samples to infer to a population. This reasoning includes Exploratory Data Analysis (EDA) characteristics in 

the context of ISI and emphasizes the constraints and uncertainties of inferences that can be made from 

samples. 2) reasoning between repeated samples. This reasoning includes uncertainty and modelling issues, 

such as the likelihood of specific statistical results given a certain model of the population distribution and 

emphasizes the behavior of model-generated random samples. 

In this poster we present theories that underpin the IMA learning trajectory as well as its design 

considerations. Furthermore we illustrate how two sixth grade students‘ reasoning with uncertainty was 

promoted during their engagement in the IMA learning trajectory. This poster sheds light on the combination 

of a modelling approach and EDA approach in a design-based, technology-enhanced learning environment, 

in order to encourage the development of students’ reasoning with uncertainty.  
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SECONDARY SCHOOL MATHEMATICS TEACHERS PROFESSIONNAL UNDERSTANDING 

OF THE ARITHMETIC AVERAGE CONCEPT. 

Mathieu R. Séguin Sylvain Vermette 

Université du Québec in Trois-Rivières Université du Québec in Trois-Rivières 

The research featured in this poster is a study on secondary school teachers’ professional understanding of 

statistics with regards to the concept of arithmetic average, a key concept in developing statistical thinking. 

Through case studies, we focus more precisely on how teachers develop understanding, on didactic practices 

and on verbal explanations of the arithmetic average concept within their own teaching practice. 

Interest for Central Tendencies: The Arithmetic Average 

Today’s citizens must have the ability to analyze in order to develop critical judgement and their own 

assessment of the data they encounter daily, as they are constantly confronted with statistical data and charts 

for which they are not required to produce statistics but mostly to interpret the results. Statistics become a 

language form that citizens need to master. If we want to encourage statistical thinking in students as future 

citizens, we must then take the time to help them develop the basic understanding needed to interpret statistical 

data. The arithmetic average, a statistical measure often used to describe a distribution, becomes unavoidable. 

According to Statistics Canada, the country’s main authority regarding statistics, the arithmetic average helps 

to capture with one unique value what is typical in a data set. This barely covers all the mathematical richness 

inherent to this concept which possesses several properties (Strauss, 1988). Furthermore, studies show that this 

central tendency’s measuring is not well understood by students in teacher training programs and that too 

often, the arithmetic average is reduced to the application of a simple algorithm (Gattuso, 1999). This concept 

therefore deserves attention. 

Teachers’ Professional Understanding 

Recent work has evidenced important needs for secondary school teachers related to their understanding of the 

statistical concepts they teach, which are mostly based on what Skemp (1978) refers to as an instrumental 

understanding of mathematics (Vermette, 2013). We also notice a growing awareness that teachers use specific 

forms of knowledge which are different from the standard forms they learned in their university mathematic 

classes (Moreira and David, 2005). This interaction between training and classroom practices is one of the 

main focus of the present research. Simultaneously, Hattie (2009) highlights the importance of teachers’ 

retroactions which greatly impact students learning. This context raises several concerns and highlights the 

need to study mathematics teachers’ understanding, practices and verbal explanations’ nature of the arithmetic 

average concept. 

Methodology 

This study is part of a wider research program focused on teachers’ professional knowledge of statistics. The 

main objective is to study teachers’ mathematical activity within this context. To reach this objective, various 

scenarios are created in which participants, secondary school teachers, have to solve several tasks highlighting 

the arithmetic average concept. In this poster, we use examples to address the tasks’ potential.  
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AN EMPIRICAL STUDY ON PLANNING AND IMPLEMENTATION OF STATISTICAL 

DATA COLLECTIONS OF PUPILS OF THE 9TH AND 10TH GRADE 

Candy Walter 

University Hildesheim 

The afore-mentioned study an empirical investigation of existing difficulties and errors (incl. their 

causes, strategies and consequences) which occur during the solution process of planning and 

implementing a statistical collection of data. 

Nowadays, the German stochastics lessons in secondary level I & II are discussed with the central 

idea of “data and coincidence”. Dealing with statistical data is fundamental for stochastics lessons. 

In most of the cases, the statistical data is used from the respective school books. The planning 

and implementation of statistical surveys are two substantial phases in the whole process of a 

statistical investigation. Furthermore, considering the national educational standards these are 

mandatory educational contents of the secondary level I & II [KMK 2003, S. 16]. Nevertheless, 

they are little discussed in the German stochastics lessons. According to Pisa in 2012, there still is 

a “relative weaknesses in the section of uncertainty and data” today and further “this is where a 

starting point for a further improvement of mathematical competence in Germany becomes 

appears.” [Pisa, 2012, S.82]. So, how can considerations for planning statistical data collections 

find their way into school lessons? In addition, it is of didactic interest what kind of pupil 

difficulties and errors (incl. their causes, strategies and consequences) with planning and 

implementing of a statistical surveys are found. With this in mind, this empirical study will detect 

the difficulties and errors of German pupils of the 9th and 10th grade with the help of the 

Grounded Theory. This Poster poses the basic research questions of the difficulties and errors of 

planning and implementing of statistical data collections, and outlines the design, methodology 

and evaluation method of the study. 
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ASSESSMENT IN AN UNDERGRADUATE STATISTICS CAPSTONE UNIT 

Ayse Aysin BILGIN 

Department of Statistics, Faculty of Science and Engineering, Macquarie University, Australia 

ayse.bilgin@mq.edu.au 

This poster aims to provide guidance for academics who are designing and/or teaching capstone unit(s) for 

students majoring in statistics on possible assessment tasks by using the lecturers’ and the students’ self-

reflections on such a unit over five years in a metropolitan Australian university. We found that mimicking 

real life like an internship in teaching or engineering profession for statistics students is valuable for their 

career clarification, for demonstrating their creativity and problem solving skills as well as giving back to 

their community by using their statistical knowledge to solve real unsolved problems of real clients. 

INTRODUCTION 

Assessment is crucial element of education. Unfortunately in universities due to time constraints and 

structure of the semesters, assessments usually happen straight after students are taught a new concept which 

is not ideal to assess students’ critical thinking and problem solving skills. Unit by unit, topic by topic 

assessments are useful to ensure bits and pieces are learnt by students but this does not give us (educators) an 

indication whether the bits and pieces are put together in students’ minds. Like puzzle pieces, we can easily 

assess whether the students see and understand each piece but usually it is hard, if not impossible, to assess 

whether the students see the big picture. 

The idea of capstone units in statistics education are not new (Boen, Zahn 1982; Taplin 2003) but units 

themselves are rare (Bilgin, Newbery, Petocz 2015; Smucker, Bailer 2015). In a capstone unit assessment of 

program level learning outcomes (big picture) is possible, although without careful consideration of the 

design of the assessment tasks the educators might fall into old habits and only assess small bits and pieces 

instead of the big picture – connected ideas and synthesized learning. Although, individualized (Hunt 2010) 

assessments with real world problems (Bidgood 2010) are important and useful in capstone units, how they 

are incorporated into assessments is the crucial to ensure successful assessment of program level outcomes.  

We incorporated at least two real unsolved current problems of real clients into our assessments to ensure 

our students’ statistical thinking, critical thinking and problem solving abilities as well as their ability to 

work cooperatively as a team member can be assessed (Bilgin, Jersky, Petocz, Wood 2011). The students’ 

self-reflections on their learning highlighted three themes on becoming a statistical consultant: the 

importance of communication both within their own group and with their client(s), their need to learn more 

statistics, and their development of a professional and personal identity as a statistician and as a statistical 

consultant (Bilgin, Petocz 2013). We further analysed students’ reflections and identified three themes 

related to their engagement and motivation to do well in the capstone unit: working on authentic tasks 

increases employability, working on real unsolved problems for real clients is personally meaningful, and 

diverse problems from poorly collected data to too complicated problems where new knowledge had to be 

acquired in a very short time with number of clients develops resilience (Bilgin, Newbery, Petocz 2015). 

In this poster, I will present students’ reflections on their assessment in a capstone unit along with reflections 

of lecturers on the process and evolution of assessments over the five years. 
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CIVIC STATISTICS AND THE PREPARATION OF FUTURE SECONDARY SCHOOL 

MATHEMATICS TEACHERS 

Achim Schiller, Joachim Engel (Ludwigsburg University of Education) 

Statistics education in Germany at secondary and tertiary level is lagging behind the demands for engaged 

citizenship in the information age. We detected students’ deficiencies in statistical literacy especially in regard 

to understanding multivariate phenomena which are common in data about society. Thus we started to change 

the way statistics is taught by introducing elements of what we call civic statistics into the curriculum for 

students preparing to be secondary school mathematics teachers.  

TEACHING MODULES ABOUT CIVIC STATISTICS 

A need to rethink and refocus 

Demands for engaged citizenship have changed since plenty of data about social topics like income inequality, 

access to health services or migration are available through the internet, (inter-)national statistics offices or 

NGOs. Understanding this kind of data requires different knowledge and dispositions than the current statistics 

education represents (Nicholson et al., 2013). To become a responsible citizen capable of critical and evidence-

based judgement about social topics as basis for committed involvement, the ability to understand and to 

interpret these data is indispensable (Engel, 2014). Current statistics curricula in schools, colleges and 

textbooks focus too much on formal statistical procedures as well as on univariate small data sets, rather than 

on the knowledge and attitudes required for understanding patterns and changes in social phenomena. Most 

social phenomena are multivariate, presented by complex graphs or tables, have a laborious operationalization 

of variables, confounding variables and have correlations as well as multiple underlying causal factors. 

The project PRO CIVIC STAT 

In view of the needs for engaged citizenship and the portrayed students’ deficiencies, we propose a new 

orientation in statistic education. Statistically literate citizens need the ability to develop the knowledge, skills 

and attitudes to understand and communicate about relevant multivariate data. The project Pro Civic Stat, 

funded by the European Commission as strategic partnership between six universities, aims to develop new 

methods for statistics instruction that contribute to young people’s ability to be aware of and understand 

quantitative evidence and statistics about key social phenomena that permeate the society, their social and 

private life. Besides elements of descriptive statistics and basic concepts of exploratory data analysis needed 

for understanding the actual information, critical questioning as a knowledge element of statistical literacy 

(Gal, 2002) and “critical thinking as general thinking skills and strategies” (Aizikovitsh & Kuntze, 2014) are 

of equal importance. One of the goals of Pro Civic Stat is to design a complete course “Civic Statistics” 

comprising a set of self-sufficient modules which may also be integrated as smaller units into other courses. 
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INTERPRETATION OF CUMULATIVE FREQUENCY DISTRIBUTION GRAPHS: THREE 

LEVELS OF SENSE 

Ida Kukliansky 

Ruppin Academic Center, Israel 

This study examined college students’ ability to interpret cumulative frequency distribution graphs. The 

research tool, that included eight items, referred to three levels of graph sense: reading the data, reading 

between the data and reading beyond the data. The results of the research sample of 98 first year college 

students  studying business administration revealed that more difficulties were observed in the higher level 

questions where students had to convert one form of representation into another several times. 

Faced with growing abundance of graphic representation in research articles, newspapers and internet, today's 

students are expected not only to build various graphs but also to know how to interpret them. The current 

body of knowledge suggests that although students are often able to draw graphs, they frequently perform 

poorly on graph interpretation. Despite the perceived importance of cumulative graphs, most of the existing 

research is related to bar graphs, histograms and box plots. The present study aims to partially fill this void by 

broadening our understanding of three levels of graph perception in interpretation the cumulative frequency 

distribution graphs in descriptive statistics.  According to Friel et. al (2001) the three levels of graph sense are: 

(a) reading the data-questions that are supposedly  answered on the graph, (b) reading between the data--

interpolating and finding relationship in the data presented in a graph and (c) reading beyond the data-

extrapolating or inferring from the graph in order to solve complicated questions.  

The participants of the study were 98 first year college students studying business administration (59 females 

and 39 males).The research tool included a questionnaire of 8 true-false items: 4 of them examining the (a) 

level, 2 of them examining the (b) level and 2 of them examining the (c) level of understanding. All of the 

items referred to the same cumulative frequency distribution graph. The following percentages (%) of right 

answers were found: (a) level 85, 79, 87, 89; (b) level 75, 71; (c) level 60, 62. The true-false questions may 

create a justified guessing concern, so the hypothesis of guessing was checked and rejected (p>0.05). A non-

significant Levene's test for equality of variances indicated that the variances of the right answers percentages 

for the three levels were equal (p>0.05). The ANOVA revealed significant differences between the mean 

percentage of right answers for the three levels (p<0.01). No gender differences were found for each of the 

three levels (p>0.05).The most difficult questions required building a frequency distribution table from the 

graph in order to calculate the average or to determine  the shape of the distribution. 

The results revealed that more difficulties were observed in the higher level questions where students had to 

convert one representation into another several times. Only deep understanding of each of the representations 

and the link between them can enable students to successfully convert one representation into another. 

Educators have to take this into account in designing better and more efficient learning frameworks. 

References 

Friel, S., Curcio, F., and Bright, G. (2001). Making sense of graphs: critical factors influencing 

comprehension and instructional implications. Journal for Research in Mathematics Education, 32 (2), 24-

158. 

TSG-15

84

TSG-15

84



INVESTIGATING MIDDLE SCHOOL MATHEMATICS TEACHERS’ PEDAGOGICAL 

CONTENT KNOWLEDGE IN RELATION TO STATISTICAL REASONING 

Rukiye ASLAN and Sibel KAZAK 

Pamukkale University, Turkey 

The aim of this study is to investigate middle school mathematics teachers’ pedagogical content knowledge 

related to statistical reasoning. In this poster, we present the tasks developed to find out the level of teachers’ 

pedagogical content knowledge regarding statistical reasoning and the preliminary results from one-on-one 

interviews with teachers. 

The development of statistical reasoning skills is important in order for individuals to deal with the statistical 

knowledge that surrounds them in everyday life.  While there is an increasing attention to teaching of statistics 

in school mathematics, there is a scarce of research on teacher knowledge particularly in relation to statistical 

reasoning (e.g., Mickelson & Heaton, 2004; Makar & Confrey, 2004). Then one wonders to what extent 

mathematics teachers tend to focus on statistical reasoning in their teaching. Therefore, in a larger study, our 

aim is to investigate middle school mathematics teachers’ content and pedagogical content knowledge related 

to statistical reasoning. In this poster, we focus on the following research question only: What is the level of 

pedagogical content knowledge of middle school mathematics teachers regarding statistical reasoning? The 

participants are 10 middle school mathematics teachers from different local schools in Denizli, Turkey. 

For the purpose of the study, an interview protocol was developed. The interview tasks involve three different 

scenarios, in which teachers are asked to determine possible student reasoning and difficulties in different 

distribution comparison problems based on Watson, Callingham and Nathan’s (2009) study. In order to 

construct teacher-student dialogues in these scenarios, these problems were administered to a classroom of 6th 

graders. The three problems require four kinds of statistical reasoning: reasoning about distribution, reasoning 

about center, reasoning about spread, and informal statistical inferential reasoning. Each problem involves 

comparing two or three data distributions inspired by the design of statistical reasoning tasks used in Cobb and 

his colleagues’ study (e.g., Cobb, 1999; McGatha, Cobb & McClain, 2002).  
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ONLINE FEEDBACK IN HIGHER STATISTICS EDUCATION 

Sietske Tacoma, Paul Drijvers, Johan Jeuring 

Utrecht University 

Introductory statistics courses are regarded as both essential and challenging for university students. 

Individual feedback can enhance study results, but is often problematic for teachers due to large student 

numbers. As a solution, we investigate the provision of automatically generated feedback to online statistics 

tasks. Feedback is provided both at the local task level and at the global level of collections of tasks. The 

accuracy of both feedback types and their influence on student learning are evaluated.    

INTRODUCTION 

Statistical methods are highly relevant for conducting research in almost all areas of science (Castro Sotos, 

Vanhoof, Van den Noortgate, & Onghena 2007). Therefore, many bachelor study programs offer 

introductory statistics courses. Students often experience these courses as very challenging. Individual 

guidance and feedback might improve study results, but as student numbers are often large, teachers lack 

time and resources to provide such guidance and feedback. A solution for this problem is sought in the use of 

an online learning environment that provides automatically generated feedback. 

FEEDBACK TYPES 

Two types of automatically generated feedback are considered. The first type concerns immediate feedback 

on stepwise solutions. In many statistical tasks, such as tasks on hypothesis testing, students need to perform 

multiple steps. To provide detailed feedback and hints after each step performed by a student, a domain 

reasoner (Heeren & Jeuring 2010) for statistics is developed and implemented in the digital environment. 

The second feedback type concerns feedback on student performance at a more global level by means of a 

student model (Brusilovsky & Millán 2007). After students have attempted a series of tasks, the student 

model evaluates their performance on important concepts in the domain. This informs students on possible 

subsequent study activities, and teachers on adjusting their teaching to the specific needs of the students.  

METHODS 

The two feedback types are implemented in online material that is part of blended statistics courses in three 

bachelor programs at Utrecht University: Biology, Economics and Business Economics, and Social Sciences, 

with about 2000 students per year in total. Two rounds of data collection and analysis are carried out in two 

subsequent academic years. In the first round the accuracy of both feedback types is evaluated; in the second 

round the influence of the feedback on student learning is studied.  
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STUDENTS’ INTERPRETATIONS OF HISTOGRAMS: A REVIEW 

Lonneke Boels1,2, Athur Bakker2, Paul Drijvers2, Wim van Dooren3 

1 Christelijk Lyceum Delft, 2 Utrecht University, 3 KU Leuven 

Students have difficulties in analysing statistical data and drawing correct inferences from data (Boels et al., 

2015). According to Garfield and Ben-Zvi students should know “How to graph the data as a first step in 

analysing data” which can be used for a quick and global answer “to the question of interest” (2008, p.15). 

Students make several mistakes even with seemingly simple graphs such as histograms, for example when 

comparing two graphs (Friel, Curcio, & Bright, 2001). In this review study an inventory is made of all kinds 

of mistakes with interpreting and drawing inferences from histograms.  

Students’ difficulties with analysing statistical data have been mentioned in the literature for many years now 

(Garfield & Ben-Zvi, 2008). Much less is known about the underlying causes (Friel et al., 2001).  

One example of the kind of mistakes students make is shown in Figure 1. Students tend to think that the 

spread in exam scores is bigger in class 1 instead of the correct answer: in class 2.  

Figure 1 Students are asked in which class the spread in exam scores  is bigger (Cooper & Shore, 2008). 

In the literature review the different kind of mistakes with histograms will be classified in three different 

categories according to Friel et al. (2001): (1) read the data, (2) read between the data and (3) read beyond 

the data. The latter is shown in Figure 1. When students are asked what the highest exam score is in class 1, 

some might answer 50 (the highest frequency) which is an example of a mistake in category (2). This 

literature review is a first step in revealing possible causes of students’ difficulties with histograms. 
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TEACHER EDUCATION IN UGANDA: IMPLICATIONS FOR STATISTICS EDUCATION 

George Ekol 

Kyambogo University, Uganda 

This paper discusses statistics education within the general framework of mathematics education and 

focuses on primary and secondary school teachers. The structure of the education system is presented with a 

focus on the preparation of statistics teachers. Analysis of the curriculum documents reveals that in general, 

less than 10% of all the courses offered by the mathematics departments in the universities and colleges 

include statistics in content. Moreover, the use of real data and technology in the teaching and learning 

statistics concepts is not prominent in the statistics courses. The paper argues for more breadth and depth in 

the curriculum for pre-service teachers to enable build a stronger foundation for introductory statistics and 

statistical science at the tertiary education. 

BACKGROUND 

There is a lot if emphasis on science and mathematics in the policy documents of African Governments in 

general and Uganda in particular. What is less discussed is the training of teachers of mathematics and 

statistics. This paper discusses statistics education within the general framework of mathematics education, 

but focuses on the training of secondary and primary statistics teachers. It is assumed that teachers of 

mathematics have some background in statistics. Figure 1 presents a general structure of the Education 

System in Uganda.  

Universities    Grad. & Post graduate (3 years)    High Sch. (2 years) 

Diploma (2 years)    GCE (4 years)  

  NTCs 

 PTCs Grade III (2 years)    Primary school (7 years)    Pre-Primary ( 3 years) 

s . 

Figure 1: The Structure of the Teacher Education System in Uganda. The thick arrows represent the 

movement of students to the teacher training institutions. The dashed arrows represent the grade levels where 

trained teachers are employed to teach mathematics after graduation. 

DISCUSSION AND CONCLUSION 

The current paper suggests that pre-service teachers be offered more content courses in statistics. One of the 

mandatory courses should include a laboratory-based course that exposes teacher trainees to the concepts of 

data and variability in statistics. It is argued that a data driven course will contribute significantly to 

broadening and deepening teachers’ knowledge and interest in statistics. Moreover, such a course should 

provide secondary schools students a strong foundation for future courses in statistics in their tertiary 

education.  
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TEACHING STATISTICS THROUGH APPLETS 

Marsha Davis, Hari Koirala, & Sita Koirala 

Eastern Connecticut State University, USA 

The purpose of this poster session is to show how crucial statistical concepts such as measures of center and 

variability and sources of variability can be addressed using applets available for free download. 

Given the importance of statistics and statistical reasoning in an increasingly complex and information rich-

world, ways must be found to engage students with real-world contexts and activities that support learning the 

basic elements of statistical thinking and the important concepts that underlie statistical reasoning, particularly 

concepts that students find difficult. Online resources from the newly released Against All Odds (AAO): Inside 

Statistics (funded by Annenberg and the Consortium for Mathematics and Its Applications (COMAP), the 

presenting author of this proposal was the chief content advisor, applet designer, and writer), the 

activities/applets from the National Council of Teachers of Mathematics’(NCTM) Illuminations website,  the 

materials from the Web Interface for Statistical Education (WISE), and the Rossman/Chance Applet Collection 

are designed to do just that. The videos, interactive applets, activities (particularly those that rely on applets), 

exercises, and written support in AAO provide a rich learning environment that makes statistics come alive 

and promotes deeper understanding. The Illuminations, WISE, and Rossman/Chance applets and activities 

allow students to manipulate data and observe the effect on measures of center and spread so that they can be 

an active participant in the learning process. Particular examples of applets students find interesting and useful 

are Wafer Thickness applet from AAO and COMAP, Box Plotter from Illuminations, Least Squares 

Regression from Rossman/Chance, and Sampling Distribution of the Mean from WISE. All of these applets 

address the notion of center and variability/sources of variability in different settings promoting students’ 

conceptual understanding.    

Using freely available materials from the AAO (Annenberg, 2015), COMAP, Illuminations (NCTM, n.d.), 

WISE (2015), and Rossman/Chance (n.d.) websites this poster session will focus on showing how crucial 

statistical concepts such as measures of center and variability and sources of variability can be addressed using 

applets in courses such as statistical data analysis, mathematics for liberal arts and methods courses intended 

for elementary and secondary school teacher candidates.  The poster will include colorful printouts that will 

be created using the interactive software from these websites.  
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VISUALIZATION OF COMPLEX BAYESIAN TASKS 

Binder, Karin; Krauss, Stefan; Bruckmaier, Georg and Marienhagen, Jörg 

Mathematics Education, Faculty of Mathematics, University of Regensburg, Germany 

Medical decision making processes frequently require Bayesian inferences, which can lead to severe 

misjudgments. Previous research has shown that natural frequencies instead of conditional probabilities 

improve performance of participants in Bayesian tasks. Furthermore, the additional representation of 

visualizations has shown itself to facilitate a persons’ inference in Bayesian tasks. In the present poster, we 

report on a study with medical students, in which we examined the effect of the additional representation of 

natural frequencies in tree diagrams in Bayesian reasoning tasks, when two test-outcomes are provided. 

Bayesian decision making is relevant in a wide range of areas, such as in law or medicine. In the medical 

field, for example, physicians and medical staff have to explain to patients what one (or more) positive test 

result really means. Unfortunately, in many cases, all of these people underlie cognitive illusions in their 

decision making processes, sometimes with severe consequences. In reality, physicians frequently must 

confirm a diagnosis based on more than one test result; for example, often a mammography (Test 1) and an 

additional sonography (Test 2) are performed to detect breast cancer in routine screening. 

So far, it has been shown that one strategy to improve insight is to use natural frequencies instead of 

conditional probabilities or percentages (e. g., “80 out of 100” instead of “80 %”; Gigerenzer & Hoffrage 

1995). Previous research disclosed that natural frequencies even improve participants’ performance in 

Bayesian tasks in the two-test-case, for example tasks in which the probability P(disease | Test 1+ and Test 

2+) of some disease D (e. g., breast cancer) given two medical test results (e. g., a positive mammogram and 

a positive sonogram) must be estimated (Hoffrage et al. 2015). Though the effect of numerical format 

(probabilities vs. natural frequencies) is substantial, there is still potential for improvement.  

An additional strategy to improve insight in Bayesian tasks based on one test is to provide additional 

visualizations, for example tree diagrams (Binder et al., 2015). It remains an open question as to whether 

natural sampling trees can also foster insight for participants in Bayesian tasks based on two tests. For this 

reason, we are interested in determining whether the additional representation (text & tree diagram), or the 

exclusive representation (no text & tree diagram) of tree diagrams can assist medical students to determine 

the correct answer in their decision making processes, as compared to a pure textual version of the task. 

In our poster we present results from an empirical study (3×2×2-design) in which we systematically varied 

visualization (“text & no tree diagram” vs. “text & tree diagram” vs. “no text & tree diagram”) and format of 

numerical information (“probabilities” vs. “natural frequencies”) for two different medical contexts 

(“mammography problem” and “HIV-problem”). 
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LESSONS LEARNED FROM USING ‘MESSY DATA’ FOR A LEARNING PROJECT IN AN 

APPLIED STATISTICS COURSE 

Catherine Pullin Lane 

University of Cincinnati, Clermont College 

Recent publications have encouraged teachers of statistics to find ways to help statistics students make sense 

of the discipline. Two suggestions are to have students work with real-life data and to incorporate learning 

projects. This poster will describe what happened when students in an Applied Statistics were asked to 

complete a statistical analysis project for either the local Sheriff’s office or the Dean of the college. 

CREATING AN AUTHENTIC LEARNING PROJECT 

“Statistical concepts are best learned in the context of real data sets” (Cobb, 1992). The call for more real data 

to be used in statistics courses has be increasingly recommended to teachers of statistics. In addition to using 

real data, teachers are encouraged to rely less on lectures and allow students to engage in statistical behavior 

through activities such as projects and lab exercises (Cobb). The current textbook used in an Applied Statistics 

course includes “real-world” projects and activities. However, the question(s) these projects aim to answer are 

clearly stated and the data sets are provided, so it didn’t feel like an authentic scenario 

Real data and real questions 

Some learning projects have been described in which students to formulate their own questions and have 

reported how these projects helped students connect statistical concepts and practical applications 

(Porciumcula Moriera Da Silva & Sama Pinto, 2014.) Students were required to do a presentation for either 

the Sheriff’s office or the Dean of the college as part of their final grade. 

Lessons learned 

It was anticipated that the students would be interested and motivated by the experience of working with real 

data to answer an authentic question, as has been described in previous studies (Neumann, Hood & Neumann, 

2013). What was unexpected though, was that working with a “messy” data set revealed surprising weaknesses 

in student understanding of what was before thought to be basic concepts. Students who could correctly 

construct pie charts, bar graphs, and histograms when instructed to do so by the textbook, struggled to create 

an appropriate graphical display of the data provided by the Sheriff’s office. Similarly, few students had 

difficulty distinguishing between quantitative and qualitative data, or discrete data and continuous data when 

answering homework questions, but floundered when doing the same for the real data. 
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POSING COMPARATIVE INVESTIGATIVE QUESTIONS 

Pip Arnold and Maxine Pfannkuch 

Cognition Education Ltd, The University of Auckland 

A “good” investigative question is one that allows for rich exploration of the data in hand, discovery, 

and thinking statistically. Developing the criteria for what makes a good investigative question was 

one of the outcomes of the research in a year 10 (age 14–15) class. Responses from pre- and post-

tests are explored and the level of comparative investigative question that students can pose is 

discussed.  

INTRODUCTION 

The role that posing investigative questions plays in assessment for qualifications in New Zealand 

and the identification of a lack of teacher knowledge in this area (Arnold, 2008) had highlighted 

posing investigative questions as a problematic situation. Teachers and assessors need to know what 

makes a good investigative question at the school level, the components and concepts underpinning 

a good investigative question, and the learning that students need to be immersed in to support their 

posing good investigative questions. A “good” investigative question is one that allows for rich 

exploration of the data in hand, discovery, and thinking statistically. A good investigative question 

has an element of open-endedness and allows students to engage in interesting work. A good 

investigative question is not too restrictive and is crucial in the teaching and learning process at the 

school level. Over three research cycles what makes a good investigative question was explored.  This 

paper focuses on the last of these research cycles and explores the research question – What level of 

comparative investigative questions are year 10 (ages 14–15) students posing? 

LITERATURE REVIEW 

In the big picture of statistical enquiry the investigative question is the statistical question or problem 

that needs answering or solving. In most instances the investigative question starts from an “inkling” 

and is developed into a precise question. The process of developing or creating the investigative 

question is iterative and requires considerable work to get it right (e.g., delMas, 2004; Franklin et al., 

2005; Wild & Pfannkuch, 1999). There is also a need when developing the investigative question to 

have “an understanding of the difference between a question that anticipates a deterministic answer 

and a question that anticipates an answer based on data that vary” (Franklin & Garfield, 2006, p. 350). 

Posing investigative questions has been identified as a problem area for students. One of the identified 

problems for students in posing investigative questions is related to the idea of asking questions of 

the data. Pfannkuch and Horring (2005) note that students lack understanding of what a question is, 

and include the idea that one can pose a problem by asking questions of data: “Maybe students haven’t 

yet formed that understanding of what a question is – how you can ask a question in a set of data” (p. 

208). Lehrer and Romberg (1996) also found that students initially had problems with asking 

questions of data: “students believed that questions cannot be asked of data, only of people” (p. 80). 

Burgess (2007) noted that students found posing investigative questions a problem but did not specify 

the particular issue that arose. Other issues related to investigative questions include teachers needing 

to model posing investigative questions, initially as seed or starter ideas (e.g. Burgess, 2007; Lehrer 
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& Romberg, 1996), but also to start students thinking about, for example, “typicalness” and data as 

an aggregate rather than individual cases (e.g. Konold & Higgins, 2003).  

In order to get precise investigative questions that can be correctly interpreted and that yield useful 

information, an interrogative process, which involves asking questions of the investigative question, 

is necessary (e.g., Burgess, 2007; Graham, 2006; Konold & Higgins, 2003). For example, Burgess 

(2007) acknowledges that some of the specialised content knowledge a teacher needs relates to their 

ability to be able to decide if a question posed by their students is suitable, unsuitable, or whether 

changes can be made to make the question suitable. He notes in particular that teachers need to ask 

whether the students will find the investigative question interesting. Graham (2006) provides five 

useful considerations for forming a good investigative question. These considerations pick up a 

number of different aspects of interrogating the investigative question. The considerations are 

whether the question is: “(1) actually a question, rather than simply an area for investigation…; (2) 

personally interesting to you…; (3) likely to draw on data that will be available within the time frame 

of the investigation…; (4) specific, so that it is answerable from data…; (5) measurable….” (p. 88). 

Investigative questions differ from survey or data collection questions, though both investigative and 

survey questions are questions that are formally posed with a specific purpose in mind.  Investigative 

questions are questions that are asked of the data, whereas survey questions are questions that are 

asked to get the data.  

METHODOLOGY AND ANALYSIS 

The research method followed design research principles (Roth, 2005) for a teaching experiment in 

a classroom. The 29 students in the class were above average in ability. This paper is on a small part 

of a much larger research study and focuses on the investigative questions students posed in a pre and 

post-test. The larger research study had four research cycles, and this class was involved in the fourth 

and final cycle. Posing investigation questions was a part of every lesson from lesson 5 to lesson 16 

as students were investigating situations, all of which required an investigative question. Throughout 

the unit of work the teacher reinforced the criteria for what makes a good question, got the students 

to correctly define the variable(s) and the population, and to make the questions about the population 

not the sample. The criteria for what makes a good investigative question, are given in Figure 1. These 

criteria were developed using grounded theory (Punch, 2009) with the third research cycle confirming 

theories already established through the previous research cycles.  

Criteria 

1 The variable(s) of interest is/are clear and available. 

2 The population of interest is clear. 

3 The intent is clear. 

4 The question can be answered with the data. 

5 The question is one that is worth investigating – is interesting, has a purpose. 

6 The question allows for analysis to be make of the whole group 

Figure 1: Criteria for posing investigative questions (Arnold, 2013, p.111). 
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Earlier reporting on the classification for investigative questions (Arnold, 2008) suggested that the 

classification for investigative questions was linear and hierarchical, with the correct population 

descriptor occurring at the highest level.  Further research, however, found that the students used the 

population descriptor correctly and incorrectly at all levels of posing investigative questions.  This 

meant that to classify investigative questions a two-way classification system was needed: (1) 

question categories and (2) population descriptor categories.  

The question categories (see Figure 2) cover the range from non-comparison questions (codes A and 

B), pre-comparison questions (codes C and D) to comparison questions (codes E to H) whereas the 

population categories (see Figure 3) range from just referring to the sample to any relevant population 

that can be generalized from the actual population used (codes 1 to 6). The combination of these two 

gives the two-way classification system.  

Comparison question category 

Non-

comparison 

questions 

A Nonsense, not related or not a comparison question 

B 

A question that is partially related to the data, but not 

answerable by the given data (either due to sample size issues 

or variable not in the data set). 

Pre-

comparison 

questions 

C A question that hints at comparison. 

D 
A question that has all of one group bigger/smaller than all of 

another group or compares individuals. 

Comparison 

questions 

E A question that compares categorical data. 

F A question that compares a summary statistic. 

G 

A question that assumes the idea of tendency. This includes 

questions that ask how much bigger or if there is a difference. 

Uses a comparing word. 

H 
A question that includes the idea of tendency; for example, on 

average, generally, tends. 

Figure 2: Comparison question categories (Arnold, 2013, p. 118). 

Population described 

1 Referring to the sample 

2 Broad population, not specifying students. 

3 Broad student population, for example, boys, girls, students. 

4 
Broad New Zealand student population, for example, New Zealand boys, New 

Zealand students. 
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5 

Any relevant student population that can be generalised about from the actual New 

Zealand student population used, for example, year 11 students, teenagers, 

secondary school girls. 

6 
Actual New Zealand student population, for example, New Zealand year 10 

students, New Zealand year 11 students, New Zealand secondary school girls. 

Figure 3: Population descriptor categories (Arnold, 2013, p. 124). 

The population descriptor categories are the same regardless of the type of question (e.g. comparison 

or summary), whereas the question categories differ between summary investigative questions and 

comparison investigative questions (see Arnold, 2013 for further details).   

KEY RESULTS 

In the pre- and post-tests the students were given a multivariate data set with 13 variables. Examples 

of discrete variables include gender, year level at school and fitness level. Examples of continuous 

variables include arm span, popliteal length and resting pulse rate. Students were asked to pose three 

comparison investigative questions. These questions were each individually graded according to the 

comparison question category and the population descriptor category. For example, “I wonder if the 

popliteal length of Yr 9–13 NZ girls tend to be longer than Yr 9–13 NZ boys popliteal length” (student, 

post-test) was graded as H6 because as a comparison question it includes the idea of tendency and it 

also has the actual New Zealand student population correct. On the other hand, “I wonder if boys have 

longer popliteal lengths than girls” (student, post-test) was graded as G3 because it assumes the idea 

of tendency and has only specified a broad student population (boys and girls). See Figure 5 for 

further examples.  

This grading system gave more than 40 different possibilities when the question categories and the 

population descriptor categories were combined. In order to look at the difference from pre- to post-

test, the 40+ possibilities were simplified into six overall grades (see Figure 4) using the SOLO 

taxonomy (Biggs & Collis, 1982). The grades were based on the category of the question (A to H) 

and the population category (1 to 6). Pre-structural to extended abstract were scored from 1 to 5. 

Hence the above H6 grade was scored as extended abstract or numerically as 5 while the G3 grade 

was scored as multi-structural or numerically as 3. 

SOLO 

taxonomy level 
Grade Description of evidence 

No response or 

idiosyncratic 
0 

Questions that are not comparison questions, nonsense or not-

related questions. 

Category A questions. 

Pre-structural 1 

Questions that are partially related to the data, but not 

answerable by the given data. 

Category B questions, any population. 

Uni-structural 2 
Questions that hint at comparison or have all of one group 

bigger/smaller than the other. 
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Category C and D questions, any population. 

Multi-

structural 
3 

Questions that compare categorical data. 

Category E questions, any population. 

Relational or extended abstract categories (F, G and H) 

with population categories 1–4. 

Relational 4 

Questions that compare summary statistics or assume the idea 

of tendency, including the idea of difference. Population is 

“acceptable”. 

Category F and G questions with population categories 5 

and 6. 

Extended 

abstract 
5 

Questions that include the idea of tendency. Population is 

“acceptable”. 

Category H questions with population categories 5 and 6. 

Figure 4: SOLO criteria for grading comparison investigative questions (Arnold, 2013, p. 130). 

A final pre-test and a final post-test score were found for each student by finding the mean of their 

three SOLO grades for the three questions they posed. These final scores were analysed to look at the 

difference between pre- and post-test.  Figure 5 shows three different students pre- and post-test 

questions that they posed.  For each question their grade (a combination of comparison category and 

population) is given, for example E3 (refer back to Figures 2 and 3), and their SOLO score for the 

question.  This is summarised with their mean pre-test score, mean post-test score and the difference 

between the two. 

 Student Pre-test responses Post-test responses 

Student A 

Mean pre-

test: 1.3 

Mean post-

test: 5 

Difference: 

3.7 

I wonder whether the gender affects 

your fitness level (e.g. Are boys fitter 

than girls)? [E3, 3] 

I wonder whether the armspan length is 

meant to be at a certain length whether 

you are a boy or girl? [B3, 1] 

I wonder whether the ring finger of the 

students are meant to be smaller than the 

index finger or not? [A3, 0] 

I wonder if the yr 9-13 NZ boys tend to 

have larger neck circumference than the yr 

9-13 NZ girls. [H6, 5]

I wonder if the yr 9-13 NZ girls tend to 

have longer armspans than the Yr 9-13 NZ 

boys [H6, 5] 

I wonder if the yr 9-13 NZ boys tend to 

have larger popliteal lengths than Yr 9-13 

NZ girls [H6, 5] 

Student B 

Mean pre-

test: 3 

Mean post-

test: 4.7 

I wonder if the boy's wrist will be larger 

than the girls [G1, 3] 

I wonder if more girls are less fit than 

boys [E3, 3] 

I wonder if yr 9-13 boys ringfinger at 

census [at] school tend to be longer than 

the yr 9-13 girls ring finger at census [at 

school] [H6, 5] 
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Difference: 

1.7 

I wonder if girls are able to speak more 

languages compared to boys [G3, 3] 

I wonder if yr 9-13 girls tend to speak 

more languages than yr 9-13 boys at 

census [H6, 5] 

I wonder if yr 9-13 girls resting pulse is 

higher than yr 9-13 boys resting pulse at 

census [G5, 4] 

Student C 

Mean pre-

test: 0 

Mean post-

test: 3 

Difference: 

3 

I wonder what level of fitness most 

teenage boys are at [A3, 0] 

I wonder what the average length of 

your index finger is for a teenage boy 

[A3, 0] 

I wonder what the average pulserest is 

for teenage girls [A3, 0] 

I wonder if 2009 NZ C@S boys tend to 

have a longer armspan than 2009 NZ C@S 

girls [H4, 3] 

I wonder if 2009 NZ C@S girls tend to be 

more fit than 2009 NZ c@S boys [E4, 3] 

I wonder if 2009 NZ C@S boys tend to 

have a longer index finger length than 

2009 NZ C@S girls [H4, 3] 

Figure 5: Examples of student posed comparison investigative questions pre-test and post-test 

Student A has moved from a combination of questions that were mostly non-comparison questions 

with a general student population to posing comparison investigative questions that include both the 

idea of tendency and the target population. Student A has moved from pre-structural/uni-structural 

thinking to extended abstract thinking. Student B on the other hand was posing comparison questions, 

either comparing categorical variables or assuming the idea of tendency, but using a general student 

population. Student B moved to generally better population descriptors and also having more 

questions that included the idea of tendency, from multi-structural thinking to extended abstract 

thinking. Student C initially was posing questions that were summary type questions, suggesting she 

did not understand what was meant by comparison questions.  In the post-test student C was posing 

comparison questions and mostly ones that included the idea of tendency.  This student still needed 

to work on their population descriptors, in all instances she was using the broad New Zealand student 

population rather than the target population.  

Figure 6 shows the difference between students’ pre-test mean score and their post-test mean score. 

A difference of two indicates that the student had a mean improvement of two points over their three 

comparison questions. 

Figure 6: Graph of difference between post-test mean score and pre-test mean score (Arnold, 2013, 

p. 132).

Of the 26 students that sat both the pre- and post-tests, 23 improved their mean score, one remained 

the same, and two lowered their mean score. In the post-test, four students were working overall at 

extended abstract level, 10 at a relational level, seven at a multi-structural level; one at a pre-structural 
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level, and four at a uni-structural level. The four uni-structural students all had a least one good 

question amongst their three, but were let down by a combination of the population category being 

low or one of the questions not being a comparison question. The pre-structural student asked 

questions that were about individuals (a boy, a girl) and also one non-comparison question. The 

students made significant improvement (p-value < 0.0001, paired t-test) in their mean scores from 

pre- to post-test question posing and on average increased their mean grade by 1.78 points (95% CI 

= [1.29, 2.28]). 

DISCUSSION 

What level of comparative investigative questions are year 10 (ages 14–15) students posing? The 

results suggest that year 10 (ages 14–15) students are capable of posing comparative investigative 

questions that assume the idea of tendency and have an acceptable population descriptor; in other 

words they can pose “good” comparative investigative questions. In the class of 26 students, 54% 

were at least at this level. Most of the remaining students (27%) were posing comparative 

investigative questions but their questions needed a bit of fine-tuning, mostly in terms of tidying up 

the population descriptor in the question. 

There are implications for statistics teaching and learning from the findings reported in this paper. 

Firstly the criteria (Figure 1), the comparison question categories (Figure 2) and the population 

descriptors (Figure 3) provide structures to support teachers and students to improve their overall 

investigative question posing. If the quality of the question posed can be identified, for example, G4, 

then the improvements for the comparison question structure are given in Figure 2 (G to H) and for 

the population in Figure 3 (4 to 6). For students in particular, if they can become familiar with doing 

their own interrogation of their investigative questions against the criteria (Figure 1), they will 

develop “thinking like a statistician” routines. Secondly, this paper focuses only on investigative 

questions, the question that is asked of the data. There are many other questions that are asked in 

statistical investigations, for example, survey questions, analysis questions, interrogative questions, 

inferential questions (Makar, 2015); these too need to be highlighted and discussed with students as 

they all are part of the complex network of questions within the statistical investigation cycle. 

Thirdly, language used in investigative questions needs to be precise. Precise wording is critical 

(Biehler, 1997; Pfannkuch, Wild, Horton, & Regan, 2009) as “loose” or non-precise wording can 

cause confusion and lead to poorly formed questions.  

In addition, there are a number of statistical ideas and concepts that need to be developed 

concurrently. These include sample and population and the connection between the two, and ideas 

around tendency and typical. Finally, a statistical investigation is about more than just comparing or 

calculating simple measures; it is about students thinking distributionally, describing what they see 

in the sample(s) they have selected, and then make inferential statements about what may be 

happening back in the population(s) (Pfannkuch, Wild, et al., 2009). 
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AN ANALYSIS OF STATISTICS CLASSROOM DISCOURSE BY PEIRCE’S 

ABDUCTION AND TOULMIN’S ARGUMENT PATTERN  
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This study examined the types of abduction appeared in the exploration activities of ‘law of large 

numbers’. When the classroom discourse of students was analyzed by Peirce’s abduction, Eco’s 

abduction type and Toulmin’s argument pattern, students used overcoded abduction the most in the 

discourse of abduction. However, there composed a low percent of undercoded abduction leading to 

various thinking, and creative abduction used to make new principles or theories. 

INTRODUCTION 

The perspective of Peirce, the semiotics of context, may provide a new perspective for the context-

dependent statistical inference (delMas, 2004), which develops a statistical hypothesis to explain a 

given phenomenon and interprets statistical results according to the context. Nevertheless, many 

studies argue that the logic of statistical inference still follows induction. In this study, classroom 

discourses containing abduction, the key of Peirce’s semiotics, were presented with the Toulmin’s 

argument pattern, and subsequently the types of abduction were classified on the basis of the theory 

of Eco (1983). Afterwards, the characteristics of abduction shown in the statistics class are analyzed 

and through this, educational plans for the statistics classroom discourse will be proposed. 

PEIRCE’S ABDUCTION 

Peirce stated that the only tool for the communication of knowledge was the symbol, and paid 

attention to the logic of the thinking process. He created abduction as a way of reasonable and logical 

inference to interpret symbols in addition to induction and deduction. Abduction is a logical process 

that develops the best hypothesis to explain an observed phenomenon (CP. 5.171)1, and an inference 

method that best reveals the cyclical thinking of Peirce.  

Eco (1983) classified abduction into overcoded abduction, undercoded abduction and creative 

abduction according to the extent of intervention of codes needed for abduction. The three types of 

abduction classified by Eco are shown in Table 1. 

TOULMIN’S ARGUMENT PATTERN 

It is Toulmin’s Argument Pattern (TAP) that can specifically show what processes a teacher and 

students go through in argument. Toulmin was interested in practical arguments in various areas, and 

proposed a general pattern for arguments that can encompass various areas. This pattern consists of 

four key elements: Claim, Data, Warrant and Backing (Toulmin, 2003). The TAP is shown in Figure 

1. 

1 In (CP. n.m), CP refers to Collected Papers of Charles Sanders Peirce, n to volume number, and m to 

paragraph number. 
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Overcoded abduction 

Inference using the already known rules automatically or semi-

automatically. 

Only one rule exists corresponding to the arising result. 

Undercoded abduction 

Inference that selects a rule among various alternative rules. 

The key is to find a rule that can best explain the result among various 

rules. 

Creative abduction Inference that creates a new rule or new explanation. 

Table 1: Eco (1983)’s abduction type 

Figure 1: TAP consisted of four key elements 

METHOD AND PROCEDURE 

For this study, a probability and statistics class in ‘High School Mathematics Camp Using the CAS 

Calculator’ held at Y University was selected to investigate the types of inference taking place in the 

statistics class. Research participants consisted of two mathematics teachers and 20 students (male: 

10; female: 10) at their second grade in high school. Research activities of the ‘Law of Large Numbers’ 

conducted for 60 minutes were presented in Table 2. 

Teac

her 

Time 

(minute) 
Activity Content 

K 30 Coin flipping simulation •Simulation of coin flipping using a 

calculator 

•Investigate the relationship between

experimental probability and theoretical 

probability 

L 30 Simulation of picking up 

a block from a box 

• Simulation of picking up a block from a box

using a calculator 

•Leading to the conclusion of research

activities of the ‘law of large numbers’ 

Table 2: Activities Exploring ‘Law of Large Numbers’(60 minutes) 
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RESULTS 

Undercoded abduction, unlike overcoded abduction in which there is only one rule that draws cases 

from results, is a form of inference that there are various rules. An example of the undercoded 

abduction appearing because of the visual representation of a CAS calculator appeared in Teacher 

L’s simulation of picking up a block from a box. 

Episode 1 - Undercoded abduction through the visual representation of technology tool 

A teacher and students are talking about why it led to this result, looking at the graph of the result of the 

simulation after doing a simulation activity using the calculator. Figure 2 is a graph that appears in the 

teacher’s calculator. 

Figure 2: Visual representation of CAS calculator 

Teacher:   There is an interesting graph drawn in Page 2.2 of the calculator, right?  

Why did this graph appear? 

Student 1: The more blocks one takes out, the closer to 0 the difference becomes. 

Student 2: The difference vibrates around 0. Relative frequency does not become a expected probability. 

Student 3: But, if one takes out infinitely many blocks…, it seems that the difference would become 0. 

Episode 1 can be shown using TAP like Figure 3. The inference in Figure 3 comes under undercoded 

abduction. It is because it is an inference that draws a case through the rules that can best explain the 

result like Figure 3. The responses of Students 1, 2 and 3 to the teacher’s question, “Why did this 

graph appear?” can be reconstruced as Rules 1, 2 and 3 in Figure 3, and of them, Rule 3 was chosen 

as the best hypothesis. In the process of looking for the hypothesis with the highest possibility, 

Students 1, 2 and 3 applied a new expanded concept of ‘infinity’ through a process of refuting each 

other’s rule. Through this undercoded abduction, the students could approach closer to the reality of 

the ‘law of large numbers.’ However, they could not yet approach the concept of the ‘convergence in 

probability’ with variability.  

It was noted that a technology tool in a statistics class can provide a practical context, so it would be 

effective for the formation of various hypotheses. As shown through Episode 1, the students actively 

expressed their inference based on an activity using an technology tool. Especially, the visual 

representation of the technology tool shows a concrete result to the students, so their response 

appeared more concretely and immediately. 
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Figure 3: Undercoded abduction 

In addition, the students began to connect statistical concepts, expressing their own thoughts about 

the visual representation of the technology tool, and the response of the students contributed to 

stimulating and challenging the expansion of the other students’ thinking(Walshaw & Anthony, 

2008). In Episode 1, the technology tool induced the students’ participation to the teacher’s question, 

which formed an inference-centered discourse community. 

Since statistics deals with the real world where there are uncertainty and variability, the concepts of 

statistics are based on non-deterministic epistemology. In Episode 1, Student 2 perceives that there is 

variability based on the actual data while the response of Students 2 and 3 shows deterministic 

epistemology that pursues integrity. If one carries out the execution infinitely, the difference between 

expected probability and relative frequency mostly becomes 0, but there remains a possibility of error. 

Statistics cannot be explained by the logic of the deductive method based on deterministic 

epistemology. Instead, the logic of undercoded abduction can be more suitable for the selection of 

the best hypothesis of various statistical hypotheses through collected statistical data that can best 

explain a phenomenon. Therefore, it would be more appropriate for a change to non-deterministic 
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epistemology which acknowledges uncertainty and possibility of errors to understand statistics 

properly. 

Abduction is a kind of inference that generates various hypotheses and induces the constant expansion 

of knowledge aiming at a reality, criticizing and correcting these hypotheses. In overcoded abduction, 

the rules that come under a result have already been given, so it is very difficult for various hypotheses 

to come out. However, since there may be various rules that can describe a result, a problem can be 

approached with various perspectives. In addition, the process of looking for what is the best 

hypothesis can be a process that approaches the goal of an exploration activity. Therefore, it is 

suggested that there must be an argumentation through undercoded abduction in a classroom for the 

expansion of knowledge through exploratory activities. 

Creative abduction is a form of inference that creates a new law if no rules that draw a case from a 

result is known. A discourse in a class of creative abduction that appeared in the exploration activity 

of the ‘law of large numbers’ is presented as follows:  

Episode 2  - Creative Abduction 

The teacher conducts a simulation of taking out blocks using a calculator with the students 

and then, presents an extreme example with a very low probability. 

Teacher:   The number 4 comes out whenever a block is picked, the number 4 never comes out 

whenever a block is picked, right? 

Students:   Yes. 

Teacher:   There is a possibility though it is a very low probability. If 4 keeps coming out, 

relative frequency  
 𝑥 

𝑛
=

 𝑛

𝑛
= 1, and if 4 does not keep coming out, relative frequency  

 𝑥 

𝑛
=

 0

𝑛
= 0, right? Then, we can say that when  n → ∞, 

 𝑥

𝑛
→ 0.3,  right?

Students:    …… 

Teacher:   You cannot say, “ 
 𝑥

𝑛
  converges to 0.3.” Then, how can you say that? 

(…) 

Student:    The probability of becoming 0.3 gets higher. 

Teacher:   To show this with a symbol, when n → ∞, 
 𝑥 

𝑛
0.3, that is,  ‘ 

 𝑥

𝑛
 converges in probability 

on 0.3.’ 

Episode 2 can be shown using TAP like Figure 4. Since extreme results that ‘the number 4 comes out 

whenever a block is picked’ and ‘the number 4 never comes out whenever a block is picked’ could 

not be explained by the definition of the convergence of sequence that student have already known, 

a new rule was necessary to explain these.  
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Figure 4: Creative abduction 

One of students suggested that ‘the probability of the relative frequency becoming 0.3 gets higher’ if 

this was performed infinitely using the concept of ‘probability’. The suggestion of the student was a 

new interpretation, which switched the perspective from the convergence of sequence and provided 

an informal idea on the ‘law of large numbers’.  

The teacher devised a new mathematical symbol for ‘convergence in probability’ using the suggestion 

of the student that ‘the probability of becoming 0.3 gets higher’. Through an extreme example the 

teacher presented in Figure 4, the students can perceive the convergence difference between 

‘convergence in probability’ and convergence of sequence and recognize that ‘convergence in 

probability’ is an absolutely necessary concept to explain the situation of the random experiment 

where there is variability. 

In order to create a new one, a certain new result should appear, which misses our expectation (CP. 

1.324). In Episode 2, the teacher presented an extreme situation that contradicts the general idea, ‘If 

it is executed infinitely, the expected probability becomes the same as the relative frequency.’ With 

this extreme example as a momentum, the students could have an opportunity to reflect on themselves 

and think another perspective to explain this result. 
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Most of important mathematical results are obtained by the manipulation of hypostatic abstraction2 

that we can deal with (Hoffmann, 2005). In Figure 4, the teacher explained an exceptional case by 

introducing a new symbol ‘ ’ on the basis of the hypothesis suggested by a student. In Figure 4, 

the hypostatically abstracted concept of ‘convergence in probability’ was used as a symbol different 

from that of the convergence of sequence, and such a new symbol was utilized as a tool to explain 

and develop another theory of statistics. Like this, mathematical creativity is revealed in the process 

of signifying a new phenomenon deviated from the traditional mathematical concept (Ernest, 2005; 

Sfard, 2008). 

CONCLUSION 

From the results of this study, for statistical classroom discourse students need to experience various 

types of abduction. In order to do so, the opportunities to link relevant statistical concepts through 

empirical context should be provided. In addition, students have to have the experiences of creative 

inference on the mathematical relationships that students have not known yet. Since such inference 

is possible within discourse culture where a consensus is reached by arguments, the effort of teachers 

to build discourse culture is important. 
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We explore students’ reasoning concerning variation when students compare groups and have to 

interpret dispersion in terms of risk. In particular, in this paper we analyze the responses to two 

problems from a questionnaire administered to 87 ninth-grade students. The first problem is 

composed of losses and winnings coming from a hypothetical game; the second is about medical 

treatments. The problems consist in choosing between two or three groups of data, comparing them 

and choosing one in which it is more advantageous to bet or to receive medical treatment. In this 

research we proposed three levels of students’ reasoning when they interpret variation in a risk 

context. The psychological categories of risk-seeking and risk-aversion are used to explain the 

behavior of students who choose one group or another when they correctly identify the risk in each 

game. As a conclusion, it is suggested that more risk context situations should be studied. 

INTRODUCTION 

Variation is proposed as one of seven fundamental statistical ideas (Burrill & Biehler, 2011). This 

idea is the underlying reason for the existence of statistics (Watson, 2006, p. 217) since variability is 

everywhere and therefore in data. Reading and Shaughnessy (2004) proposed that the “term 

variability will be taken to mean the characteristic of the entity that is observable, and the term 

variation to mean the describing or measuring of that characteristic” (p. 202); but in this paper 

variation, variability and dispersion are considered synonyms. Garfield and Ben-Zvi (2008) noted 

that “understanding the ideas of spread or variability of data is essential for making statistical 

inferences” (p. 203). However, noticing and understanding variability encompass a broad range of 

ideas; for example, there is variability in data, in samples, data groups, and in distributions (Ben-Zvi, 

2004, Shaughnessy, 2007). Although dispersion is a fundamental characteristic of a data set, 

interpreting dispersion and using this interpretation in making inferences or decisions is not entirely 

clear in typical school tasks. In a growing number of studies on students’ thinking about variation, 

contexts and problems have been proposed to encourage students from different scholar levels to 

perceive, describe or/and measure variation in data. Variability in sampling, chance, repeated 

measurement and weather are examples of that (Watson & Moritz, 2000; Watson & Kelly, 2004; 

Petrosino, Lehrer & Schauble, 2003; Reading, 2004). A risk situation may provide another context to 

investigate variability. In this paper we propose a way to formulate some decision making problems 

in risk context where dispersion is relevant and we explore the reasoning of middle school students 

in the face of these problems. Are the students sensitive to variability in data from problems in risk 

context? 
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COMPARING GROUPS TASKS 

The tasks of comparing groups with data, often presented in graphical format, was used to investigate 

children’s thinking about centers (Gal, Rothschild & Wagner, 1989, 1990). This kind of task has 

increasingly become more paradigmatic for studying several intertwined statistical concepts such as 

center, variability, and distribution. Watson (2006) remarked that this task can help observe how 

much students are aware of variation: “there are differences between the two sets that should be noted, 

but these contrasts need to be made with respect to the shape and spread within the two sets 

themselves” (p. 239). However, students encounter serious difficulties in comparing groups. For 

example, Watson and Moritz (1999) found that the majority of 88 students (in grades 3, 6, and 9) 

were able to compare data sets of equal size but not to compare sets of unequal sizes because the 

latter require the use of proportional reasoning skills. Using the same task with 73 students, Watson, 

Callingham & Kelly (2007) identified only one student who reached the highest level of variation 

understanding. This student was able to observe different features of distribution such as differences 

on sample sizes, mean and variation around the mean. It seems that the difficulties to compare data 

sets stem from the students’ inability to understand a data set as a whole entity with features such as 

centre, spread, and shape (Konold & Higgins, 2003). Ben-Zvi (2004) studied two middle school 

students’ reasoning about variability by asking them to compare the lengths of Hebrew and American 

surnames using a spreadsheet (Excel). As a result, both students evolved from using local information 

towards a global point of view of describing and explaining the variability between the groups.  

TASKS IN RISK CONTEXT 

An important part of research is to seek tasks that promote the capacity to think, reason, and solve 

problems related to the fundamental ideas of the study area. The tasks should also encourage the 

students to engage with the concept to be learned. Problems on decision making under uncertainty 

are common in statistics; this kind of problems has been widely used to promote and also to analyze 

some important aspects of the statistical reasoning of people.  We propose two problems on decision 

making where comparing groups of data is required and dispersion is significant. In addition, their 

solution implies some risk preferences. Those problems might be an answer to the question: What 

are instructional tasks that promote the understanding of variability?  (Ben-Zvi & Garfield, 2004). 

The interpretation of dispersion depends on the situation from which the data come. One kind of 

elemental problems from where variation may emerge can be formulated in risk context. When the 

uncertainty present in a process implies any threat to the effect of a result, it is called a risk. These 

situations appear when there are potential unwanted results that, in consequence, lead to losses or 

damages, and involve threats to outcomes we value (Fischhoff & Kadvany, 2011). For Aven and 

Renn (2009), “risk refers to uncertainty about and severity of the consequences (or outcomes) of an 

activity with respect to something that humans value” (p. 2). A paradigmatic task in risk context 

consists in making a decision about two games where gains and losses are at stake. Consider the 

following problem: 

The gains of realizations of 𝑛 times the game A and 𝑚 the game B are: Game A: 𝑥1, 𝑥2… ; 𝑥𝑛   Game 

B: 𝑦1, 𝑦2… ; 𝑦𝑚. Which of the two games would you choose to play in? 
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The solution is reached by following a flow diagram: 1) Compare �̅� and �̅�, 2) if �̅� ≠ �̅�, then choose 

the game with the greatest mean; 3) if �̅� = �̅�, then there are two options: 3a) Choose any game and 

3b) Analyze the dispersion of data in each game and choose according to risk preferences.  

The preferences concerning risk are the attitudes to reject or seek the risk identified by psychologists: 

The preference for a sure gain is an instance of risk aversion. In general, a preference for a sure outcome 

over a gamble that has higher or equal expectation is called risk aversion, and the rejection of a sure thing 

in favor of a gamble of lower or equal expectation is called risk seeking (Kahneman & Tversky, 2000, p. 

2). 

It is worth noting that in a game, the dispersion of gains and losses can be considered a measure of 

risk. Let’s say that a preference is motivated by risk aversion when an option with data that have less 

dispersion over another with data that have greater dispersion is preferred. The decision is motivated 

by risk seeking when the option with data that have greater dispersion is chosen. 

STATISTICAL REASONING 

The statistics education community has distinguished three overlapping areas of statistics to organize 

and analyze the objectives, activities and results of statistical learning: statistical literacy, reasoning 

and thinking. This study is located in the area of statistical reasoning. The purpose of the research on 

statistical reasoning is to understand how people reason with statistical ideas (Garfield & Ben-Zvi, 

2008) in order to propose features to create learning scenarios. When students try to justify their 

responses, elements that they think are important to the situation are revealed; in particular, the data 

they choose, operations made with these and knowledge and beliefs on which they relay are important 

in reasoning. The aim of this study is to explore the students’ statistical reasoning about dispersion 

when facing risk problems. 

METHOD 

The participants were 87 students (aged 14 to 16) belonging to two different ninth grade groups in a 

private school in Mexico City (last year of middle school). Two problems (which are presented 

below) were designed to explore the reasoning of the students: 

Problem 1. In a fair, the attendees are invited to participate in one of two games, but not in both. In 

order to know which game to play, John observes, takes note and sorts the results of 10 people playing 

each game. The cash losses (-) or prizes (+) obtained by the 20 people are shown in the following 

lists: 

Game 1: 15, -21, -4, 50, -2, 11, 13, -25, 16, -4 

Game 2: 120, -120, 60, -24, -21, 133, -81, 96, -132, 18 

a) If you had the possibility of playing only one of the two games, which one would you choose?

b) Why?

Problem 2. Consider you must advice a person who suffers from a severe, incurable and deathly 

illness, which may be treated with a drug that may extend the patient’s life for several years. It is 

possible to choose between three different treatments. People show different effects to the medication: 
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while in some cases the drugs have the desired results, in some others the effects may be more 

favorable or more adverse. The following lists show the number of years ten patients in each treatment 

have lived after being treated with one of the different options. Each number in the list corresponds 

to the time in years a patient has survived with the respective treatment. The graphs corresponding to 

the treatments are shown after. 

Treatment 1: 5.2, 5.6, 6.5, 6.5, 7.0, 7.0, 7.0, 7.8, 8.7, 9.1 

Treatment 2: 6.8, 6.9, 6.9, 7.0, 7.0, 7.0, 7.1, 7.1, 7.2, 7.4 

Treatment 3: 6.8, 6.8, 6.9, 7.0, 7.0, 7.1, 7.1, 7.1, 7.2, 7.4 

[There were graphs with the values shown above] 

a) What kind of treatment would you prefer (1, 2 ó 3)? b) Why?

In Table 1, the statistics of the problems 1 and 2 are shown. We can see that many of them are the 

same in each problem. The aim was to focus the student’s attention on the variability of data. The 

general expected solution for each problem is discussed above in the conceptual framework. The 

middle school Mexican students (seventh to ninth grade) study data analysis and graphical 

representations. They deal with different statistical ideas as the arithmetic mean, the range and the 

mean deviation. In addition, they make, read and interpret graphics like bar graphs or histograms 

(SEP, 2011). That is why we expected the students to make use of some of those statistical ideas to 

explain their answers, and most importantly, to use them in the context (risk). However, the actual 

responses of students did not meet our expectations. 

Problem 1 games Problem 2 treatments 

Statistic Game 1 Game 2 Treatment 1 Treatment 2 Treatment 3 

Mean 4.9 4.9 7.04 7.04 7.04 

StdDev 21.43 96.83 1.23 0.17 0.18 

Range 75 265 3.9 0.6 0.6 

Sum 49 49 70.4 70.4 70.4 

Min -25 -132 5.2 6.8 6.8 

Max 50 133 9.1 7.4 7.4 

Count 10 10 10 10 10 

Table 1. Statistics of Problems 1 and 2. 

To analyze the responses of students, the chosen group for each of them was first observed; secondly, 

the responses were categorized in accordance with the strategies of comparison deduced from their 

justification. To such purpose we followed the suggestions of Birks and Mills (2011): initial coding 

–identifying important words and groups of words in data-; categorization of data –groups of related

codes-; written memos –written records-; constant comparative analysis –comparison of codes to 

codes, codes to categories, and categories to categories-; intermediate coding – link categories 
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together-. The last methods are referred to as a reasoning from the particular to general in that they 

are a process of building theory from the data itself.  

To show different levels of reasoning of the students associated with the variation, the responses were 

organized in three levels. The first shows responses in which variability is not perceived. In addition, 

little relevant strategies are included to choose a group or another. In the second level, strategies can 

be considered relevant to choose among a set of data but ignoring the variability in the data. In the 

third level, responses show perception of variability and a relevant strategy to choose between a set 

and the other. 

RESULTS 

In this section we present examples of responses to the following questions in order to show answers 

classified at each proposed level: If you had the possibility of playing only one of the two games, 

which one would you choose? Why? And What kind of treatment would you prefer (1, 2 or 3)? Why? 

Level 1. At this level answers that did not show a clear strategy to choose between a group and 

another were categorized. Examples of these responses were "I'm more likely to win" or "because 

there is a number 11 and I like it". The examples show an unclear manner in which a decision was 

made or a response was provided by the students in an idiosyncratic way. Also, at this level were 

included responses where the number of positive or negative values of each game was counted and 

compared between them; the answers and justifications were of the type: "It is the same, because 5 

people won and 5 lost in both games". In these last examples the answer for the chosen group was 

anyone. It should be noted that in the examples shown, the idea of variation is not perceived by the 

students. 

Level 2. At this level, although comparison strategies can be considered as relevant, the idea of 

variation is not perceived in the students’ justifications. In both problems, a strategy consists in adding 

the values that were provided to them and giving answers like: "the sum of both data sets is the same", 

"any treatment gives the same result". The modal value of the sets was another feature used to make 

a choice on the problem 2, for example: "because the most frequent value in the third set is 7.1 while 

the most frequent value in the second set is 7.0 ". In the last strategy of this level, the students refer 

to one of the extremes of the groups, "because you earn more money"; "for the probability of reaching 

the 6.8 years insured" [risk aversion]. 

Level 3. In the third level, ideas of variation in the justifications of the students are perceived. For 

example, one student responded:  "because there is more chance of winning more, but also you lose 

more money". In this response, the student considers both extreme values, perceiving the risk (“you 

lose more money”) but he chooses game 1, which represents the riskiest game; that is, the student is 

“risk seeking”. Another student chooses treatment 3, which has less risk, because it:  "is more secure, 

since 1 has an extensive range of possibilities and the 3 is small ..." this means he is risk averse. One 

student combines the ideas of center and dispersion: "because you have the same chance of winning 

or losing; one does not lose much nor earn much and in the other you win much or lose much". One 

response in the treatments problem uses the modal value and the extreme: "because in the graphics 

the minimum is 6.8 years, and the maximum 7.1, while in the other the minimum is 5.2 and maximum 

7...”. 
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DISCUSSION 

Most of responses are classified in level 1; that is, 79 % in problem 1 and 61% in problem 2 (Table 

2). Students who give those responses do not take into account any center nor variation to propose 

their solution. These students in general look for a significant value (for them) in some set of data to 

choose them or simply respond with a circular or idiosyncratic argument. With respect to problem1, 

another strategy is to compare the number of gains and losses in each game and choose the one in 

which there is a greater number of times where there is profit. This reasoning does not take into 

account the magnitude of the gains but only their sign (positive or negative). 

Level 1 Level 2 Level 3 

Problem 1 79 % 9 % 10 % 

Problem 2 61 % 26 % 13 % 

Table 2. Percentage of respondents by level, Problems 1 and 2. 

In the responses classified in level 2, the strategies try of find a representative value to compare groups 

based on one (mostly the maximum or the minimum) or more values (mode or total). The frequency 

of responses to problem 1 in this level is almost one third of the frequency of responses to problem 

2. This is possibly because the graphical representation in Problem 2 helps students to perceive

representative values as the maximum, minimum or mode. In this level are also classified responses 

that get the sum of data; these responses are important because they prefigure the media; given that 

the number of data of each group is the same, comparing the totals is equivalent to comparing means. 

In level 3 responses, most students consider dispersion through simultaneously considering the 

maximum and minimum prefiguring a strategy of comparing ranges. This possibly occurs because in 

the risk context the extreme values represent bounds of losses and gains (years of life) and it is natural 

to compare those quantities in both games (or treatments) to make a decision. Some responses use 

the mode and one extreme of each group, allowing them to compare kinds of semi-ranges and 

choosing the group with less variability. Finally, one response follows a procedure that consists in 

getting the total of gains of each group, which are the same, and considering the extreme values to 

make a decision based on variability. 

CONCLUSIONS 

The context of risk offers an opportunity for students to interpret variability through the concept of 

range; however, it is necessary to work on this idea. In general, responses without a clear strategy of 

comparison predominate; students whose answers are classified at the first level understand what is 

asked to them and they make a choice but fail to use the data to support their preferences. However, 

there are students who see in a single value of each data set (mode or extreme) a key to make a 

decision. These responses have been classified in a second level; they prefigure the valid scheme of 

solution and other strategy in this level was comparing the sum of values of each set data. The value 

chosen is the one that students consider a representative of the set. In responses of the third level, a 

step forward towards the solution scheme is given since variability in data is considered. Two main 

strategies were identified: 1) Taking into account the maxima and minima values or 2) Considering 

a center idea (mode or the sum of values of each data set) and the range or mode. Each of these 
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strategies is an early or primitive form of the two main statistical tools of the case: the mean and 

dispersion. Through the activities, the students realized that range and risk are interrelated. The choice 

of a game where the mean is the same in both data sets but with different risks, depends on the 

students’ attitude towards risk. Although most of the responses are classified in level 1, they are 

referred to the context looking for some information in which they leave out their personal 

experiences or beliefs.   

The indeterminacy of the answers to many of the questions that emerge in Probability and Statistics 

may be a major cause of the frequent distrust and even rejection toward the discipline by students. In 

general, an indeterminate response is not considered a satisfactory one; however, good answers that 

are found in probability and statistics are in some way indeterminate due to the random nature of the 

phenomena modeled. In the problems that we have reviewed, it may be not convincing that the choice 

of a game or treatment is not completely determined by the behavior of the data, but it also depends 

on the solver’s attitude towards risk. This relativity disturbs those who believe that science must give 

absolute and conclusive answers to the problems that arise from it. Relativity of the responses may 

obscure the main point which is that the analysis of the ranges, and more generally, the analysis of 

variation provides information about the risks involved, and therefore helps to make rational 

decisions. The use in teaching of problems as those treated in this study can help the students to 

construct schemes for assessing the results of the statistical analysis and help them to retreat from 

certainty in a profitably way. 
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CRITICAL STATISTICAL LITERACY IN SCHOOL MATHEMATICS 

Travis Weiland 

University of Massachusetts Dartmouth 

Today societies are shaped based on data driven decisions. It is one of the goals of public education 

to prepare individuals to be competent and productive members of society. Teaching students how 

to investigate and reason statistically is important to creating an educated citizenry. To this end 

statistical literacy has been an important goal in both mathematics and statistics education. 

However, the world today is faced with a multitude of challenges such as economic collapse, 

poverty, resource depletion, climate change, polarization in wealth, and immigration, which 

requires that statistical literacy go beyond the tradition production and consumption definitions to 

include and awareness of sociopolitical issues and critique as it is important for citizens to be able 

to investigate and critique and their context and society. The aim of this paper to present a vision 

for critical statistical literacy and discuss some of the implications it has for curriculum. 

OBJECTIVE 

One of the main goals for education is democratic equality, viewing it as a public good preparing 

youth to become citizens. Thought there are many views of what good citizenship consists of one 

aspect that is consistent across those views is the importance of literacy. Literacy has moved 

beyond being interpreted as the skills necessary for reading and writing to include, “developing the 

capacity for social awareness and critical reflection as a basis for personal and social change” 

(UNESCO, 2005, p. 147). Today we are seeing an explosion of data in every facet of life including 

medicine, economics, education, and public opinion. As a result, statistical literacy is becoming a 

crucial literacy for being a citizen in today’s modern society. However, it is important that statistical 

literacy (Gal, 2004) goes beyond the tradition consumption and production conception of statistical 

literacy, to include fostering sociopolitical awareness and critique to meet the changing 

interpretation of literacy today (UNESCO, 2005) and to meet the demands of citizenship. In a data 

driven society, it is crucial that individuals are able to interpret, generate, and critically analyze 

quantitative data and statistics (Ben-Zvi & Garfield, 2004) to be critical, politically engaged 

citizens. I propose for citizenship students need a critical statistical literacy. In this paper my aim is 

to present an argument for critical statistical literacy drawing from the literature as well as 

discussing some of the implications it has for curriculum.     

CRITICAL MATHEMATICS 

At the K-12 level, statistics education is generally considered part of the mathematics curriculum. 

In mathematics education scholars over the past two decades have begun calling for the use of 

critical (Skovsmose, 1994) and culturally relevant pedagogies (Gutstein, Lipman, Hernandez, & de 

los Reyes, 1997; Ladson-Billings, 1995). These scholars seek to create mathematics classrooms 

where students learn how to understand their social, cultural, and political context in society, as 

well as how to change that context. Drawing from Paulo Friere, Gutstein et al. (1997) refers to this 
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as teaching students to “read and write the world with mathematics”. He describes reading the 

world with mathematics as meaning, 

to use mathematics to understand relations of power, resource inequities, and disparate opportunities 

between different social groups and to understand explicit discrimination based on race, class, gender, 

language, and other differences. Further, it means to dissect and deconstruct media and other forms of 

representation. It means to use mathematics to examine these various phenomena both in one's immediate 

life and in the broader social world and to identify relationships and make connections between them. 

(Gutstein, 2003, p. 45) 

This definition emphasizes how mathematics literacy can be used to read the word, which 

increasingly includes mathematical and quantitative language (Steen, 2001) and also to read the 

world, which has been structured based on quantitative and technological discourses rooted in the 

abstract language of  mathematics (Skovsmose, 1994). Reading the world with mathematics can in 

turn lead to writing the world with mathematics, which Gutstein defines to mean,     

using mathematics to change the world... I view writing the world with mathematics as a developmental 

process, of beginning to see oneself capable of making change, and I refer to writing the world for youth 

as developing a sense of social agency. A "sense" of social agency captures the gradual nature of students' 

growth-it is not an all-or-nothing proposition. (Gutstein, 2006, p. 27) 

Gutstein’s work however is focused on mathematics and though statistics relies heavily on 

mathematics, and at the K-12 level is situated in the mathematics curriculum, it is a distinct 

discipline with its own concepts and practices, some of which are non-mathematical (Gattuso & 

Ottaviani, 2011; Groth, 2013).  

DIFFERENCES BETWEEN MATHEMATICS AND STATISTICS 

There is a significant literature base that discusses these differences (e.g. Cobb & Moore, 1997; 

Franklin et al., 2007; Groth 2013).  Four of major differences discussed in these writings are 

variability, context, uncertainty, and deductive vs inductive reasoning.  

In statistics, “data are not just numbers they are numbers with a context” (Cobb & Moore, 1997, p. 

801). This is a departure from mathematics where numbers are frequently presented and used in 

their abstract form without any connection to context (Gattuso & Ottaviani, 2011). In mathematics, 

context is generally stripped away from a problem to try and uncover, or abstract, the underlying 

mathematical structure of the context (Cobb & Moore, 1997). However, in statistics, the analysis of 

data cannot be considered without thinking about the context of the data (Cobb & Moore, 1997; 

Franklin et al., 2007; Wild & Pfannkuch, 1999). There is a constant interplay between considering a 

statistical problem and the context of the problem (Wild & Pfannkuch, 1999).  

The need for the discipline of statistics comes from the omnipresence of variability (Cobb & 

Moore, 1997) in the world. Simply stated in most cases individuals or objects that we study are not 

all the same for every attribute. Therefore statistics focuses on how attributes can vary from 

individual to individual or object to object. In statistics there are four main kinds of variation: 

measured, natural, induced, and sampling (Franklin et al., 2007).  

 It is important to point out that variation is not absent from mathematics, but that it is considered in 

a very deterministic way. Consider a linear function, the values of dependent and independent 

variables covary with one another, but in a specific unchanging way (e.g. “as x increase by 2 y 

increase by 3”). The discipline of statistics uses the concept of linear functions. However, instead of 
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determining what the value of the dependent (y) variable will be, given the value of the independent  

(x) variable, the function is used to “fit” the data. This is done mathematically by using the

derivative of a function representing the squared differences between the actual y values of the data 

and the predicted y values of a linear function to locate the minimum. This procedure is used in an 

effort to create a linear function that best “fits” the data, but will only provide predictions, which 

may not be very accurate depending on the amount of variation the model can account for in the 

actual data values. 

As a result of the omnipresence of variation in statistical investigations, there is no certainty in the 

solutions. The end product of a statistical investigation is better thought of as a well principled 

argument (Abelson, 1995). Mathematics on the other hand is generally treated in a very 

deterministic way, logically deducing a single solution to a problem using theorems, axioms, and 

definitions from the community of mathematics (Gattuso & Ottaviani, 2011).  

The last main difference between statistics and mathematics is the type of reasoning generally used. 

Mathematics primarily relies on deductive reasoning using definitions, axioms, and theorems, in a 

logical chain of reasoning, to come to a conclusion. For example, a student could use Euclid’s 

definition of a circle and his first and third postulates to construct an equilateral triangle. At the 

same time Euclidean geometry is based on certain unprovable assumptions such as the parallel 

postulate, which if changed creates an entirely new type of geometry and way of viewing the world 

(Katz, 2009). Statistics begins with a question for which data is collected to answer (Franklin et al., 

2007; Wild & Pfannkuch, 1999). It is from the data that information is empirically derived. Similar 

to uncertainty this can lead to issues in teaching statistics as teachers who have had few experiences 

with statistics may attempt to deduce solutions from rules and assumptions rather than inducing 

them from the data. 

It is these differences that make statistics an optimal site for the incorporation of critical 

investigations of students’ contexts in society, because of the variability inherent in those contexts, 

and the importance of context in statistics. Furthermore, the end product of a statistical investigation 

is better thought of as a well principled argument (Abelson, 1995), which is more appropriate for 

the type of argumentation students need to be able to carry out in their day to day lives. Since 

statistics is generally situated in the mathematics classroom it is important to acknowledge these 

distinctions so that students’ receive experience with statistics concepts consistent with the 

discipline of statistics.  

TEASING OUT CRITICAL STATISTICS FROM CRITICAL MATHEMATICS 

Critical mathematics has had several decades to build a base of literature and create examples for 

using mathematics for social justice. A number of the examples of critical mathematics activities in 

the classroom involve concepts from statistics. In this section I will present two examples of such 

activities and point out how these activities could have been used to provide students with robust 

experiences with statistics.  

Skosmose and Valero (2008) in their paper on Democratic access to mathematically powerful ideas 

use an example that involves drawing samples of eggs from a population of eggs and seeing how 

many are infected based on a rate of infection reported by the Dutch government. This is inherently 

a statistical task creating a model based on chance to model getting an egg infected with salmonella. 
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Some of the questions the authors had the students consider as part of this task were, “The basic 

question to be addressed by this experiment has to do with the reliability of information provided by 

samples. How can it be that a sample does not always tell the “truth” about the whole population? 

And how should we operate in a situation where we do not know anything about the whole 

population, except from what a sample might tell? How can we, in this case, evaluate the reliability 

of numerical information” (p.9)? These are statistical questions not mathematical questions. In fact 

think of the dominant epistemology of mathematics, which seeks to find mathematical truths based 

on logical reasoning using proven theories building up from as few assumptions as possible. The 

point is not to understand the complexity of context but to strip it away to find the underlying 

mathematical structure (Franklin et al., 2007). On the other hand statistics does not strip away 

context but works in conjunction with it.  

My point is not to separate mathematics and statistics as they are deeply connected and statistics 

relies heavily on mathematics (Groth, 2013). Instead my aim is to point out the differences so that 

they are emphasized and not lost in classroom instruction. This is especially important because most 

mathematics teachers have had little to know experience with statistics before teaching it 

(Shaughnessy, 2007). A teacher with little to know background in statistics may not be familiar 

with the non-mathematical elements of statistics and therefore not incorporate them into their 

classroom discussions or lessons. For example, going back to Skovsmose and Valero’s (2008) in 

their discussion of the egg task they move into the mathematical realm of calculating theoretical 

probabilities instead of highlighting the idea of natural variation and how it can be measured and 

interpreted. Another example comes from a project that Gutstein (2003) used in one of his 

mathematics classes described here, 

For example, I developed a project in which students analyzed racially disaggregated data on traffic stops. 

The mathematical concepts of proportionality and expected value are central to understanding racial 

profiling. Without grasping those concepts, it is hard to realize that more African American and Latino 

drivers are stopped than one would expect, and this disproportionality should lead one to examine the root 

causes of the anomaly (p.49). 

Similar to the egg problem the mathematical concepts become the focus of the discussion missing 

the opportunity to discuss and cover important statistical concepts. In this example Gutstein focuses 

on the idea of proportionality to discuss how the African American and Latino/a drivers were pulled 

over disproportionately due to probabilistically determined expected values. However, this 

disaggregated data is an example of a sample, which provides a wonderful opportunity to talk about 

variation in samples and look at this proportion in terms of a sampling proportion. A sample 

proportion has a margin of error that needs to be considered when making inferences to a 

population. This context also provides the opportunity to introduce the idea of sampling distribution 

which could be created using a simulation to draw a large number of samples from the sample 

drawn, or by creating a model based on the sample. In this way students could also begin to 

investigate what it means for a sample proportion to be unlikely to be drawn due to chance and to 

begin to make inferences about the population proportion. I want to point out that I am not 

criticizing the rich mathematical lessons that I used for examples here but merely to point out that 

they could also be used to teach statistical concepts in mathematics classrooms by shifting the lens 

from critical mathematics to critical statistics and in turn help students not only read and write the 

world with mathematics but with statistics as well. 
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A VIEW OF CRITICAL STATISTICAL LITERACY 

I will now begin to outline a possible vision for critical statistical literacy. An important point to 

mention here is that critical has two meanings when considering critical mathematical thinking 

(Gutstein et al., 1997). One meaning is in the mathematical sense, as in making sense of problems, 

creating arguments, making conjectures, critiquing the reasoning of others. These are ideas that 

generally fall under the term critical thinking and are important elements in mathematics education 

(NCTM, 2000). There is also the meaning of critical in the broad sense, using multiple perspectives 

to investigate an issue, interrogating the historical, social and political context one is situated in, and 

critiquing that context (Gutstein et al., 1997). It is this second meaning of critical that critical 

mathematics education brings to the table beyond what is normally discussed in mathematics 

education and that a critical statistical literacy will emphasize beyond its traditional conception. 

More specifically, I am using the term critical in a similar sense as Foucault, “ not in the sense of 

the Enlightenment meaning of critique in relation to regulative truth, but in the sense of critique as 

its enabling condition” (Walshaw, 2007, p. 15).   

The term statistical literacy has been used by many scholars with many different meanings 

attributed to it (Ben-Zvi & Garfield, 2004). Here I am choosing to draw from Gal’s (2004) 

definition, 

The term statistical literacy refers broadly to two interrelated components, primarily (a) people’s ability 

to interpret and critically evaluate statistical information, data-related arguments, or stochastic 

phenomena, which they may encounter in diverse contexts, and when relevant (b) their ability to discuss 

or communicate their reactions to such statistical information, such as their understanding of the meaning 

of the information, their opinions about the implications of this information, or their concerns regarding 

the acceptability of given conclusions (p.49). 

In his discussion, Gal (2004) describes two different types of context. The first, which is the focus 

of his definition of statistical literacy he refers to as the reading context, which he describes as 

“people’s ability to act as effective “data consumers” in diverse life contexts” (p.50). The other is 

the enquiry context, which is described as, “in enquiry contexts individuals serve as ‘data 

producers’ or ‘data analyzers’ and usually have to interpret their own data and results and report 

their findings and conclusions” (p.50). I would like to draw a connection here to the idea of reading 

and writing the world with mathematics and I would like to propose that reading the world with 

statistics is what Gal (2004) describes as reading context in statistical literacy. I would also like to 

propose that writing the world with statistics is partially what Gal (2004) refers to as enquiry 

contexts. I say partially here because writing the world refers to changing one’s context which goes 

beyond just producing and analyzing data to using it in to take action to change the context it 

describes.  

Statistics educations’ value in K-12 education comes not from its graphs, calculations, and 

significance tests but from its habits of mind to pose questions, collect relevant data, analyze the 

data in the context of a problem and then verbalizing the story that the data tells about a problem to 

the others in a precise well principled argument (Abelson, 1995). Though in statistics this follows a 

slightly different process relying on reasoning in context as well as using the understanding of how 

calculations are performed and what they tell us about a context (Wild & Pfannkuch, 1999).  
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One aspect of statistics that makes it particularly powerful for dealing with issues of race, gender, 

sexuality and other issues of social justice is that it is the science of data and “data are not just 

numbers, they are numbers with a context” (Cobb & Moore, 1997, p. 801). Statistics can in fact be a 

gateway to introducing contextual discussions from the context of the students into the mathematics 

classroom. For example, when looking at a data set using the categories of male and female for 

gender a discussion around what is gender could begin.  A discussion could revolve around whether 

these two categories are adequate for capturing the gender diversity of a population or as some 

argue whether they really exist at all except as a social construct (Butler, 1990). This discussion 

could also move from reading context to enquiry context (Gal, 2004) discussing issues of how to 

collect data on a person’s gender. Could data be collected by allowing an individual to self-identify 

using a fill in the blank item versus a dichotomous choose-one item? What implications does such a 

choice have on how the data can be analyzed and interpreted? These issues come up in other uses of 

categories, which are discussed in a body of literature referred to as gap-gazing, that focus on 

critiquing and decentering rhetoric around categories such as gender, race, and socio-economic 

status (Butler, 1990; Gutiérrez & Dixon-Roman, 2011). Operational definitions of social constructs 

are issues specific to statistics which should be part of critical statistics education (Lesser, 2007). 

Another aspect important for curriculum in relation to fostering critical statistical literacy is 

problem posing (Freire, 1970).  Frequently, in mathematics classrooms this comes in the form of 

“real world” mathematics problems, however reality rarely fits the perfect patterns set forth by 

traditional algebraic instruction at the high school level. The real world is full of variation and what 

better than the discipline of statistics to teach to give students the tools to study the world around 

them, to uncover the hidden structures at play such as systemic racism, classism, and sexism, 

influencing their world? Statistical investigations are based around problem posing as they begin 

with asking questions (Franklin et al., 2007). It is crucial that students be given opportunnities to 

pose there own problems, which are meaningful and relevent to their lives that they can then 

investigate. More specifically in the case of fostering critical statistical literacy students need 

experience posing such problems and then going through the stages of a statistical investigative 

cycle, ending with interpretations of their results that include critiques of their process as well as 

what implications those interpretations may have and what actions they may point to, to change the 

context.  

CONCLUSION 

In this paper my aim was to make a case for critical statistics education at the K-12 grade levels by 

discussing how statistics is a distinct discipline that relies heavily on mathematics but has many 

non-mathematical elements (Groth, 2013). In moving forward however there needs to be more work 

around investigating what critical statistical education could look like in the classroom. This type of 

work requires partnerships between statistics mathematics educational researchers and mathematics 

teachers to develop a better understanding of how critical statistics education can be implemented in 

the classroom as well as what are some of the affordances and constraints of such implementation. 

There are also implications that this type of education has for mathematics teacher education which 

need to be considered and studied. For example, what type of experiences do mathematics teachers 

need to have to develop the flexible understanding of statistics and mathematics necessary for this 

type of teaching? At this point there are more questions than answers. 
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I would like to end with a vision I have for critical statistics education in the classroom. 

Drawing from current events there was recently an article in the Baltimore Sun about the Freddie 

Gray incident in Baltimore, where Gray was pronounced dead after being transported to central 

booking and being denied medical attention by his arresting officers. Without going into the details 

of the incident the article presented the following information, “From June 2012 through April 

2015, correctional officers at the Baltimore City Detention Center have refused to admit nearly 

2,600 detainees who were in police custody, according to state records obtained through a Maryland 

Public Information Act request” (Puente & Cohn, 2015). This data is presented showing that there 

are a number of other individuals that arrived to central booking that were injured and deemed not 

stable enough for the booking process without medical attention.  

Working from this article a class could begin with questions such as what proportion of the total 

number detainees during this time period were refused admittance. What is this proportion in other 

cities and locations? Is there significantly more African American or Hispanic individuals who are 

being refused admittance due to medical conditions upon arriving than white individuals? What 

type of training is provided to police officers to recognize or treat medical conditions of individuals 

they have taken into custody? They could then work in groups to collect and analyze the data 

necessary to investigate the questions they have develop and present it to their class and also to their 

community using the what they have found with their investigations to try and make a positive 

change to their communities. This one possible vision for critical statistics education to help 

students read and write the world with statistics. 

Statistics’ value in K-12 education comes not from its graphs, calculations, and significance tests 

but from its practices to pose questions, collect relevant data, analyze the data in the context of a 

problem (Franklin et al., 2007), and then verbalizing the story that the data tells about an issue to 

others in a precise well principled argument (Abelson, 1995). It is through these practices situated 

in mathematics classrooms that we can begin to provide students with experiences in critically 

investigating and critiquing their own context in society, while providing them with experiences 

with statistics concepts fostering a critical statistical literacy for citizenship in the modern world. 

With that being said this is by no means an easy task as such issues are dynamic and complex. The 

goal is not for students to understand these issues, which it could be augured are beyond 

understanding but to instead grapple with these ideas using statistics to read and write the word and 

the world.    
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STUDENTS’ INFORMAL MEASURES BETWEEN OBJECTS AND TOOLS 

Christian Büscher 

TU Dortmund University 

Drawing informal statistical inferences is often seen as the main vehicle for meaningful statistics 

education, and informal statistical inference is grounded on the adequate use of statistical 

measures to connect data with claims. This raises the question of how learners can participate in 

this informal inferential reasoning before having access to statistical measures by formal statistics 

education. This paper introduces the notion of informal statistical measures in order to draw on 

learners’ statistical conceptions prior to learning about regular statistical measures in class. A 

case study stemming from a larger design research project analyzes the learning processes of two 

students on a micro level. The interpretative analysis shows that the roles of the students’ informal 

measures repeatedly switch between object and tool of investigation, and these switches allow the 

students to expand the considered characteristics and uses of informal measures. Possible 

connections to develop these informal measures into regular statistical measures are drawn up. 

INTRODUCTION 

One of the main goals of statistics education is enabling students to make data-based claims about 

an unknown, wider universe beyond the data at hand, called (Informal) Statistical Inference (Makar 

& Rubin, 2009). In order to make informal statistical inferences, students have to draw on a wide 

area of knowledge, including knowledge of statistical concepts and habits of looking at and 

organizing data to support their reasoning (Makar, Bakker, & Ben-Zvi, 2011). On the other hand, 

students develop meaning for these statistical concepts by utilizing them in making statistical 

inferences (Bakker & Derry, 2011). At the beginning of their statistical education, learners have 

only little knowledge of statistically valid inferences. Hence they have to resort to individual ways 

of tackling statistical tasks such as comparing groups. These individual ways of reasoning often 

show promising individual statistical conceptions that touch on a wide range of regular statistical 

concepts (Schnell & Büscher, 2015). It is the task of statistics education to connect these individual 

conceptions to regular statistical concepts in order to let individual ways of reasoning mature into 

more formal ways of drawing statistical inferences.  

INFORMAL AND REGULAR MEASURES 

Drawing informal statistical inferences is commonly seen as a way to enable students to participate 

in the ‘real use’ of statistics without having to understand the complex mathematical background of 

formal inferential statistics. These informal inferences still have to be based on data, which often 

means that statistical measures such as median and range have to be employed. Learners without 

specific instruction however have to use natural language instead of measures to talk about data. 

This natural language is rich in concepts, as many different statistical concepts can be encapsulated 

in a single expression (Makar & Confrey, 2005). This stands in contrast to statistical measures, 

which provide highly sophisticated means to talk about specific statistical concepts. The question 
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remains of how learners’ use of concept-rich natural language can be used as a starting point for 

developing more formal ways of reasoning. 

In order to design learning pathways from learners’ individual 

conceptions to regular statistical concepts, this study 

conceptualizes learners’ natural language about data as informal 

statistical measures corresponding to individual statistical 

conceptions (Fig. 1). Examples for such informal measures can 

be modal clumps (Konold et al., 2002) or partition into chunks of 

high-middle-low (Makar & Confrey, 2003). Contrary to regular 

statistical measures, informal measures correspond to individual 

conceptions such as representativeness, typicality or normality 

(Makar, 2014; Büscher, 2016), that simultaneously capture 

aspects of many different statistical concepts. Thus, a modal 

clump used for talking about location and density of ‘the majority 

of the data’ is as much a measure as the standard deviation is for 

talking about variability. The focus of this study is to track the use 

of learners’ informal measures, and to show possible connections from informal to regular measures 

in order to support the development of individual conceptions to statistical concepts. 

MATHEMATICAL CONCEPTS AS OBJECTS AND TOOLS 

To a statistician, regular measures do not only function as tools for specific statistical questions, but 

also have characteristics of objects. Regular measures can be studied on their own, revealing their 

properties regarding behavior with certain kinds of distributions, and can be embedded within larger 

statistical procedures. This dual uses of concepts as tools and objects forms the basis of the tool-

object dialectic of mathematical concepts ( Douady, 1985; Artigue, 1995). Mathematical concepts 

gain their meaning first in the development as tools for solving problems not possible to solve 

adequately with old knowledge. Later they are institutionalized as objects on their own, which then 

can be part of new problems calling for development of new tools. 

This study adopts the approach of the tool-object dialectic on a micro level in order to track the 

learning processes of students consolidating their use of informal measures. This raises questions on 

the exact nature of this dialectic, for example whether there is a clear switch from tool to object or 

there is a cyclic progression of switches. With the learner in the active role of developing tools for 

tackling problems, it also calls for careful consideration of problems suitable for developing 

individual conceptions into statistical concepts. 

The research interest of the presented case study is to gain deeper insights into how grade 7 students 

without previous formal statistics education use informal measures to make informal inferences. 

Since these informal measures touch on many aspects of statistical concepts like central tendency 

and variability, they can be considered as promising indications of resources for building more 

formal ways of reasoning. The presented study from a larger design research project investigates 

students’ use of informal measures as this can provide access to their individual conceptions, and 

show possible ways of supporting their learning processes through adequate task design. Thus, the 

general research interest is focused on the following research questions: 

Fig. 1: The Interplay of 

concepts and conceptions 
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(RQ1) What informal measures do students base their inferences on, and what kind of inferences do 

they draw? 

(RQ2) How do these informal measures develop in their dual roles of object and tool? 

RESEARCH DESIGN 

This study adopts the methodological framework of topic-specific didactical design research 

(Prediger et al., 2012) with a focus on learning processes (Prediger, Gravemeijer, & Confrey, 2015). 

Through iterative cycles of design experiments, this approach aims at providing empirically 

grounded local theories on topic-specific learning processes as well as design principles and 

concrete teaching-learning arrangements for the topic. This study reports on the third cycle of 

design experiments.  

Data gathering 

In order to gain insight into students’ informal measures prior to formal statistics education, design 

experiments were conducted with five pairs of grade 7 students (aged 12 – 14) who had not yet 

undergone statistics teaching within the mathematics classroom. Each experiment consisted of two 

sessions of 45 minutes each, with each session having its own arrangements of data and tasks. 

Experiments were fully videotaped and partially transcribed. The process-focused analysis of the 

video data from the second session of the third cycle of design experiments allows to reconstruct 

the development of students’ informal measures and their interplay with the task design. 

Task design 

For designing the teaching-learning arrangements, various design principles have been implemented 

throughout the different cycles of design research, two of which play an important part in this study. 

Drawing on individual conceptions of typicality. Among the conceptions underlying the concept-

rich language of learners are those of typicality and representativeness. Whereas Makar (2014) 

identified them as being in relation to the mean, previous cycles of the design research study 

revealed evidences for individual conceptions of representativeness (Schnell & Büscher, 2015) and 

of typicality (Büscher, 2016) not referring to the mean. Rather, ‘typical’ or ‘normal’ were used by 

students to partition distributions into sections of exception and rule, characterized by an area in the 

middle of a distribution reminiscent of the box of a box plot. ‘Typical’ provided the students with a 

language for talking about phenomena relating to concepts of central tendency and variability. This 

design principle builds on results from previous cycles and provides the starting point for initiating 

learning processes that draw develop individual conceptions towards regular concepts. 

Communicating about critical life-world phenomena. To allow learners to build on their individual 

conceptions, the problem to be presented has to be carefully considered. Three features for such 

problems have been identified in previous cycles to support the conceptual development: For 

drawing on the concept-rich natural language, the problem and the teaching-learning arrangement 

should be structured in a communicative way. Communication about life-world phenomena (rather 

than about statistical concepts) facilitates meaningful discussions. And the problem has to be 

critical, in that failure to communicate would have relatable life-world consequences. 

In order to create the need for reliable inferences based on data, the task design put the students into 

the role of researchers of climate change. Students were given distributions of monthly lowest arctic 
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sea ice extent for the years 1982, 1992, and 2012 (Fig. 2; data was taken from Fetterer, Knowles, 

Meier, & Savoie, 2002 and slightly modified for didactical purposes) and were asked to give a 

report whether, and how much, the ice area had changed.  

Fig. 2: Distribution of sea ice extent in session 2 (Translated from German). 

To facilitate discussion, and to offer a range of different measures the students were given filled-in 

‘report sheets’ (Fig. 3) of fictional students claiming either overall change (because the spread had 

increased) or no significant change (because the modal clump was still high in 2012). These 

differing interpretations were based on different individual definitions of the measures employed. 

After discussing the report sheets, the students were asked to correct them and to create their own. 

This raised the question which measures should be used and what these measures actually stand for.  

Fig. 3: Fictitious students’ filled-in report sheets (Translated from German) 

It is important to note that although the measures ‘Typical’, ‘Minimum’ and ‘Range’ employed in 

the filled-in report sheets were not invented by all students prior to the work on the filled-in sheets, 

they were introduced without any explanation at all. The students could not consult any definition 

and no explanation was given by the researcher what the fictitious students could have meant. This 

was even the case with the measure ‘Minimum’, which in previous cycles was not always 

interpreted as absolute minimum, but sometimes as lowest ‘reasonable’ value. Thus, these measures 

can still be counted as informal measures of individual conceptions, because (1) these measures do 

not necessarily correspond to the regular minimum and range, (2) students still needed to construct 

their own meaning for these measures, and (3) these measures correspond to individual conceptions 

found in previous cycles. In this way, the design principles were implemented by initiating 

communication about the melting arctic sea ice using informal measures. 

Data was presented to the students in TinkerPlots (Konold & Miller, 2011). Because informal 

measures are not necessarily possible to construct using TinkerPlots’ tools for manipulating data, a 

screen overlay software was used that allowed students to freely draw their informal measures on 

the screen. The experiments however did not make use of TinkerPlots’ own functionalities. 
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Data Analysis 

In order to track the students’ individual conceptions and the role of informal measures as tools and 

objects, the transcribed data was analyzed under an interpretative paradigm using concepts-in-

action and theorems-in-action from Vergnaud’s theory of conceptual fields (Vergnaud, 1996). 

Concepts-in-action are “categories (objects, properties, relationships, transformations, processes 

etc.) that enable the subject to cut the real world into distinct elements and aspects, and pick up the 

most adequate selection of information according to the situation and scheme involved” (Vergnaud, 

1996, p. 225). Theorems-in-action are statements held to be true by the learner. They are intricately 

connected to the learners’ concepts-in-action, as theorems-in-action give meaning to concepts-in-

action, which in turn give content to the theorems-in-action. Concepts-in-action and theorems-in-

action are reconstructed from the students’ point of view, and do not necessarily correspond to 

regular statistical concepts. Thus, reconstructing the students’ concepts-in-action provides access to 

their individual conceptions organizing their actions. In the analysis, the reconstructed concepts-in-

action are symbolized by ||…||, while theorems-in-action are denoted by <…>. 

SNAPSHOT: STUDENTS’ INVENTION OF TYPICAL 

The following empirical snapshot follows the 13 year old students Quanna (Q) and Rebecca (R), 

and the researcher (I), in their struggle to find the meaning and computation for the informal 

measure ‘Typical’ (in the following sections indicated through use of upper-case T). The excerpts 

stem from a conversation of about 15 minutes. The snapshot starts with the students filling out their 

own report sheet after they have discussed the filled-in report sheets. 

1 Q [while filling out own report sheet] And Typical… 

2 R Typical […] it could be, like, the middle or something? 

3 R I would say the middle and a bit higher. 

Measures such as Minimum and Range do not seem sufficient for capturing the relevant aspects of 

the phenomenon of arctic sea ice decline to the students; ||Typical|| is the main category organizing 

their view on the situation. Since the measure itself is still ill-defined, they refer to another feature 

of the distribution to place it, the ||middle|| of the distribution (it remains unclear what exactly is 

meant by ‘middle’). ||Typical|| however is not a tool for determining the ||middle||, but being near the 

||middle|| is a characteristic of ||Typical||: <Typical is located a bit higher than the middle>. Typical 

is not seen as a tool, but rather as the object under investigation. 

Some minutes later, the students are about to write their summary for the report sheet. 

20 Q Okay, now the summary. 

21 R The numbers got [points to own report sheet] – look – more ice melted away. 

22 Q [shakes head] the difference is – is around 2.5. 

23 R Always? 

24 Q Yes, right here [points to own report sheet] of Typical. 

Rebecca seems to have difficulties with combining the life-world phenomenon (the melting ice) 

with the task of giving a short data-backed summary. At this point, Quanna is able to utilize their 

measure of Typical. In the meantime, the students have decided that <Typical is a number>, which 

TSG-15

129

TSG-15

129



they intuitively identified for the distributions of 1982 and 2012 by 11 and 13.5 and noted on their 

report sheet (Fig. 4; later changed to 13). These numbers show a difference of 2.5, which can now 

be used in their summary to talk about arctic sea ice decline: <Typical can be used to describe 

differences in distributions of arctic sea ice>. This does not necessarily imply that Typical is seen 

as a tool in a statistical investigation to decide whether arctic sea ice declined, as this decline was 

seen as given from the beginning of the task. Still, Typical functions as a tool for talking about 

differences found during ||comparison|| of distributions.  

Fig. 4: Quanna and Rebecca’s report sheet  

The definition of Typical still being unclear, the researcher challenges them to explain their use. 

40 I I see you decided to use only one number for Typical, in contrast to this report 

sheet, where they used an area [points to filled-in report sheet]. Is that better or 

worse, what do you think? 

41 R Well Typical is more of a single… 

42 Q [simultaneously] more of an area… 

43 R Now we disagree. […] Typical is more of a small area, or you could say a 

number. Like here, from 10 to 12. […] If the area is over 100, it may be over 10. 

[…] But never more than the half. 

The claim <Typical is a number> becomes disputed, as ||number|| and ||area|| both are possible 

characteristics of Typical. In this conflict, Typical again becomes the object of investigation. This 

results in a more pronounced use of Typical. While there still is no full definition, there are criteria 

for its correct form: <Typical is an area that at most covers half the data> and <Typical can be 

signified by a number, if the area is small>. 

Some minutes later in the discussion, Rebecca tackles the question whether one is allowed to omit 

data points that could be seen as exceptions when creating report sheets. 

61 R Well, you can do that, but it depends. You have to make sure it fits. If you do it 

like here [points to own report sheet] you should not consider the isolated cases 

[…] because then it gets imprecise. But if the typical area was the same on both 

sides, I think you can do that. 

While there still is no full definition of Typical, the use of Typical has been extended. Typical not 

only functions as a description of the ‘relevant’ part of the data to be used in comparisons, but also 

as a tool for determining whether ||exceptions|| have to be considered: <If the Typical area of two 

distributions is the same, one has to take exceptions into account>. Typical is not only a tool for 

describing these exceptions (as it is in Turn 22 for comparison of distributions), but rather in 

„The difference between 

the years 2012 and 1982  

is about 2 km²“ 
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deciding whether to consider values external to Typical in comparison of distributions. It has 

become a tool for use in a new kind of problem. 

Fig. 5: Consolidating Typical by switching between Object and Tool 

Throughout this episode, Typical expands its use and properties and touches on a wide range of 

aspects of regular statistical measures (Fig. 5): A measure that describes an area (Turn 43) in the 

middle of the distribution (Turn 2), consisting of no more than half the data points (Turn 43), 

indicating the location of the most dense area (Turn 3), to be used in comparing distributions (Turn 

24) and in identifying data points diverging from a central tendency (Turn 61) indeed shows many

similarities to properties and use of box plots. Under this perspective, box plots do not seem as 

challenging a concept as sometimes indicated (cf. Bakker, Biehler, & Konold, 2004). 

CONCLUSION 

Consistent to previous cycles, the students in the presented case study adopted the informal measure 

of Typical to characterize parts of the data as rule and exception. At the end of the interview, 

Typical stood for an area located in the middle of the distribution characterizing the ‘relevant’ part 

of the data, while also describing a tendency towards the part of the distribution where density is 

highest. This supplied the students with a concept-rich language for capturing ideas relating to 

statistical concepts such as centre, spread and skewness. After conceptualizing their measure 

through numbers, as laid out by the report sheets, they were able to use their informal measure of 

Typical as data-based backing for inferences about differences in the distributions of arctic sea ice. 

Contrary to the original description of the tool-object dialectic characterizing the emergence of 

mathematical concepts on a macro level, no clear progression from use as tool to object was found 

on the micro level. The learning processes are rather characterized by cyclic phases of use as tool 

and object, even starting at the investigation of Typical as an object. In each phase, either the 

definition of Typical or its adequate uses are expanded. Task setting, conflicting filled-in report 

sheets, and challenges by the researcher each play a part in initiating and mediating these phases. 

Still it is important to note that the students always keep the agency of their investigation, and 

Typical stays an informal measure. While this case study focussed only on two students, in the 

context of the whole design research project similar processes have been observed with all ten 

students from this cycle. Giving students opportunities to change the roles of their measures thus 

seems to be a promising way to build informal inferential reasoning. 

One of the main reasons for embracing informal statistical inference was to enable students to 

participate in statistical investigation. Drawing on informal measures takes this approach even one 

step further, as students’ reasoning before being taught regular measures is taken into account. 

However, using regular measures in drawing informal statistical inferences is still a goal of statistics 
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education. The next steps in research will be to broaden the investigation to additional students and 

to further investigate the link between individual and regular statistical measure. 
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YOUNG CHILDREN’S ABDUCTIVE REASONING ABOUT DATA 

Virginia Kinnear and Julie Clark 

Flinders University, South Australia 

This paper presents findings from a research study of five year old children in their first 10 weeks 

of formal schooling. The children reasoned abductively about what they observed in a data table. 

They spontaneously and exclusively drew from a picture storybook used to contextualize the 

problem in explaining the data. 

INTRODUCTION – YOUNG CHILDREN AS STATISTICAL LEARNERS   

This paper presents findings that are one part of a larger research study on young children’s 

reasoning about data. The study approached statistical learning as an investigative process that is 

developmental but not based on age (Franklin et al., 2007), and positioned young children’s ability 

to meaningfully engage in statistical problem solving as not dependent on possessing formal 

mathematical knowledge. Core characteristics of statistics were identified as delineation markers 

for determining what learning experiences young children can engage with that maintain the 

disciplinary integrity of statistics. In addition, in working to find an entry point for exploring the 

knowledge young children bring to statistical reasoning, statistical thinking was defined as the 

integration of statistical and contextual knowledge, information and concepts (Wild & Pfannkuch, 

1999) that draws predominantly on inductive reasoning processes.  Accordingly, young children’s 

statistical knowledge was seen as knowledge children bring to reasoned judgments they make or 

actions they take to make statistical sense of data. 

Young children beginning school do not have formal statistical knowledge and their life experience 

is limited by their age, and relevant development trajectories, criteria that can constrain their 

assessment of data properties, data patterns and forming data expectations (Masnick, Klahr, & 

Morris, 2007). Despite such constraints, young children can engage their existing knowledge of the 

contextual setting for a statistical problem and their experiences of the world, including knowledge 

of the way data has been created, to reason about data and come to a solution (Garfield & Ben-Zvi, 

2007). The context and framing of the data handling problems was therefore considered as central 

to the study. The design of the statistical problems aimed to engage and shape statistical reasoning 

and thinking processes, including data interpretation and knowledge of the context (Moore, 1990).   

CONTEXT AND YOUNG CHILDREN IN STATISTICAL PROBLEM SOLVING 

Statistics is used to solve, describe, measure and understand real-world problems (Schaeffer, 2006; 

Snee, 1988). Real-world problems then provide the impetus for, and end point of, a statistical 

problem solving process. The data context, the phenomena, setting or condition of a statistical 

problem contextualises the data (Mooney, Langrall and Nesbit, 2006), shapes statistical reasoning 

and thinking processes, and gives meaning to the data (North & Ottaviani, 2002). Young children 

engage their existing knowledge of the data context and their experiences of the world, including 

knowledge of the way data has been created, defined and measured, to find a problem solution 

(Pfannkuch, 2011). Data context therefore provides meaning for the data and becomes the framing 

structure for data analysis and reasoning (Garfield & Ben-Zvi, 2007). Data context is of critical 
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importance in the process of inferential reasoning in statistics, where data needs to be moved from 

being simply read to being used for sense making (Chick & Pierce, 2012). The role of data context 

in a statistical investigation however, can potentially create a contextual contradiction, as the 

context of a problem has the capacity to both motivate and mislead finding a problem solution. 

(Ben-Zvi, Makar, & Bakker, 2009). The task context, that is, the way context is situated and 

presented in a statistical problem provides the content, structure and sequence of the statistical 

problem to be solved. The task context therefore also has the potential to impact the type and use of 

knowledge and reasoning young children bring to finding a problem solution. 

In designing statistical problems for young children, picture story books have the potential to fulfil 

a dual contextual role in providing both task context and data context. One pedagogical approach to 

engage young children in problem solving is to use picture story books. Picture story books serve to 

provide contextual bridges between children’s experiences and the informal, vicarious experiences 

found between the pages of the book. The use of picture story books in instruction can provide a 

framework and environment for children’s active construction of knowledge and ideas for higher 

understanding (Elia, van den Heuvel-Panhuizen, & Georgiou, 2010). Studies note the importance of 

task structure in influencing probabilistic reasoning and the need to use children’s experience as the 

instructional starting point (e.g. Langrall & Mooney, 2005; Skoumpourdi, Kafoussi, & Tatsis, 

2009). There is little research however on how task contexts assist students to make sense of 

problems in different circumstances, and in particular how context in statistical problems influences 

young children’s statistical reasoning.  

ENGAGING INFERENTIAL REASONING IN STATISTICS 

A central characteristic of statistics is the inferential reasoning it engages, and in this respect it 

contrasts with mathematical processes and conclusions (Rossman, Chance, & Medina, 2006). 

Deductive reasoning is needed to argue for proof in mathematics (Stylianides, 2007), however 

statistics relies on inductive or probabilistic reasoning (Scheaffer, 2006). Inductive reasoning is 

needed to manage variation, uncertainty and multiplicity in statistical problem solving, reflecting 

that statistics is an applied methodology. A statistical solution aims to infer theory from known data 

to make reasonable statements supported by data (Kempthorne, 1980). Scheaffer (2006) points out 

that the principal differences between mathematical and statistical reasoning is most apparent in 

inferential statistical analysis when reasoning is done from evidence that does not necessarily have 

an explainable cause. 

The nature of inference and therefore inferential reasoning is to seek connections between 

information we have, and what we already know. In statistics, data must be used to inform and 

defend any inductively determined conclusions (Rossman et al., 2006). In doing so, inductive 

reasoning relies on and draws from statistical data to make judgments, be they decisions, 

predictions or generalisations. Inference can then be said to be the means of moving thinking and 

reasoning beyond the description of the immediate data to hand to the wider context in which the 

data have been generated. Makar and Rubin (2009) further emphasise the critical nature of context 

in moving thinking towards generalising or looking “beyond the data”.  

Abductive reasoning broadens our understanding of inferential reasoning and its role in statistical 

reasoning. Abductive reasoning is in essence a hypothesis or informed guess that begins with data 
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and provides the best explanation for data, given analysis of the available information (Fann, 1970). 

Examples are most visible when variation or data is encountered that is inexplicable and where it is 

clear that a connection is being sought between existing personal knowledge and the phenomenon 

under investigation. Inferential generalisations that provide a contextually based explanation or 

hypothesis to account for data can be explained by abductive reasoning, and so this form of 

reasoning acts as an extension of inferential reasoning (Gil & Ben-Zvi, 2011).  Abductive reasoning 

also connects to children’s use of intuition because young children tend to rely on the appearance of 

things in preference to logic and objective fact (Bjorklund, 2011). For young children intuitive 

understanding is about using what they already know. Intuition is also associated with creative 

thinking, as it is a quality that uses insight “to reach sound conclusions from minimal evidence” 

(Fisher, 2005, p. 26) so it plays a role in generating hypotheses and theories. Young children can 

engage with and intuit about statistical inference in appropriately supportive environments and 

where there is a range of possible data available to draw from (Paparistodemou & Meletiou-

Mavrotheris, 2010). For these reasons, abductive reasoning is of particular interest in early 

statistical learning because this may be the form of reasoning most readily available to young 

children when they engage in statistical problem solving, particularly when they encounter 

contextual variation or data that is inexplicable to them.  

RESEARCH DESIGN, PROCEDURE AND ANALYSIS 

The study participants were drawn from one class of fourteen children in their first term of school 

attendance (mean age 5 years 2 months) and their teacher at a State government primary school in 

South Australia, Australia. A qualitative design-based research method, informed by the Models 

and Modeling perspective (Lesh & Doerr, 2003) underpinned the study. Over a 10 week school 

term, four separate data modelling activities were implemented. The activities were designed using 

picture story books to stimulate data handling and reasoning in finding a solution to the statistical 

problem. Within each of the four data modeling activities there were 4 separate tasks: 1. the picture 

story book was read to the children and they were invited to respond and ask questions; 2. a warm-

up activity, where the book was read again and there was an activity to familiarise the children with 

the model-eliciting activity problem; 3. the model-eliciting activity where the children worked in 

small groups to find a solution to the problem that was posed and 4. a presentation and discussion 

activity where the children presented and discussed their solutions developed in 3. The data for this 

paper is from the third modelling activity implemented in week seven of data collection, and 

specifically from data collected in task 1 and 2 of the data modeling activity. The picture story book 

used to contextualise the data modelling activity was Litterbug Doug (Bethel, 2009). The data table 

that would be used in the task 3 was introduced to support data table reading and interpretation.   

The main character in the picture story book, Litterbug Doug was lazy and messy until he was 

taught to recycle by Michael Recycle, a recycling superhero, resulting in Litterbug Doug becoming 

a Litter Policeman, picking up rubbish for recycling in the town’s public park. The data table in 

Figure 1 (Figure 1) recorded three consecutive days of Litterbug Doug’s rubbish collection. Five 

items; apple cores, drink cans, newspapers, banana skins and old cheese, were each illustrated at the 

header of each row and the quantity collected was shown as numerical data values in columns. The 

fourth day column, Thursday, was left blank. The data problem the children would be posed asked 
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the children to predict what amount of rubbish Litterbug Doug collected on Thursday for each item, 

and to say why they thought that amount would have been collected. Before being given the 

prediction problem and moving to tables to work in groups however, the children were shown an 

A3 version of the data table and asked what they noticed about the numbers.   

Figure 1 (© Lyn English 2009)   Figure 2  Rubbish mound illustration (Bethel, 2009) 

The children’s group work and representations, including their discussions were captured using 

digital video cameras and audio recording devices. The recordings were transcribed, including 

descriptions believed to be relevant, such as vocal emphasis, body movements and facial 

expressions. Iterative cycles of inductive and deductive analysis enabled data to be reduced, an 

adequate framework for interpretation to be developed, and core theoretically based meanings and 

themes in the data to be identified. The four children in the findings below were between 5 years 1 

month and 5 years 2 months at the time of data collection.  

FINDINGS - CONNECTING DATA TO CONTEXT IN REASONING ABOUT DATA 

The blank Thursday column in the data table stimulated spontaneous speculation by four children 

who sought to explain the absent values. The findings were that the children interpreted the blank 

column as a zero amount or ‘no rubbish collected on that day’ and that their explanations 

consistently and exclusively connected their explanation of the empty column to the story line and 

illustrations in the picture story book. The children’s responses are presented in the order that they 

occurred. Toby was the first to respond and ran his hand up and down the Thursday column, stating, 

“this has nothing on it”, next touching the zero in the cheese row to explain;  

“That one probably is from all of them because he doesn’t like anything on this day (moves his finger up 

and down the Thursday column), maybe it goes with the zero (touches the zero in the cheese column).”  

Toby’s gestured explanation connected the Thursday column to the zero in the Wednesday column 

of the cheese row. His reasoning suggests that as a consequence of Litterbug Doug not liking, and 

therefore not collecting any cheese on Wednesday, nothing was collected on Thursday. Toby’s 

reasoning indicates that he had drawn on what he believed were the story character’s personal 

preferences to explain the data in the table, and in doing so, explicitly connected the zero value in 

the data table, the empty column and the context of the problem. His reasoning that Litterbug Doug 

collects rubbish based on whether he likes something or not connects his explanation of the 

observed ‘absence of data’ to what he knew of the data context from his knowledge of the picture 

story book. Toby’s explanation appears to connect to his expressed views and concerns in task 1, 
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that Litterbug Doug wasn’t likeable (his friends were rats, not people) and that Litterbug Doug had 

strong preferences that had got him into trouble – he was lonely, messy and dirty.  

Next, Isabel gestured along each row and then up and down the Thursday column, and drew from 

the plot in the story to explain; 

Um, I noticed that um, he probably, I um, think he didn’t collect any mouldy cheese that day, actually, I 

think he didn’t collect any apple cores this day, or tin cans this day, or any newspapers this day or banana 

skins this day or smelly old old mouldy cheese this day um, that’s because um this is the day when 

Michael Recycle showed, um, um Litterbug Doug help.  

Isabel gesturing was systematic - she named each item and gestured with her hand along each row, 

and then up and down the Thursday column, explicitly connecting and acknowledging that the 

blank Thursday column applied to all of the items collected. The teacher then queried Isabel, 

asking, “So you think this is the day that Michael Recycle helped him?” to which Isabel responded, 

“Yes, to throw away all his garbage”. Her explanation drew directly from the plot in the picture 

story book when Michael Recycle arrived and taught Litterbug Doug to recycle and clean up.  In 

task 1, the children had shown specific interest in the return of Michael Recycle, who had featured 

in the book used in the second data modelling activity and returned in Litterbug Doug as a familiar 

character and this interest is reflected in her explanation for the blank column.  

Another child Jade then stood and gestured along each table row, reading each data value and 

touching each blank space in the Thursday column, crouching and rising slowly to gesture how the 

character’s rubbish mound had grown larger and larger, explaining as she did that this is why there 

was nothing left to collect on Thursday: 

And there’s nothing there, nothing there, nothing there, and nothing there because he didn’t really collect 

anything on Thursday because he didn’t wanna do that because he had his mound um of rubbish 

(crouches down) go bigger, bigger bigger, bigger, bigger, bigger, bigger, bigger, bigger, bigger (slowly 

rises and uses her hand to show the increased size) and that’s why he didn’t collect anything on this day, 

‘cause there wasn’t any more things that, there wasn’t any more apple cores, and tin cans and newspapers 

and banana skins and cheese (touches each picture on the data table) and the um, and because on that day, 

the old, this was all gone and this was all gone, this was gone, this was all gone and this was all gone 

(touches each empty cell in the Thursday column) and that’s why there was none on Thursday. 

Jade’s gestures also show that she has connected the items, rows of data and empty Thursday 

column in the data table, and understood this mean that the blank column meant an absence of data 

on Thursday. She reasoned that rubbish was not collected by Litterbug Doug on Thursday using her 

knowledge of the story; that there is no data for Thursday because there was nothing left to collect. 

Her explanations are connected to her physical actions and description the many illustrations of 

high piles of rubbish in the book, as seen in the example from the picture book in Figure 2.   

Finally, Carl explained his observations and why he thought Thursday’s column was blank. 

Gesturing with his hand across the rows he said: 

Ah, Monday he could only find 2 apple cores, on Tuesday he could only find 5 apple cores and on 

Wednesday he could only find 4 apple cores, on Monday he could only find 4 cans and on Tuesday he 

could find 3 and only 2 here mm and on this day (indicates Thursday column) Thursday, Michael Recycle 

come on that Thursday then, then every person helped to get rid of all the rubbish and recycle it.  

In accord with Isabel and Jade’s explanations, Carl used gesture to indicate that the items heading 

each row and the subsequent data values for that row were directly connected to the empty cells for 
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on Thursday. Like Jade, Carl reasoned firstly that the changes in data values in the table were the 

result of the number of objects available for collection, so the variation in the environment impacted 

the quantity of items Litterbug Doug was able to collect. The book has multiple descriptions and 

explanations of different items of rubbish collected by Litterbug Doug before he learns to recycle. 

Carl’s second explanation links the blank Thursday column directly to events in the story book plot 

where he reasons that Thursday was the day when other characters helped Litterbug Doug to clean 

up. Both of Carl’s explanations drew on his knowledge of the picture story book.  

The children’s explanations highlight that information the children gleaned from the picture story 

book influenced the knowledge the children drew from to explain their predictions. Litterbug Doug 

was who prompted the children to spend some time in task 1 discussing their concerns about why 

he did not clean up after himself, how he had become so messy, and how he might “be good in the 

end”, that is, how the problem of messy Litterbug Doug who was dirty, friendless and did not 

recycle could be resolved. The children were less interested in the reformed Litterbug Doug at the 

end of the story and more interested in Litterbug Doug when he was a character with an ‘unresolved 

problem’ who had definite likes and dislikes.  

DISCUSSION AND CONCLUSION 

The children’s spontaneous explanations for the blank column for Thursday in the data table are 

notable because the children made explicit connections between the data table and the data context 

in seeking to explain the blank Thursday column. The children sought the best explanation they 

could for something that appeared as novel to them and therefore inexplicable, the blank column, 

and formed a hypothesis to explain it. The children provided what was for them at the time, a best 

explanation for the data, and made a clear connection between the data table and their existing 

knowledge of the data context, which was the picture story book in doing so. They provided 

contextually based explanations to account for the data anomaly they observed and provided an 

inferential generalisation that characterises abductive reasoning (Gil & Ben-Zvi, 2011). The 

children’s intuitive responses can be observed in their use of the illustrations and plot from the story 

book to creatively come to a conclusion that they could both articulate and evidence.  

These findings reflect research on students’ informal inferential reasoning where hypothetical, 

contextualised reasons or generated hunches are used by children to explain data (Gil & Ben-Zvi, 

2011). Discovering meaning in data requires conjecturing about the context of the problem based on 

the data (Pfannkuch, 2011). The children had not been presented with the prediction problem when 

they made their explanations. It is not unreasonable to suggest that their explanations for the data 

table show that the blank column was for them, a problem presented by the data: Thursday was 

empty. In this case, the children drew from the story to hypothesise about why data wasn’t there. 

They engaged abductive reasoning and spontaneously drew from the data context, the story book, to 

explain what they read in the data table.  Previous studies have shown that real world knowledge 

and beliefs that children hold about the data context can disrupt the use of data-based evidence 

(Garfield & Ben-Zvi, 2007). In this study, the children’s visible knowledge base was firmly 

anchored to the data context provided by the story book, which served to provide a meaningful data 

context. The children did not use other real-world knowledge in explaining the data, their verbal 
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explanations relied entirely on the context provided by the story. This is significant as it suggests 

that children have the capacity and ability to draw from data context knowledge to provide support 

for and explain data observations, if the connection to the data context source is meaningful (Gil & 

Ben-Zvi, 2011).  

The findings provide further support that young children can engage with and intuit about statistical 

inference in appropriately supportive environments (Paparistodemou & Meletiou-Mavrotheris, 

2010). The findings in this study suggest that picture story books such as Litterbug Doug that 

captivate children’s interest, and data that provokes uncertainty, such as the inclusion of unexpected 

data values (such as zero) or novel data table characteristics, may stimulate inductive reasoning that 

draws from, and significantly connects to, the data context of the statistical problem. As the 

findings from this study reveal, young children’s explanations of their interpretations of the data, 

revealed the contextual basis and inductive reasoning used to make data decisions. The picture story 

books were found to integrate the task and data context, providing a context for the modelling 

activities that was   ‘real-world’ and establishing a meaningful knowledge base to draw from in 

finding a solution to the problem that was posed. The children’s use of the data context highlights 

the impact of data context knowledge on young children’s reasoning about data they observed.  

The findings indicate that explicitly linking the modeling problem directly to the picture story book 

can stimulate an active engagement with the data context in statistical problem solving. Task 

contexts should be relevant to children’s interests and provide situations that elicit the development 

and extension, exploration and refinement of significant mathematical constructs (Lesh & Doerr, 

2003). The task design of data modeling activities should create connections between real world 

knowledge and possible solutions to problems by embedding core statistical constructs that generate 

statistical thinking and are elicited as children work the problem (English, 2003). The findings 

demonstrate that the activities provided young children with conceptual access to statistical ideas 

(Perry & Dockett, 2008) and stimulated statistical reasoning processes. Although general agreement 

is not found amongst researchers about what components are necessary for informal inferential 

reasoning, the children in this study used their observations about data with context in mind, to 

make decisions and engage fundamental aspects of data handling (Makar & Rubin, 2007). If 

statistical inference is broadly defined then these findings are a valuable starting point on the 

pathway to informal inferential reasoning with young children and the role of task design in 

statistical problem solving.   
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The purpose of this paper was to examine the extent to which statistical literacy is promoted in the 

Lebanese mathematics curriculum up to grade 9. A mixed-method analysis was used, involving both 

qualitative and quantitative examinations of the curriculum guidelines and the chapters on Statistics 

in the national textbook for grades 4 to 9. The GAISE model was used as a framework for the analysis. 

Results revealed an overemphasis on limited statistical procedures and negligence of important 

concepts and steps of the statistical processes, mainly Formulating Questions, Collecting Data and 

Interpreting Results.  

INTRODUCTION 

One of the most important characteristics of the 21st century is the prevalence of quantitative 

information all around us. Statistical literacy abilities, including the abilities to understand, evaluate 

and comfortably critique data-based claims, become essential skills that every citizen should acquire. 

Steen (2001) argues that “quantitative literacy empowers people by giving them tools to think for 

themselves, to ask intelligent questions of experts, and to confront authority confidently. These are 

the skills required to thrive in the modern world” (p. 1). Gal (2002) suggests some key questions that 

any informed citizen or consumer of information should ask when prompted by a scientific study. 

Such questions include: inquiring about the nature of the study involved, the sample and 

measurements used, the graphs and numerical summaries generated, the amount of information 

available to consumers, and finally the limitations of the study involved.  

The urge for such skills calls for reforms in statistics education. Countries worldwide have responded 

to such calls. In the USA, for example, with the Common Core State Standards, the statistics subject 

has been given an important place in the curriculum with a new perspective, which attributes a 

considerable place to abilities that were neglected before, such as formulating questions and making 

sense of statistical data. 

Many definitions of statistical literacy are found in the literature. These definitions are different, but 

have many aspects in common. Gal (2002) defines statistical literacy as “people’s ability to interpret 

and critically evaluate statistical information and data-based arguments appearing in diverse media 

channels, and their ability to discuss their opinions regarding such statistical information” (p. 2). 

Rumsey (2002) suggests the substitution of the phrase “statistical literacy” by two phrases. The first 

one, “statistical competence”, refers to basic skills needed to develop critical thinking and reasoning; 

whereas, the second phrase “statistical citizenship” refers to skills required to develop statistically 

educated citizens capable of surviving in the era of data and technology. Watson (1997) presents a 
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broad definition, including three elements that may lead to “the ultimate aim” in achieving statistical 

literacy:  

1) Acquiring basic terms and concepts of statistics;

2) Recognizing statistical terms and concepts included in real contexts; and

3) Developing a critical habit of mind such as questioning, criticizing and contradicting

claims. 

As opposed to mere procedures, higher-level reasoning skills are involved in Watson’s and others’ 

definitions. 

Many researchers maintain that, for one to become statistically literate, s/he should have acquired 

basic knowledge of statistical elements at an early age, and developed statistical skills and reasoning 

throughout his/her schooling years (Garfield & Ben-Zvi, 2007). Franklin et al. (2007) present a 

detailed roadmap for achieving statistical literacy at school and college levels by introducing two 

reports presenting curriculum guidelines for promoting statistical literacy. In particular, in their 

school-level report, they identify a statistically literate graduate as one who is capable of formulating 

appropriate statistical questions that can be answered with data collection, data analysis using 

appropriate measurement tools, and interpretation of results obtained. These two reports are the 

outcome of a project known as GAISE (Guidelines for Assessment and Instruction in Statistics 

Education). 

CONTEXT AND STATEMENT OF THE PROBLEM 

In Lebanon, the educational system includes two types of schools, the public schools managed by the 

government through the Ministry of Education, and the private schools, owned and managed by 

individuals or associations. Despite the wide margin of freedom given to the private schools in setting 

their own policies and choosing their textbooks, the educational system in Lebanon is rather a 

centralized one. A national curriculum is in effect, which is binding to both, public and private 

schools. The public schools are bound to implement the national curriculum and national textbooks, 

both developed by committees under a governmental body, the Center for Educational Research and 

Development (CERD). Private schools, on the other hand, may implement other programs (including 

French, American, German, or IB programs) and may use different, foreign or local series of 

textbooks. However, they are bound to abide by the national curriculum. A major means to control 

schools’ adoption of the national curriculum is the national exam, referred to as official exam, which 

is based on nation-wide tests in various disciplines, among which mathematics has a relatively 

important place and high weight.  

Official exams take place in Lebanon every year at two grade levels: the end of the intermediate cycle 

of study (grade 9), for the “Brevet” certificate, which gives access to secondary school,  and the end 

of secondary level (grade 12), for the “Baccalaureate” certificate and graduation from pre-university 

education. The official exams in Lebanon are high-stakes exams and have an imposing power. Private 

schools gain and measure their reputation by the percentage of success of their students in the official 

exams. Most private schools, which usually do not adopt the national textbook series, shift to the 

national textbooks in the last year, or two years, preceding the official exams (i.e. in grades 8 and 9, 
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and grades 11 and 12), in order to guarantee their students’ preparation for the national exams, which 

usually go along the approaches adopted in the national textbooks. 

The Lebanese Educational Center for Research and Development (ECRD), which is under the 

Ministry of Education, released in 1997 the math curriculum guidelines that were considered, at that 

time, as a major reform. These guidelines are still in effect till present. The reform added new subjects 

that were overlooked in the older curriculum, including a strand named Probability and Statistics 

(ECRD, 1997). Statistics instruction starts in grade 4 (age 9), continues over the elementary school 

(up to grade 6), then through middle school (grades 7, 8 & 9, age 12 to 14), till graduation from 

secondary school (grades 10 to 12, age 15 to 17). 

Despite professional development workshops for math teachers, specifically in statistics, weaknesses 

in the teachers’ practice and students’ learning / achievement in statistics were observed. Such 

observations are also reflected by the poor performance of Lebanese grade-8 students in the Data and 

Chance strand of the 2011 TIMMS exam, with an average score of 393 that is lower than their scores 

in other strands such as in Algebra (471), Geometry (447), and Number Theory (451). 

The purpose of the present paper is to investigate to which extent the components of statistical literacy 

are addressed in the Lebanese statistics curriculum guidelines and the national textbook, in grades 4 

through 9, and thereby, determine the level of statistical literacy that Lebanese students would reach 

by the end of grade 9. The GAISE model is adopted as a framework for analysis. The following 

questions guide the study: 1) To what extent does the Lebanese Math curriculum for grades 4 to 9 

address statistical Literacy - as delineated in the GAISE framework?, and 2) To what extent do the 

Lebanese Math national textbooks for grades 4 to 9 address statistical Literacy?  

THE GAISE FRAMEWORK 

The GAISE framework (Franklin et al., 2007) for k-12 level emphasizes the importance of developing 

statistical literacy starting from early grades, the role of context in choosing statistical activities, and 

the role of probability as an essential tool in making statistical inferences. According to Franklin et 

al. (2007), statistical problem solving is an “investigative process” made up of four components: 1) 

Formulate Questions (FQ), 2) Collect Data (CD), 3) Analyze Data (AD), and 4) Interpret Results 

(IR). In addition to these components, the role of variability in each component is identified.  

The authors present the framework in a two-dimensional model. The first dimension involves the 

steps necessary to achieve statistical literacy, whereas the second dimension comprises three 

developmental levels A, B, and C. The framework doesn’t suggest an age group for each teaching 

level; rather, it is assumed that a student at level B must have acquired the skills of level A. The level 

C is not considered in the analysis conducted in this study, as it relates to at least secondary school. 

METHOD 

A mixed-method of analysis (qualitative and quantitative) was used. The qualitative analysis entailed 

the examination of the Lebanese math curriculum guidelines in terms of instances reflecting statistical 

literacy, as well as the structure and flow of chapters on statistics, in the national textbooks for grades 

4 to 9, in order to get insight on the objectives stated for each chapter, and to study the depth and 

breadth of the core content. 
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The quantitative analysis involved the examination of the chapters on statistics in the textbook for 

each grade level from 4 to 9. The aim was to discover the level of statistical literacy addressed 

particularly in the Exercises/Problems section in each chapter using the four components of GAISE 

as a framework. Each exercise/problem in this section was divided into question items. Each item is 

then mapped onto one of the four components of GAISE.  

Some questions in the Exercises/Problems section of the chapter may consist of more than one item. 

For example, consider the following exercise found in the grade-7 textbook: 

“In view of examining the age of 30 students, the following list was obtained: 

Figure 1: Example from grade-7 statistics chapter 

Organize the data in a table including the character values and corresponding frequencies” (ECRD, 

1999, p.164) 

Here, students have to arrange the numbers in increasing order first then find the number of counts 

for each age. This question is considered as comprising two question items: first, arranging the values, 

and second, finding the frequencies; consequently each one is mapped separately onto one of the 

GAISE components. 

It is to be noted that, in order to adapt to the Lebanese context and classify the exercises/problems 

more accurately, the framework was slightly modified, mainly for the Analyze Data (AD) component. 

The Analyze Data component is indeed a crucial and long phase in the whole investigative process. 

It requires competency in:  

1) Summarizing data collected using appropriate graphical and numerical representations, and

2) Using appropriate methods to analyze data.

For this reason, it was imperative to subdivide this component into three categories, the first of which 

is graphic based, and the other two are table and number based: 

1) The Analyze Data - Graphical Representation (ADGR) componen involves the reading and

construction of graphs. According to the GAISE model, simple graphs like dot-plots, line or bar 

graphs are recommended for level A students; more advanced graphs are added at level B, such as 

histograms and stem and leaf plots. Moreover, since the pie (or circle) graph requires the use of 

proportional reasoning, GAISE advocated its inclusion at level B rather than level A.  

2) The Analyze Data - Numerical Summaries: Frequency tables/Frequency Calculations (ADNS1)

component involves the organization of data and its representation in an absolute frequency table 

(level A) or a relative frequency table (level B). Any calculation needed to fill a frequency table falls 

under this component. Moreover, since calculations of relative frequencies require the use of 

proportional reasoning, the GAISE advocated its inclusion at level B rather than level A. Furthermore, 

although calculations of cumulative frequencies and their corresponding relative cumulative 

frequencies are not acknowledged by the GAISE, they were included in this study as level B.  
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As examples of the Frequency Tables/Frequency Calculations (ADNS1) component, the two grade 7 

objectives, “organize data in a table” and “set up the corresponding frequency table”, are considered 

under the Frequency tables/Frequency calculations (ADNS1) component as  level A, hence (ADNS1, 

A); whereas the two grade 8 objectives, “calculating the frequencies” and “calculating the cumulative 

frequencies for a statistical distribution”, fall under the Frequency Tables/Frequency Calculations 

(ADNS1) component as level B, hence (ADNS1, B). 

3) The Analyze Data - Numerical Summaries/Single Answer (ADNS2) component involves the

calculations of two types of measures: the central tendency measures (or measures of center) and the 

measures of spread. Calculations of the measures of center include calculations of the mode, mean, 

or median of a statistical distribution; whereas calculations of the measures of spread include the 

calculations of the range, standard deviation, or quartiles of a data set. Using these measures, students 

should be able to compare distributions and make decisions regarding variations in data by analyzing 

their relations to the mean, or the median of these distributions. However, in the Lebanese statistics 

curriculum, the mean is the sole measure of center required for grade 9. Lebanese students are not 

introduced to measures of spread until grade 10. 

CURRICULUM GUIDELINES ANALYSIS 

The curriculum guidelines document (ECRD, 1997) consists of 1) an introduction to the math subject 

delineating the nature of mathematics as a discipline and the approach adopted in the curriculum, 2) 

the general objectives of the discipline, 3) the scope and sequence for each grade level, and 4) the 

objectives for each grade level. The aim of the following section is to study the instances related to 

statistical literacy development, as reflected by the different sections of the curriculum guidelines, to 

examine the development and sequencing of statistical concepts across grade levels 4 to 9, using the 

GAISE as framework. 

The curriculum document (ECRD, 1997, p. 288) for mathematics claims in its general introduction 

that students will “pose questions, formulate hypotheses, and verify them”, “interpret results using 

symbols, graphs, and tables,” and “communicate and explain situations to others”. These goals are 

stated about the whole math curriculum. The document doesn’t mention anything in particular about 

the goals of the statistics part. However, if projected on the subject of statistics, these goals concur 

with the commonly recognized definitions of statistical literacy, as well as with the GAISE. 

According to the curriculum document, the novel subject, including both statistics and probability, 

“allows the new generation to adapt better to socioeconomic problems” and to “express information 

orally, in writing and/or with the help of mathematical tools” (ECRD, 1997). Moreover, the essential 

general aim of the new mathematics curriculum, as stated in the guidelines document, is “to form a 

citizen capable of critical thinking and intellectual autonomy” (p. 288, 289).  

The analysis of the more specific objectives per grade reveals, however, inconsistency with the above 

general goals. The strand’s objectives tend to focus on the procedural aspects of statistics, neglecting 

conceptual understanding and critical statistical competencies such as Formulating Questions, 

Collecting Data, and Interpreting Results. Though “interpreting results” is stated as one of the 

objectives, it is required only at a basic level at all grades. Furthermore, variability, which is the core 

of statistics, is not acknowledged until the secondary school, where it is taught only as a set of 

formulas. Stripping away these major components of statistics (formulating questions, collecting 
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data, variability, and thorough interpretation of results) at both, the elementary and middle schools, 

makes this subject merely procedural, useless and fragmented to students.  

TEXTBOOK ANALYSIS 

In this section we present the results of analysis of the statistics chapters in the Lebanese mathematics 

textbooks, from grade 4 to grade 9. These results are the outcome of mapping all exercises/problems 

in those chapters for each textbook, against the GAISE and added components. Table 1 presents the 

combined results for all grade levels 4 to 9, showing the percentages of question items matching each 

of the GAISE and the added components, with respect to the total number of question items (158 

items). 
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Gr. 4 0 0 1 9 0 0 0 0 0 0 0 0 

Gr. 5 0 0 15 7 0 4 0 0 0 5 0 1 

Gr. 6 0 0 2 5 0 1 0 0 2 4 0 0 

Gr. 7 0 0 9 13 0 1 0 0 0 3 0 0 

Gr. 8 0 0 10 4 0 8 0 0 7 10 0 0 

Gr. 9 0 0 8 6 11 0 0 0 4 8 0 0 

4 to 9 0 0 45 44 11 14 0 0 13 30 0 0 

In % 0% 0% 28.5% 27.8% 7% 8.9% 0% 0% 8.2% 19.0% 0% 0.6% 

Table 1: Distribution of question items in Grades 4 to 9 over GAISE components 

Table 1 shows a complete neglect of the Formulate Questions and the Collect Data components for 

both developmental levels A and B. None of these components were addressed in any of the chapters’ 

objectives for any grade level. Moreover, an equal concentration of around 28% was found, at level 

A, between the two Analyze Data components, namely the Graphical Representation (ADGR, A) 

and the Numerical Summaries 1 – Frequency Tables / Frequency Calculations (ADNS1, A). 

Consequently, 56 % of all the items focus on: 

1) Arranging and organizing data in a frequency table,

2) Reading and extracting information directly from a graphical display,

3) Representing data graphically, mostly in bar graphs, and

4) Shifting from one representation to another; from tabular to graphical and vice-versa.

In addition, it was found that the greatest focus in all grade levels is on bar and circle graphs, thereby 

neglecting other important graphical representations such as dot-plots, scatterplots, histograms. 

Moreover, none of the objectives or the question items address important features of graphs such as 

scaling, labeling of axes, misuse of graphs, or selection of suitable types of graphs. 

The 7.0 % obtained for the (ADNS2, A) component, which deals with the calculations of numerical 

summaries, such as finding the measures of center – the mode, the median, and the mean - of a data 

set, and also calculating the range as a measure of spread, are the results of 11 grade-9 items that 

require the direct procedural calculation of the mean; This component has never been addressed at 

earlier grade levels, neither has it been addressed conceptually. 
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Moreover, when an objective states “interpret graphical displays”, as is the case in grades 5, 8, and 

9, it was found from the analysis of the Activities, Text, and Exercises/Problems sections that this 

objective doesn’t have the same meaning as the GAISE’s Interpret Result component; it simply 

means “read and extract information” from a graphical display. Though the Interpret Results 

component at level A can be easily achieved through adding items that trigger students to find 

important features such as the least, the most, the typical, or the most representative values in a data 

set, it is poorly addressed in the Lebanese statistics curriculum. Only 9 % of the items address the 

meaning of Interpret Results, as advocated by the GAISE; out of the 14 item questions for the (IR, 

A) component, four are found in grade 5.

Furthermore, the developmental level B is addressed only through two objectives, “calculating 

relative frequencies” and “presenting data in circle graphs”. Consequently, students leave 

intermediate school while having acquired only some of the procedural aspects of the developmental 

level A; as for level B, calculations of relative frequencies and construction of circle graphs are the 

only competencies addressed. 

CONCLUSION 

The results found in this study concur with similar results reported internationally, at different phases 

of the development of their curricula, though to various extents.  

Batanero, Burrill and Chris (2011) state that "statistics in many school curricula was reduced to a 

formula-based approach that resulted in students who were ill-prepared for tertiary level statistics and 

adults who were statistically illiterate” (p.2). The authors, therefore, suggest the use of a data-oriented 

approach in introducing statistical concepts where students are given the opportunities to design and 

conduct their own experiments and investigations before embarking in the sophisticated process of 

analysis and interpretation, aiming at developing students’ statistical thinking and reasoning.  

The results of this study call for a serious revision of the statistics curriculum. Lebanese students need 

to build a repertoire of data generation and processing tools before they engage in the process of 

analyzing and interpreting data. However, and as many mathematics and statistics educators 

recommend, these competencies should be “developed over time rather than presenting such a 

complex network of integrated ideas in the final school year” (Pfannkuch & Wild, 2012, p. 2). 

Statistical literacy skills need to be developed starting early grade levels. 
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LIMITATION OF CAUSAL INQUIRY IN STATISTICS EDUCATION AND 

IDEA FOR OVERCOMING THE LIMITATION 

Hiroto Fukuda 

Graduate School of International Development and Cooperation (IDEC) 

Hiroshima University, Japan 

This study identifies the significance of causal inquiry in statistics education, discusses the reason 

why it is not handled in statistics education, and suggests an idea for overcoming this limitation. 

The significance of causal inquiry in statistics education is that the context-based discussion 

judging whether correlation is causality or not enables children to be brought up with the skill of 

explaining to others, which is the transformation from the subjective judgmental process to the 

intersubjective one. Further, I clarify that causal inquiry is not handled in statistics education 

because the linguistic turn from mathematical to linguistic causality is not reflected in statistics 

education. To handle causal inquiry, statistics education needs to add interpreting with language to 

logical explanation with mathematics. For this purpose, I focus on the cause and effect diagram. I 

further discuss how by preparing such diagrams and a story about causal inquiry, children can 

develop a consciousness for causal inquiry and both explaining and interpreting can be handled in 

statistics education. 

INTRODUCTION 

From the inception of mathematics education, its three pillars, algebra, geometry, and analysis, have 

remained unchanged. However, the era of the information-oriented society is fast approaching, and 

this necessitates the substitution of traditional mathematics education with new mathematics 

education (cf. Wallman, 1993; Gal, 2002; Utts, 2003; Ben-Zvi & Garfield, 2004; Gal, 2004; 

Shaughnessy, 2007). New mathematics education aims to bring about literacy on information. Thus, 

statistics is the fourth pillar of new mathematics education. According to Garfield & Ben-Zvi 

(2004), the eight big ideas of statistics are data, distribution, trend, variability, models, association, 

samples and sampling, and inference. Further, Watson (2013) describes five big ideas of classroom 

statistics: informal inference, distribution, variation, expectation, and randomness (Fig 1). In both 

these groups of big ideas, as inference is the final statistical activity and makes use of the other 

ideas, it plays an important role in connecting the ideas and blending them. In the literature, there 

are many studies on the big ideas that are used for inference, such as research on distribution (e.g., 

Reading & Shaughnessy, 2004; Garfield & Ben-Zvi, 2007), variation (e.g., Watson, 2002; Garfield 

& Ben-Zvi, 2007; English & Watson, 2016), expectation (e.g., Watson & English, 2015; English & 

Watson, 2016), and randomness (e.g., Batanero & Serrano, 1999; Paparistodemou, Noss, & Pratt, 

2002; Batanero, 2015). Further, statistics education research on inference such as informal 

inferential reasoning (IIR) (e.g., Zieffler, Garfield, delMas, & Reading, 2008; Makar, Bakker, & 

Ben-Zvi, 2011; Pfannkuch, 2011; Pfannkuch, Arnold, & Wild, 2015), and studies on the statistical 

inquiry process, which focuses on the procedures and process for IIR, are accumulating (e.g., Wild, 

1994; Wild & Pfannkuch, 1999; Makar, 2008). 
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Fig 1: Interrelated big ideas underlying statistics (Watson, 2013) 

Disciplinary statistics inquires about the cause by considering the present to be the effect or about 

the effect in the future by using the result of a former inquiry, that is, disciplinary statistics 

developed as a result of causal inquiry. In fact, the final purpose of disciplinary statistics is causal 

inquiry. Therefore, in statistics education, it is indispensable that children inquire about causality, 

creating several statistical criteria. However, instead of mentioning causal inquiry, the Japanese 

statistics curriculum describes understanding statistical concepts, calculation of statistical data, and 

reading of these concepts and statistics (see Table 1). 

Grade Learning Statistical Content 

Elementary 1
st

Representation of quantity with picture and illustration 

Elementary 2
nd

Simple table and graph 

Elementary 3
rd

Table and bar graph 

Elementary 4
th

Two dimensional table, line graph 

Elementary 5
th

Circle graph, column graph 

Elementary 6
th

Average of data, frequency distribution, possible outcome 

Lower secondary 1
st

Histogram, representative value, margin of error and approximation 

Lower secondary 2
nd

Probability 

Lower secondary 3
rd

Sample survey 

Upper secondary 1
st

Variation of data, correlation, number of possible outcomes, and 

probability 

Upper secondary 2
nd

Probability distribution, statistical inference 

Table 1: Contents of the statistics curriculum for each grade in Japan

(Ministry of Education, 2008a, 2008b, 2009) 

TSG-15

150



Fukuda 

1 - 3 

The contents of the statistics curriculum of grades from elementary to high school in New Zealand 

are similar to those in Japan. The only characteristic difference between the two curricula is the 

inclusion of the sentence “through statistical inquiry process” in the New Zealand curriculum (cf. 

Ministry of Education).  

Thus, it is clear that there is no mention of causal inquiry in both statistics curricula. Causal inquiry 

is significant in statistics education because, normally, gaining an understanding of statistical 

concepts, calculation of statistical data, and reading about statistical concepts and statistics imply 

inquiring about causality. However, causal inquiry cannot be handled in statistics education. I 

structure this study as follows. I first confirm the significance of causal inquiry in statistics 

education, then identify the reason why it is not handled in statistics education, and finally provide a 

suggestion for overcoming this limitation. 

SIGNIFICANCE OF CAUSAL INQUIRY IN STATISTICS EDUCATION 

As the historical transition of causality is described in detail by Pearl (2000, pp.401-428), I discuss 

the significance of causal inquiry in statistics education by summarizing his disquisition. 

In science, causality is discussed by many, including Galileo, Hume, and Russell. Galileo showed 

that “description first, explanation second - that is, the ‘how’ precedes the ‘why’ ” (ibid., p.404) and 

“(algebraic equations) enabled engineers, for the first time in history, to ask ‘how to’ questions in 

addition to ‘what if’ questions” (ibid., p.405; words inside the parenthesis are my addition). On the 

same topic, Hume explained that “the why is totally superfluous as it is subsumed by the how” (ibid., 

p.406) and suggested that causality is the product of observations. However, Russell disagreed with

Hume’s suggestion. According to him, as the concept of causality is metaphysical, it cannot be 

defined accurately, and although it is possible to give brief sketches of concepts in science, 

causality cannot be given a brief sketch. However, in statistics, Galton suggested making a clear 

distinction between causality and other relationships, and Pearson proposed the concept of 

correlation coefficient in the form of the contingency table. The invention of the correlation 

coefficient has resulted in the development of various disciplinary areas. Henceforth, causality was 

not handled in statistics. 

In Newton’s equation of motion, f = ma, f (force) is the product of m (mass) and a (acceleration); 

hence, this is the isomorphism of the correlative concept. This is because similar to correlation 

being the relationship between two phenomena or variables, f = ma is the relationship between 

force, mass, and acceleration. The meaning of f = ma, the isomorphism of the correlative concept, is 

called the correlative meaning. The correlative meaning f = ma does not show the phenomenon 

involving time, that is, the relationship between causes and effects. However, causal inquiry is 

human nature because humans are alive in the passage of time. In the equation of motion, as the 

acceleration does not cause the force but the force causes the acceleration, the causal relationship 

between causes (force) and effects (acceleration) must be inquired. The equation f = ma does not 

involve time, but it has correlative meaning. On the other hand, although it is not clear whether 

direct causality exists or not in f ⇄ ma, which is f = ma involving time, at least the relationship 

between causes and effects (indirect causality) exists. Thus, the meaning of f ⇄ ma, which is the 

isomorphism of the causal concept, is called the causal meaning. Further, Clement (2000) calls the 

correlative meaning empirical law hypothesis and the causal meaning explanatory model hypothesis. 
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Clement (2000) and Lesh, Lovitts, & Kelly (2000) explain both the hypotheses using the ideal gas 

law as an example. 

Although there is correlation when there is causality, it is not necessary that there is causality when 

there is correlation. Hence, correlation is a necessary condition for causality. In other words, 

examining correlation is indispensable in causal inquiry, and this examination is based on the data. 

Then, it is difficult to conduct a discussion based on the data when it is judged whether correlation 

is causality or not, as this judgment is fundamentally based on the context. Thus, causal inquiry 

requires both data and context. A context-based discussion that judges whether correlation is 

causality or not involves individual experiences, as a result of which the discussion becomes 

subjective. Therefore, an individual’s subjective evaluative process must be transformed into the 

intersubjective one of several persons.  

I summarize the above consideration here. The history of science is the historical transition of 

causality, especially statistics, which needs to make a distinction between “causality” and “non-

causal  relationships,” has to work on causality. In this sense, causality is significant in statistics 

education. The concrete educational significance of causality is that the context-based discussion 

judging whether correlation is causality or not enables children to be brought up with the skill of 

explaining to others, which is the transformation of an individual’s subjective evaluative process to 

the intersubjective one of several persons. 

REASON WHY CAUSAL INQUIRY IS NOT HANDLED IN STATISTICS EDUCATION 

In the previous section, I discussed the significance of causal inquiry in statistics education. In spite 

of its significance, causal inquiry is not handled in statistics education. Thus, a hypothesis can be 

framed using the reasons why although causal inquiry must be handled in statistics education, it is 

not possible. I consider these reasons in this section. 

According to Ishikawa(2012/2015), there are four types of causality: realistic causality, 

epistemological causality, mathematical causality, and linguistic causality (pp.163-165). The 

starting point of any discussion on causality is realistic causality, proposed by Newton. Next, we 

discuss epistemological causality, proposed by Hume and Kant, and mathematical causality, by the 

Leibnitz-Clarke correspondence. Finally, we consider linguistic causality, proposed by Wittgenstein 

and Rorty. Kant calls the transition from realistic to epistemological causality the Copernican 

revolution, and Wittgenstein and Rorty calls the turn toward linguistic causality from 

epistemological and mathematical causality the linguistic turn. The four types of causality are 

differentiated by the premise object and the emergence object. Realistic causality is understanding 

the world. As epistemology deals with personal beliefs, epistemological causality is subjective and 

is associated with the human senses. Next, as mathematics is very formal, mathematical causality 

refers to logical explaining with mathematics. Finally, as linguistics includes not only logic but also 

intersubjective expression, linguistic causality refers to logical explaining and interpreting with 

language. Table 2 summarizes the four types of causality. 

Bruner (1996) discusses the difference and the relationship between explaining and interpreting: 

(Explaining) aims to elucidate the necessary and/or sufficient conditions that enable us to 

recognize a mental state. […] The interpretive way is after-the-fact and typically context- 

dependent, and therefore “historical”. […]. There is something that is in principle hybrid about 
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Kind of Causality Premise Object Emergence 

Object 

Meaning 

Realistic causality World Epistemology Understanding 

Epistemological causality Epistemology World Subjective associating 

Mathematical causality Mathematics World Logical explaining 

Linguistic causality Linguistics World Logical explaining / 

interpreting 

Table 2: Characteristics of the four types of causality 

the study of children’s developing theories of mind, inasmuch as it appears to entail both causal 

explanation and interpretation. (pp.102-104; words inside the parentheses are my addition) 

Thus, it is important to handle linguistic causality, that is, both explanation and interpretation, in 

statistics education. Thus, the causality discussed in this study is linguistic causality. Currently, the 

causality handled in statistics education is mathematical causality (logical explaining) based on 

numerical values and graphs, including statistics, probability, distribution, and so on. Hence, the 

reason why causal inquiry is not handled in statistics education is that statistics education does not 

reflect the linguistic turn from mathematical causality to linguistic causality. 

IDEA FOR OVERCOMING THE LIMITATION OF CAUSAL INQUIRY IN STATISTICS 

EDUCATION 

In the previous section, I clarified the limitation of causal inquiry in statistics education. Here, I 

suggest an idea to overcome this limitation. Statistics education needs to add interpretation to 

logical explanation. To explain this, I use the “cause and effect diagram” proposed by Ishikawa. A 

cause and effect diagram shows “the relationship between an effect and causes” (Ishikawa, 1984, 

p.89; in my translation). Sometimes, it is called the “Ishikawa diagram” or  the “fishbone diagram.”

Fig 2 is an example of a cause and effect diagram. 

Fig 2: A cause and effect diagram example 

I explain the cause and effect diagram shown in Fig 2. Using the figure, the causes for the traffic 

accident of a car are inquired. First, the following viewpoints for finding causes are designed: 

Tire 

Roads 

Mirror 

Car 

Traffic rules 

Cause 

Manner 

Humans 

Driving 

technique 
Traffic accident 

of the car

Circumstance 

Effect 
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Circumstance, Car, and Humans. Then, we try to find the causes from each viewpoint: Roads, 

Traffic rules, Tire, Mirror, Driving technique, and Manner. Finally, the cause and effect diagram 

shown in Fig 2 is made. When children prepare such diagrams, they make a story about causal 

inquiry using both data-based explanation with mathematics and explanation-based interpretation 

with language. In this way, intersubjectivity for causal inquiry is ensured.  

In summary, by preparing cause and effect diagrams and making stories about causal inquiries, 

children develop a consciousness for causal inquiry and both explaining and interpreting can be 

handled in statistics education. In this way, the linguistic turn from mathematical to linguistic 

causality is accomplished, and I suggest this idea for overcoming the limitation of causal inquiry in 

statistics education. 

CONCLUSION 

The purpose of this study is to confirm the significance of causal inquiry in statistics education, 

identify the reason why it is not handled in statistics education, and finally suggest an idea for 

overcoming this limitation. In order to achieve this purpose, I consider the historical transition of 

causality. As the result of this consideration, the concrete educational significance of causal inquiry 

is that the context-based discussion judging whether correlation is causality or not enables children 

to be brought up with the skill of explaining to others, which is the transformation from an 

individual’s subjective evaluative process to the intersubjective one of several persons. Further, I 

clarify that the reason why causal inquiry is not handled in statistics education is that it does not 

reflect the linguistic turn from mathematical to linguistic causality. I suggest that children should 

make cause and effect diagrams to overcome this limitation. By making this diagram and a story 

about causal inquiry, they develop a consciousness for causal inquiry and both explaining and 

interpreting can be handled in statistics education. Thus, the linguistic turn from mathematical to 

linguistic causality is accomplished, and I suggest this idea for overcoming the limitation of causal 

inquiry in statistics education. 

Finally, I discuss future directions and conclude this study. For the transformation of an individual’s 

subjective evaluative process to the intersubjective one of several persons, they have to accept the 

evaluative process by explaining and interpreting it. Thus, logic is needed to persuade others. This 

is one of the future directions of this study. Furthermore, as the practice of causal inquiry has not 

yet been experimentally studied, a second future direction is to conduct a teaching experiment on 

causal inquiry. 
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VISUALIZING CHANCE: TACKLING CONDITIONAL PROBABILITY 
MISCONCEPTIONS 

Stephanie Budgett and Maxine Pfannkuch 

The University of Auckland, New Zealand 

s.budgett@auckland.ac.nz and m.pfannkuch@auckland.ac.nz

Probabilistic reasoning is essential for us to operate sensibly and optimally in the 21st century. 
However, research suggests that students have many difficulties in understanding conditional 
probabilities and that Bayesian-type problems are replete with misconceptions such as the base 
rate fallacy and confusion of the inverse. Using a dynamic pachinkogram, a visual representation 
of the traditional probability tree, we explore six undergraduate probability students’ reasoning 
processes as they interact with this tool. Initial findings suggest that in simulating a screening 
situation, the ability to vary the branch widths of the pachinkogram may have the potential to 
convey the impact of the base rate. Furthermore, we conjecture that the representation afforded by 
the pachinkogram may help to clarify the distinction between probabilities with inverted conditions.  

INTRODUCTION 

Our lives and the environments in which we live are pervaded by random events and chance 
phenomena. Events such as earthquakes, the global financial crisis, global warming and epidemics 
have resulted in many industries now paying attention to managing risk. The study of probability is 
a way of understanding the world from a non-deterministic perspective. Given the number of 
disciplines that require the application of probability concepts and understanding of probabilistic 
reasoning, the learning of probability is essential to prepare students for everyday life. The current 
approach to teaching probability draws on the tradition of classical mathematical probability and 
may not be accompanied by a substantial understanding of the chance phenomena that the 
mathematics describes (Moore, 1997). Such an approach renders many probability ideas 
inaccessible to most students (Chernoff & Sriraman, 2014).  

Furthermore, literature within the field of probability education documents many misconceptions in 
peoples’ thinking (Kahneman, 2011). In particular, Bayesian-type problems present difficulties for 
many, with the base rate fallacy and the confusion of the inverse misconception dominating 
people’s reasoning (Villejoubert & Mandel, 2002). An impoverished understanding of probabilistic 
information can lead to poor decision-making, with examples identified in fields such as 
management, law and intelligence analysis (Hoffrage, Hafenbrädl, & Bouquet, 2015; Mandel, 2015; 
Nance & Morris, 2005). Within the medical screening and diagnostic field, Gigerenzer, Hoffrage 
and Ehert (1998) document the tragic consequences of misinterpreting probabilistic reasoning. 
Much effort has been directed into researching the pedagogical issues underlying Bayesian-type 
problems, resulting in several approaches designed to facilitate understanding. For example, 
Gigerenzer and colleagues noted that when probability information is presented as frequencies 
rather than in probability format, both experts and non-experts are less likely to succumb to the 
base-rate fallacy and confusion of the inverse (Gigerenzer, 2014). Additionally, research has shown 
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that the performance of peoples’ interpretation of frequency-based information can be further 
enhanced by providing accompanying visual representations (Garcia-Retamero & Hoffrage, 2013).  

Rapid advances in technology during the last few decades have led to the development of both 
static and dynamic visual representations which are now gaining momentum in the field of 
mathematics and statistics education. Clark and Paivio (1991) observed that visual images provide 
the opportunity for generation of mental images which can have a positive impact on learning. 
Furthermore, visual imagery can make visible concepts that were previously inaccessible within a 
mathematical symbolic representation (Arnold, Pfannkuch, Wild, Regan, & Budgett, 2011; Konold 
& Kazak, 2008; Pfannkuch, Budgett, & Arnold, 2015). Arcavi (2003, p. 216) observes that 
cognitive technologies “might develop visual means to better ‘see’  mathematical concepts and 
ideas”. Since visualizations can bring to life properties that often remain intangible within algebraic 
expressions, they have the potential to support and augment students’ probabilistic reasoning.  

The research that forms the basis of this paper has arisen as part of a larger research project which 
investigates the potential of exposing introductory university students to a modelling approach to 
probability involving learning strategies focused on dynamic and static visual imagery. The 
research question for this paper is: How can dynamic visualizations mitigate the prevalence of 
conditional probability misconceptions, specifically the base rate fallacy and confusion of the 
inverse? 

METHOD 

We randomly selected students (n=24) who had completed a first-year introductory probability 
paper (n=100) until we had the consent of six students to participate. Ethics prevented us from 
conducting the study before or during the course. The introductory probability paper covered 
conditional probability using a traditional teaching approach. A two-person protocol was followed, 
with students working through the assigned tasks in pairs. The pairs of students were: Brad and 
Ailsa, Harry and Hope, and Lorraine and Xavier. The tasks took approximately two hours to 
complete. The students were asked to think aloud and their dialogue was audio and video-taped. 
Screen captures, using Camtasia, recorded the students’ interaction with the software tool. A post-
interview was conducted after completion of the task in which students were asked to reflect on 
what they thought they had learned, and to suggest any improvements to the tool or accompanying 
task. All recordings were transcribed and a qualitative analysis of the student’s thinking and 
reasoning was conducted. The aim of the analysis was to identify critical features in students’ 
reasoning, particularly their initial conjectures and the testing of those conjectures against the 
simulated data. 

THE TASK AND THE TOOL 

Students, in pairs, were presented with a task. Conjectures were sought from the students prior to 
introduction to the software tool and visualizations. Many researchers (e.g. Garfield, delMas, & 
Zieffler, 2012; Konold & Kazak, 2008) suggest that seeking intuitions and conjectures from 
students helps them to engage with the task, to understand the situation presented, and provides 
motivation for exploring the problem. The context for the task is described in Figure 1. The students 
were asked to read the information and to provide an intuitive answer to the question posed. 
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Figure 1: Background information and question 

The question in Figure 1 was designed to address the confusion of the inverse misconception. A 
subsequent question within the task involved the students considering different subgroups of the 
New Zealand population with varying diabetes prevalence ranging from 7 percent to 56 percent 
(Coppell, et al., 2013) and was designed to address the base rate fallacy. After answering each 
question intuitively, the students were asked to interact with the software tool, to alter any 
parameters to reflect the particular situation, to note the results and to compare with their intuitive 
answers. 

The students’ first experience of a pachinkogram is shown in Figure 2(a). Note that the tool 
contains two additional components but we asked the students to focus on the pachinkogram to 
begin with. Figure 2(b) illustrates the pachinkogram set up to represent the situation described in 
Figure 1. While the pachinkogram resembles the traditional probability tree, note that the branches 
of the pachinkogram are proportional in size to their respective probabilities. Probabilities on the 
pachinkogram branches can be changed by sliding the bars on the branches, and the user is able to 
decide on a sample size for their simulation. For each simulation, dots corresponding to each 
member of the sample flow down the pachinkogram branches dynamically and end up in the 
‘buckets’ at the bottom (see Figure 2b). 

The purpose of the task was to explore the students’ reasoning processes when interacting with data 
displayed dynamically through a pachinkogram. A prominent feature of the task was to allow the 
students to make conjectures prior to using the tool, and then to test their conjectures with 
simulations. Of particular interest was their reaction to altering the pachinkogram parameters when 
changing the base rate or the accuracy of the screening test (not explored in this paper), and the 
resulting effect on their initial conjectures.  

A six-principle framework was used to guide the design of the tool and task, and to support the 
analysis of student response data. The six principles were to encourage students to: (1) make 
conjectures, (2) test their conjectures against simulated data, (3) link representations, (4) perceive 

TSG-15

160



dynamic visual imagery, (5) relate to contexts, and (6) interact with chance-generating mechanisms. 
The six-principle framework is discussed in more detail in Pfannkuch and Budgett (2016). 

(a) (b) 

Figure 2: Pachinkogram with (a) default settings of equal probabilities on each branch and (b) 
settings corresponding to the situation described in Figure 2 

STUDENT INTERACTION WITH THE TASKS  

Since the research question that guided the focus of this paper is on the base rate fallacy and 
confusion of the inverse, data relating to these issues has been drawn from the student interviews.  

Three of the six students, Xavier, Ailsa and Brad, appeared to demonstrate the confusion of the 
inverse misconception, that is they confused 𝑃𝑃(Diabetic|Positive)  with 𝑃𝑃(Positive|Diabetic)  in 
their intuitive answer to the question posed in Figure 1. Only one student, Harry, provided a value 
(80 percent) that was close to the theoretical value of 78 percent. Hope gave an answer of 7 percent 
which suggested that, at this initial stage, she neglected to consider the the fact that a positive test 
had been recorded, seeming only to focus on prevalence of diabetes in the population of interest. 
Lorraine’s answer was between 0.1 and 0.2 with the following explanation: 

My intuitive answer used to be that the chances were pretty high but then I did stats and so now my 
intuitive answer would be that the chances are pretty low 

When asked to modify the pachinkogram default settings in order to represent the situation 
presented to them, all of the students appeared to gain more clarity on what the question was asking 
them. When the screening situation was simulated, they were quickly able to identify the 
characteristics of the ‘people’ who would end up in the buckets at the bottom of the pachinkogram. 
However, Xavier mentioned that he expected more people in the leftmost bucket; that is, he 
expected to see more people who were diabetic being classified as diabetic. When Lorraine 
reminded him that only 7 percent of the population had diabetes, he admitted, “I didn’t think about 
the 7 percent.” Having performed one simulation, the students were able to focus on the buckets 
representing positive tests, and to note that a sizeable number were in fact non-diabetics who were 
incorrectly classified as diabetics. As Xavier noted, “I can see the visual of how it works”, while 
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Ailsa and Brad had an involved discussion before Brad’s conclusion that “we were looking at it the 
other way around”. One of the additional components of the tool, not shown here, displayed 
probabilities from the simulations with the facility to flip the condition and to toggle between 
𝑃𝑃(Diabetic|Positive)  and 𝑃𝑃(Positive|Diabetic) . This component was linked dynamically to the 
pachinkogram, highlighting the pathways and buckets representing the elements of a given 
conditional probability.  

When asked if the base rate was a necessary piece of information in order to answer some of the 
task questions, Harry and Hope said no. However, having used the tool to answer some more of the 
questions, they quickly realised that a change in the base rate of diabetes in a population does have 
an effect on the numbers ending up in the buckets at the bottom of the pachinkogram, and hence on 
the value of 𝑃𝑃(Diabetic|Positive). As Hope noted, “That is kind of funny, we said earlier that we 
didn’t think the percentage was actually relevant and now we are wanting to use it.” In a subsequent 
section of the task, several seemingly identical questions were asked, although each had a different 
base rate. The students now recognised that a change in base rate would have an impact on the 
width of the branches of the pachinkogram and all were able to improve on their initial conjectures. 
For example, when Xavier and Lorraine were asked, prior to running a simulation with a new base 
rate, what they expected to see in the buckets at the bottom of the pachinkogram, they responded: 

Xavier: There will be more in this one [pointing to the leftmost bucket] 

Lorraine: There will be quite a lot in the true positive one [pointing to the leftmost bucket]. These ones 
(the leftmost and rightmost buckets) will probably be relatively the same, I mean they will both be big 
ones. The other ones, not so much. 

Xavier: But they will be more than that one because that one is bigger than that one. 

In the post-test interview, Lorraine and Xavier commented that they had more of an appreciation of 
the concept of conditional probability, particularly by noting the dynamic simulation as the dots 
flowed through the pachinkogram with the widths of the pathways affecting the end result. Lorraine 
stated, “I guess I have more of an understanding on the probabilities of falling into each category 
than I did from [probability course] conditional probability.” Harry and Hope thought that the 
pachinkogram would be a useful tool when introducing conditional probability because, as Hope 
suggested, “it would be quite helpful to actually see we are conditioning on this [points to those 
testing positive] so we are ignoring the people who are going down that side and only focussing on 
these results.” Ailsa and Brad also discussed their new conditional probability understanding: 

Ailsa: It’s a lot easier to see um how things change with changing the different thresholds, changing the 
diabetic versus healthy and then the success rates 

Brad: Yeah, it’s like one small change can affect a lot of things 

Ailsa: So it is a lot easier to understand the difference between which way around the conditional 
probability goes. And so how that relates, where those two numbers come from [𝑃𝑃(Diabetic|Positive)
and 𝑃𝑃(Positive|Diabetic)] and why they are different 

Interviewer: It’s a misconception that those two probabilities are the same 

Brad: No, they are definitely not the same 
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Lorraine reflected on her experience in the introductory probability course she had completed. She 
recalled being instructed to tackle problems such as the one described by constructing a two-way 
table of frequency information. However, when it came to answering a question under exam 
conditions, she had forgotten how to construct the table, stating, “I had forgotten how we did it…a 
whole lot of equations, one after the other, numbers, numbers, numbers.” 

Although Ailsa and Brad decided that the base rate was a necessary piece of information, they 
remarked on the fact that a change in base rate corresponded to a visual difference in the 
pachinkogram. Brad commented that “Changing (increasing) the percentage of the population that 
had diabetes, more of the little dots would go over to having diabetes, so there is a higher 
proportion testing positive and that had diabetes.”  Ailsa thought that while a probability tree might 
have numerical values alongside the branches, “the buckets down the bottom being an area is a lot 
easier to see”, with Brad saying “I like how the things end up there. It helps.” Harry also indicated 
that the physical process of adjusting the pachinkogram branches to represent a given situation 
helped his reasoning, “Yeah, even just moving the slider across gives more intuition I think.” 

The conversations above, in conjunction with accompanying gestures, illustrate that these students 
were attending to the width of the pachinkogram branches and anticipating the resulting effects. All 
six students specifically mentioned the visual aspect of the tool helping their understanding with 
Lorraine commenting, “A visual, instead of just one learning tool you’ve got two. Visual might be 
better for some, written might be better for some but if you’ve got both then you’re covering both of 
those, and both is surely better than just one.” 

A major feature that we observed in this study was student engagement. We attribute this to two 
components: the contextually relatable medical screening situation embedded within a local setting; 
and having the students put a stake in the ground through making conjectures throughout the task. 
When compared to probability problems previously encountered by these students, the context of 
the problem seemed to incentivise them. Hope commented: “I like the background story… I like to 
know why I am doing it and I am not just computing random numbers for the sake of computing 
random numbers. I don’t like that. So a little bit of background definitely helps me get into it and 
think about things.” All of the students could identify with the diabetes screening context, and were 
familiar with the notion of varying diabetes prevalence rates according to gender and ethnicity. 
Although Harry and Hope did not initially think that the base rate was necessary in order to answer 
the first question, it only took one interaction with the pachinkogram for them to realise that if the 
screening test accuracy remained the same, a change in base rate had to have an effect. In Harry’s 
words: “The more you do it and the more you see how things affect it and change it and even just 
little changes as opposed to big changes you kind of get better at predicting it. So I kind of have 
more of a feel for where the numbers should lie just because I have seen a couple of examples 
now.” 

CONCLUSION 

Random events and chance phenomena permeate our lives and environments, with many of the 
decisions made by citizens of the 21st century involving some level of probabilistic reasoning. 
Often we are required to assess or estimate Bayesian-type probabilities, an area replete with 
misconceptions (Kahneman, 2011). The traditional mathematical approach to teaching probability 
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has resulted in many students unable to gain access to fundamental probability concepts (Chernoff 
& Sriraman, 2014) and therefore succumbing to the base rate fallacy and confusion of the inverse 
(Villejoubert & Mandel, 2002).  

We were interested in exploring the role of dynamic visualization as tool to support students’ 
probabilistic reasoning. Furthermore, since we believe that student engagement is an important 
concept for the learning of probability, we designed a task and tool around a relatable context and 
incentivized students to make conjectures prior to interacting with technological tools.   

The pachinkogram and associated task appeared to ameliorate the probabilistic reasoning observed 
in this small group of students, in particular assisting them in overcoming typical misconceptions 
such as the base rate fallacy and confusion of the inverse. We return to the six-principle framework 
to discuss briefly how each component seemed to enhance these students’ probabilistic reasoning. 
The principles of making and testing conjectures, in conjunction with providing a relatable context, 
appeared to incentivize students not only to engage in the problems, but also to understand why 
their original conjectures might have been based on one or more misconceptions. The ability of 
simulations to assist students to understand why their initial conjectures might be incorrect has also 
been noted in other research (e.g., Konold & Kazak, 2008). The visual representation afforded by 
the pachinkogram in Figure 2(b), notably the ability to change the widths of the branches to reflect 
the probabilities, seemed to be a powerful way to convey the impact of the base rate. This seemed 
to be further facilitated by the linking of the numerical representations of 7 percent and 93 percent 
with the widths of the pachinkogram branches. Furthermore, when simulating the screening 
situation, the utility of visualizing ‘people’ flowing through the pachinkogram to one of the four 
buckets at the base seemed to help in clarifying the probability asked for in the original question 
and differentiating it from its inverse (cf. Arcavi, 2003). The simulation itself provides a frequency-
type view of the screening situation, with each dot representing a person, and seemed to help these 
students clarify the required conditional probabilities, in line with the findings of Gigerenzer and 
others (Gigerenzer, 2014). In accordance with recent research (e.g. Garcia-Retamero & Hoffrage, 
2013), the visual aspect of the pachinkogram appeared to provide additional support for student 
understanding. Additionally, linking the branches and the buckets of the pachinkogram to symbolic 
representations (not shown here) promotes a flexible way of thinking which appeared to 
consolidate the students’ understanding. The students’ interaction with a chance-generating 
mechanism such as the pachinkogram reinforced the notion that the distribution of the number of 
people in each of the four buckets would vary from simulation to simulation, despite none of the 
pachinkogram parameters changing.  

We conjecture that these six students were beginning to develop some probabilistic intuition, 
including notions of randomness, conditioning and distribution which Pfannkuch et al. (in press) 
identify as core components associated with the development of probabilistic reasoning. 

The findings from this small exploratory study are tentative. The participating students had already 
completed an introductory probability course and interacted with the tasks and tools in a semi-
structured environment. Further research in different settings and with students of varying ages and 
abilities is warranted.  
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As a service course, statistics is often found challenged to learn by preservice English as a foreign 

language (EFL) teachers. This empirical study investigated 38 preservice EFL teachers’ values on 

learning statistics. Using phenomenographic method to analyze interview transcripts and written 

responses, the study revealed three components of values on learning statistics from Eccles et al. 

(1985). Cultural and previous learning differences might lead to conflicting features in the results. 

Some implications for developing better statistics teaching are discussed. 

INTRODUCTION 

Students’ appreciation of statistics and its possible applications in their future profession is considered 

to be essential for learning (Petocz & Reid, 2005). Eccles and Wigfield (2002) have also shown that 

values on learning may be related to career goals and further involvement in the activities related to 

the subject learned. For EFL teachers, statistics is required in understanding research findings which 

are often useful to improve their knowledge and expertise while most studies in linguistics journals 

were quantitative in nature (Lazaraton, 2005). In addition, statistics is also an important for doing 

their undergraduate research as part of study requirements in colleges in some countries like 

Indonesia. 

In this study we utilized the term values on learning statistics to refer to the incentives or reasons 

students have (Atkinson, 1964; E ccles et al., 1985) in learning statistics. Eccles and Wigfield (2002) 

defined different components of task values: (1) intrinsic value; (2) attainment value; (3) utility value; 

and (4) cost. Intrinsic value is the inherent enjoyment of pleasure one gets from engaging in a task, 

which includes a statement like “In general, I find working in math assignment is very interesting”. 

Attainment value is the importance of doing well on a task in terms of one’s self-schema and core 

personal values. A statement such as “I feel that getting high score in statistics is very important for 

me,” can be categorized in this component. Utility value is defined as how well a task relates to 

current and future goals. For example, a statement like “What I learn from statistics class is useless 

for my daily life outside school” can be designated into this component (Eccles & Wigfield, 2002, 

pp. 119-120). Finally, cost is conceptualized, according to Eccles and Wigfield, in terms of negative 

aspects of engaging in the task, such as what is lost, given up, or suffered as a consequence of 

engaging in the task. 

These components of task values are regarded as the basis in this study in interpreting preservice EFL 

teachers’ responses as well as in generating categories for describing the qualitatively different ways 

in which they experience a phenomenon (Marton, 1986), which are, in this case, interpreted as values 
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on learning statistics. The following section describes in detail how this interpretation and 

categorization were conducted in this study. 

METHODS 

Data Collection 

Phenomenographic method was applied in data collection and analysis of this study. The sources of 

data included 38 written responses came from an open-ended questionnaire and 23 interview 

transcripts from semi-structured interviews. The written responses came from an open-ended 

questionnaire which contained two survey questions: “Did you study hard in the statistics course? 

Please give your reasons” and “What targets do you set to achieve when learning statistics?” 

Following their completion of this questionnaire, 23 of students, whose school backgrounds and grade 

scores did not differ much from the others, volunteered to take part in an in-depth interview with a 

researcher in Indonesian language. Each interview session that lasted from 30 minutes to one hour 

was situated in such a way to allow students to express and share their views conveniently. The 

interviewer brought along students’ written responses and begun each session by asking students to 

read their statements from the open-ended survey questions and then clearly elucidated their 

responses. Several probing questions were posed to ask students to give examples or explain their 

written responses. The interviews were audio-taped and transcribed for further analysis. Follow-up 

interviews through internet social media and phone were also undertaken whenever possible for some 

aspects of the transcripts that needed clarification. On occasion, the lecturer teaching the introductory 

statistics course was involved in discussing about the interviews regarding some students’ responses 

and giving her views about the nature of statistics and her teaching of the course. Some documents 

such as teaching materials, tests and results were also recorded as the supporting data. For example, 

teaching materials and test items would uncover the source of confusions in the thinking of those 

students who dislike numerical activities. 

Data Analysis 

Analysis of written responses and interview transcripts was conducted with the aim of describing the 

ways in which students valued the learning of statistics. We kept this goal in mind during the data 

analysis in order to ascertain that the research questions of this study could be answered properly. As 

the data were in Indonesian language, two Indonesian native-speaker researchers took part in the 

analysis to explore the variations that emerged from the data. At the end of analysis, one researcher 

translated the categories and quotes from Indonesian to English and discussed it with the non-

Indonesian speaking researcher to ensure the proper terms have been used in translation to reflect the 

precise meanings. 

This analysis took place in three main stages. In the first stage, we tried to capture the general features 

of each of the students regarding their values on learning statistics by repeatedly reading each of the 

written responses and interview transcriptions. These general features were then summarized for each 

student. The second stage was for identifying keywords to properly represent each feature found from 

the previous stage. The keywords were then grouped into different categories based on their similar 

characteristics. We further interpret each keyword as an intrinsic value, attainment value, utility 

value, or cost component and then separated the negative and positive responses within each 
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component. The data analyses in these first two stages were carried out independently by the two 

researchers.  

In the next stage, comparisons and discussions were used to find agreement with the initial draft of 

categories. In this process, re-examining the data was carried out together at some places to assure 

that all information was properly interpreted. The classification of students into each of the finalized 

categories was recorded upon agreement of both researchers. Several corresponding keywords for 

each value component were selected and shown in the second columns of Table 1.  

FINDINGS AND DISCUSSIONS 

We found three rather than four components of values on learning statistics in this study: intrinsic, 

attainment, and utility values. Cost component could not be identified from our data which echoed 

the findings of Eccles and Wigfield (1995). Table 1 presents the keywords, and number of responses, 

which is also shown as a percentage of 38 students.  

We initiated the analysis by attempting to classify each response into either positive or negative 

values for each component, yet we found some responses which could not be easily interpreted as 

positive or negative. For instance, within intrinsic value component, we found six students expressing 

both positive and negative responses which could not be precisely interpreted as positive or negative 

value. For example, S5 stated his deep satisfaction in learning statistics: 

S5:  …the feeling when getting correct solutions of difficult problems… it’s like the feeling when 

achieving a big success… 

However, in another part of the transcript, he gave another statement about his unfavorable feeling 

about statistics: 

S5: because I have to memorize those confusing formulas that mix-up alphabetical letters and numbers 

This student might have enjoyment in learning some parts of statistics but disliked other parts. Almost 

similar cases also emerged from the other 5 students, who had common characteristics as having low 

interest in statistics but sometimes felt challenged and satisfied. Hence, we inserted another value 

between positive and negative value of intrinsic component to classify these 6 students.  

As for attainment values, we defined a positive value as one representing students who express an 

ambition and set a target for obtaining a high grade or outperforming other students in learning 

statistics. The negative value, in contrast, represents a group of students with avoidance components 

of need-achievement motivation (Atkinson, 1964) who set the lowest target in learning such as to pass 

the exam or the course. We excluded 9 insufficient responses from this component and put 2 

ambiguous responses into the beyond attainment values component as they neither targeted high nor 

low attainment value in learning statistics. One of these 2 students conveyed her view that she put 

more concern on understanding the materials rather than scores or competitive ambition. We may 

interpret these students to have deep motive (Biggs, 1985) in learning statistics, as they also belong 

to the positive intrinsic component. We quote one of their statements below: 

…scores will follow when we can understand (the materials), the important thing is to understand. After 

understanding, the chance of making mistakes will certainly be less… I do not target the scores… (S20) 
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Utility values, on the other hand, involved 36 students, two of whom can be easily classified into 

negative values. These two students were unaware about the usefulness of learning statistics and 

claimed that the course was meaningless for them and they could not see any benefit in learning it.  

Components Keywords No. of Responses (%) Sample quotes 

Intrinsic 

values 

(+) 

Interested, 

challenged, curious, 

satisfied 

22 (57.9%) 

I feel satisfied every time I 

can get the correct solutions 

both 6(15.8%) 

(-) 

Dislike, bored, 

confused, 

complicated 

10 (26.3%) 

Too many confusing 

formulas 

Attainment 

values 

beyond 2 (5.2%) 

(+) 
High grade, 

outperform, excel 
18 (47.4%) 

The important thing is I can 

get A+ 

(-) 
Pass the course, 

pass the exam 
9 (23.7%) 

I study statistics to pass the 

exam 

Undefined 9 (23.7%) 

Utility 

values 

(+) 
Thesis, career, 

daily life 
34(89.5%) 

It’ll be helpful in doing my 

thesis research 

(-) 
Useless, no 

benefit 
2 (5.3%) 

I haven’t found any benefit 

from what I’ve learned 

Undefined 2 (5.3%) 

Table 1: Values on learning of statistics 

Furthermore, there was another finding that emerged from the analysis of values on learning 

statistics—a student being positive in one component is not an indicator that the student is also 

positive in other components. For instance, one student stated that: 

“Statistics will be helpful for doing my thesis research, but it’s very difficult and confusing.” 

This student was grouped into positive utility values and negative intrinsic values. There was also 

one student who expressed positive attainment and utility values but negative intrinsic values. This 

may simply explain that the student’s motive in learning was achieving motive (Biggs, 1985), with 

which a student has high ambition for outperforming others in class whether or not he/she likes the 

course. Some other students, on the other hand, expressed their positive intrinsic and utility values 

but negative attainment values. One of them mentioned about her low confidence or negative ability 

beliefs (Eccles & Wigfield, 2002) in statistics that made her set a low target in learning statistics.  
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No, I don’t target high score because I know my own ability, it seems that I’m not competent enough to 

get high scores in statistics, even though I like this course… (S18)   

DISCUSSIONS 

In this study, we explicitly uncovered the ways in which the students valued their learning of statistics 

through the positive or negative values in three components: intrinsic components, attainment 

component, and utility component. Among these components, the positive values of utility component 

involved the highest numbers of students, particularly those who expressed the use of statistics for 

their undergraduate research. One reason for this finding might be due to the statistics lecturer who 

often emphasized the connection of the materials to students’ undergraduate research for the purpose 

of motivating their learning, as revealed from the interview with the lecturer. One of characteristics 

of students from South-East Asian countries (including Singapore, Philippines, and Indonesia) is that 

they would incline not to challenge or disagree with what their teacher say in the classroom (Liem, 

Martin, Nair, Bernardo, & Prasetya, 2009), even though they did not fully grasp the ideas. Similarly, 

in this study, there were some students who believed that they need statistics since their lecturer had 

conveyed from the beginning of the course that it would be useful for their undergraduate research.  

Some nuanced characteristics were also found in this study. For instance, there were five students 

who expressed their enjoyment in learning statistics as something challenging and giving personal 

satisfactions. At the same time, they also expressed their unfavorable feelings toward the course due 

to some specific parts such as confusing and dense formulas they need to deal with. These students 

can be categorized as holding conflicting conceptions or beliefs (Marton & Pong, 2005), which are 

difficult to identify through closed questionnaire surveys since they would tend to respond based on 

what they believe is socially desirable. This conflicting feature might be one possible reason for the 

high attitude in learning mathematics of Indonesian students reported in international surveys. For 

instance, it would be more unlikely for these students to choose disagree in their response to a 

questionnaire statement like “I enjoy learning many interesting things in mathematics,” because they 

did enjoy some parts in learning mathematics. 

Furthermore, the discrepancy between intrinsic and attainment values might be the result from the 

culture of Indonesia as a collectivist country (Hofstede, 2001). Students from collectivist societies 

are less competitive than those in individualist societies and prefer to work together as a group, and 

they would not mind to be modest to suit and conform to those students of the majority (Triandis, 

1995). Such characteristics might lead students to have less ambition to outperform others or to be 

the best in class. In addition, negative beliefs about their ability in statistics were also found to be a 

reason for negative attainment values. These students tend to set the target as low as they can just 

pass the course examination although they have positive intrinsic and utility values in learning 

statistics. This phenomenon can be further investigated in future studies, as the interplay between 

ability beliefs has been shown to be positively related to effort and persistence (Wigfield & Eccles, 

2000) as well as performance (OECD, 2014).  

Student characteristics need to be taken into account when designing teaching activities or materials 

for students learning statistics. For example, as there are students holding conflicting beliefs, 

emphasis on conceptual understanding rather than relying heavily on formulas would be more 

effective for student learning; it was also shown by Harwell, Herrick, Curtis, and Mundfrom (1996) 

that statistics texts having low mathematical level are more readable, easy for students to understand 
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and follow. Designing teaching of statistics in this way is expected to yield more positive values on 

learning which in turn will help EFL preservice teachers in implementing content area literacy 

teaching with statistics content. 

In sum, the findings of this study indicate the need for more concern on developing more positive 

values on learning statistics.  We suggest that teachers provide less challenging problems in the initial 

stage—such as those with familiar contexts that can be partially solved based on students’ prior 

knowledge—which might increase students’ utility values and ability beliefs (Eccles & Wigfield, 

1995) at the same time. In addition, collaborative learning environment is suitable for students from 

collectivist cultures, but competitive learning between groups can be used when students review 

learned materials (Kolawole, 2008). ??] 
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A CASE STUDY OF A STUDENT’S STATISTICAL MODELING WITH 
TINKERPLOTSTM 

Jennifer Noll 

Portland State University 

Focusing introductory statistics courses on modeling and simulation using technology should help 
align classrooms more closely to the way statisticians work with data; however, the research 
community needs to better understand the role of integrating technology and modeling in 
supporting students’ statistical development. This paper focuses on one student’s thinking about an 
inference problem at the end of a ten-week course focused on modeling and simulation using 
TinkerPlotsTM and then again five months later. The paper focuses on this student’s developing 
concept of the null hypothesis based on his TinkerPlotsTM models and explanations.  

INTRODUCTION & BACKGROUND  

Lesh and Doerr (2003) describe a model as a conceptual system that supports our ways of making 
sense of our experiences. Research in mathematics education has shown mathematical modeling to 
be an effective instructional method, preparing students to solve “real world problems” and think 
about unfamiliar situations flexibly and creatively (Lesh and Doerr, 2003). Technology is also a 
critical component of developing a modeling approach to teaching statistics as well as a more 
realistic approach to doing statistical work. For example, statisticians use technology to construct 
models and generate data, which allow them to make quantitatively based inferences about the 
likelihood of particular events.  

The Change Agents for Teaching and Learning Statistics (CATALST; Garfield, delMas, & Zieffler, 
2012) is an alternative statistics curriculum that integrates technology with a modeling focus. The 
CATALST materials were designed based on Lesh and his colleagues (2000) Modeling and 
Modeling Perspective (MMP). Garfield and Ben-Zvi (2008) argue that models are a key component 
of learning to think statistically and that it is surprising “that little explicit attention is paid to the 
use of models in most introductory courses” (p. 145). Despite the promise of technology to facilitate 
student learning of statistical models and how it might be used to simulate data and answer 
statistical inference questions there is little research studying these issues (Garfield & Ben-Zvi, 
2008; Shaughnessy, 2007). This paper focuses on an area not well researched through a case study 
of one student’s thinking about a TinkerPlotsTM statistical model. Specifically the research question 
addressed is: What lessons can we glean about students’ inferential reasoning in a modeling and 
simulation based statistics course? In particular, what are the challenges related to how students 
think about constructing a null hypothesis, building a null model in TinkerPlotsTM, conducting a 
simulation, and reasoning through the logic of hypothesis testing when using a modeling and 
simulation approach to teaching statistics?  
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METHODS  

Data for this paper was collected in an introductory statistics classroom (e.g., descriptive statistics, 
inferential statistics) at a large urban university in the Northwest region of the United States. The 
course used the CATALST curriculum materials and TinkerPlotsTM and students took the Models of 
Statistical Thinking (MOST) assessment at the end of the ten-week term (see Garfield et al., 2012). 
Between five and six months after the course ended, the project PI invited the 16 student 
participants from the original class to participate in a follow-up online survey followed by a one-
hour semi-structured interview. Three of the 16 participants completed the survey and participated 
in the interview. Due to space constraints, this paper reports on one of these three students (an 
average achieving student). We use the pseudonym, Neville, in this paper.  

The Facebook task, shown in Figure 1, was one of the MOST assessment items. This task was also 
used on the follow-up survey, given between five and six months after the course had ended. 
However, in the survey students were given the Facebook problem as a multiple select problem 
where they were shown four ‘hypothetical student’ TinkerPlotsTM models and solutions and asked 
to determine which models and solutions were valid and which were not valid. The research team 
took the four most common TinkerPlotsTM models and solution strategies from student responses on 
the MOST Facebook assessment item and those became the ‘hypothetical student’ responses that 
appeared on the follow-up survey. In addition, survey participants were given two additional 
questions related to the p-value. The interview asked follow up questions related to participants’ 
responses on the survey.  

Figure 1. Facebook Task from MOST Assessment 

Facebook is a social networking Web site. One piece of data that members of Facebook often report is 
their relationship status: single, in a relationship, married, it's complicated, etc. With the help of Lee 
Byron of Facebook, David McCandless–a London-based author, writer, and designer–examined changes 
in peoples’ relationship status, in particular, breakups. A plot of the results showed that there were 
repeated peaks on Mondays, a day that seems to be of higher risk for breakups. Consider a random 
sample of 50 breakups reported on Facebook within the last year. Of these 50, 20% occurred on 
Monday. Explain how you could determine whether this result would be surprising if there really 
is no difference in the chance for relationship break-ups among the seven days. (Be sure to give 
enough detail that someone else could easily follow your explanation.) 
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Figure 2. ‘Hypothetical Student 1’ – TinkerPlotsTM Output 

Figure 3. ‘Hypothetical Student 2’ – TinkerPlotsTM Output 
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Figure 4. ‘Hypothetical Student 3’ – TinkerPlotsTM Output 

Figure 5. ‘Hypothetical Student 4’ – TinkerPlotsTM Output 
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Figure 6. Follow-up Survey, p-value Questions 

RESULTS 

When Neville took the MOST assessment in class he incorrectly modeled the Facebook task. His 
original write up is shown in the transcript below and his TinkerPlotsTM work was the work we 
presented as ‘hypothetical student 3’ shown in Figure 4.  

Neville: I set up a linked mixer model. I would use this specific set-up because it assumes the null 
hypothesis that each day of the week has an equal chance that a couple will break up on that day. We 
assume 20% for break up on Monday. This gives each day a 20% chance to entertain a break up without 
effecting the other days of the week. …Then plot the days of the week and collect statistics on the count 
for Mondays and break up. I would then plot this data as well. According to the plot, I would claim that 
it's unsurprising that 20% of break ups happen on Monday if all days are rated equally. Even though the 
plot shows only 18.3% [183/1000 as shown in Figure 2] of Mondays containing Break Ups instead of 
the 20% we expected, there is a small amount of chance for error to be found and I believe being only 
2% short is well within the bounds of expectation. 

Neville’s original solution to the Facebook task is problematic because it does not represent a model 
that will simulate the null model (e.g., a random chance model), but rather simulates the 20% break-
ups mentioned in the observed sample data. On the one hand, Neville’s original description 
suggests he is thinking of the null hypothesis as: each day of the week has an equal chance for a 
couple to break up. He may think the sampler device containing the balls with the seven days of the 
week gives him this null model. On the other hand, he adds in an extra aspect to the model (the 
spinner) that determines whether or not a couple breaks up or stays together. He states that 20% 
break up on Monday, but that this does not impact the other days of the week. His statement of the 
null and his assumption of 20% appear contradictory, but he does not see it that way because he 
believes that the 20% is not impacting the other days of the week. 

When he took the survey (five to six months after the course), he indicated that ‘hypothetical 
students 1 and 2’ had a valid model, but that ‘hypothetical students 3 and 4’ had invalid models. 
Neville suggested that ‘hypothetical student 2’s’ model was redundant by including 50 couples in 

Suppose you conducted your own survey, but instead of a random sample of 50 couples you sample 500 couples. Your 
results show the same result as the previous research, that is, 20% of the 500 couples broke up on a Monday (according 
to their facebook status.  Would you expect to get the same p-value as what would be obtained for the survey of 50 
couples or would you expect a higher or lower value? Circle the best response.  

a. Lower	p-value
b. Same	p-value
c. Higher	p-value

Circle the letter of the best explanation for your answer: 

a. Because	a	larger	sample	size	produces	a	more	accurate	p-value.
b. Because	a	larger	sample	size	decreases	the	amount	of	variation	in	the	distribution	of	statistics
c. Because	a	larger	sample	size	allows	us	to	generalize	better	to	a	whole	population
d. Because	a	larger	sample	size	will	give	us	more	variation	in	the	results.
e. Because	the	observed	percentage	and	null	model	didn’t	change.
f. Other,	please	describe
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the mixer, but he said he understood why someone would want to show the couples in the model. It 
is interesting that Neville marked ‘hypothetical student 3’s’ model as invalid as it was his original 
model on the assessment. However, the opportunity to revisit his original model five to six months 
later suggested he had a different view of the model when he saw it again. His survey response is 
shown in the transcript below. On the survey, Neville clearly indicated that the model shown in 
Figure 4 was invalid and he gave a strong justification that using the 20% from the article “taints 
our trial”. 

Neville:  The spot I have trouble with is the spinner that represents the 20% break up chance. The 
20% is what we’re testing against and are trying to verify, so using it as data for our 
model instantly taints our trial. …So this model is invalid because it uses the value that 
we’re testing as the basis of its structure. However, mathematically speaking the spinner 
doesn’t actually have an effect on the results.  

Five to six months after the course ended Neville acknowledged that using 20% in the spinner is 
flawed because it does not assume that each day of the week has the same chance of a break up. 
Neville appears to realize that using the 20% is invalid because it uses the data given in the sample, 
but he does not discuss a null hypothesis in his work on the survey or during the follow-up 
interview. During the follow up interview he was asked about the last sentence on his survey 
response. His reply is shown in the transcript below.  

Neville:  It’s still using pretty much the same sort of percentage of chance to pull one of the days 
out as it was beforehand. I did the percentage number one out of seven which was 
around sixteen or eighteen percent [sic]. Which the twenty percent is right next to, so its 
close enough with such small numbers that the difference would not be noticeable. …  
So if they increased to say thirty-six percent… around there because that would signify 
say, two sevenths or beyond. 

Interviewer:  What about twenty five percent? 

Neville:  That's getting to the iffy area.  That's actually one of the spots I had trouble with during 
some of the assignments was figuring out exactly where the uncomfortable zone finally 
hit. 

The interview discussion seems to suggest that Neville has an “approximate null distribution” in 
mind. Neville seems to suggest that as long as the spinner is set to something that is close to equally 
likely then it really does not matter because the sampling distributions will look similar. This 
conjecture about Neville’s “approximate null distribution” gains more support when looking at his 
response to ‘hypothetical student 4’s’ model. He indicated ‘hypothetical student 4’s’ model was 
invalid. He states,  

Neville:  The 50 we’re working with isn’t relationship status updates, its break-ups. Because of 
that we already know that those 50 are break-ups, we don’t need to flip a coin for it. 
Adding this coin flip ruins the entire model as it effectively nullifies half of the data.  

Neville’s survey response indicates that he realizes that this student is adding in an extra scenario – 
that is, the spinner with 50% set to break ups and 50% set to stay together is problematic in that the 
50 couples we have randomly selected are already broken up. However, Neville never mentioned 
this issue with ‘hypothetical student 3’s’ response. In addition, because of Neville’s comments 
about the 20%/80% model not making much of an impact to the sampling distribution and his grey 
area concerning the distribution of the null hypothesis the interviewer followed up with this asking 
Neville, why that issue (a spinner with break up and stay together) did not bother him in 
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‘hypothetical student 3’s response’. Neville continued to talk about an “iffy” area as the area where 
it would be difficult to distinguish between the sampling distribution of the null and some 
alternative (see transcript above). He said, “Twenty percent is pretty close to the 16 [sic]”. On the 
one hand, Neville’s assessment is reasonable in that a distribution around 20% break-up might have 
considerable overlap with the distribution of the null hypothesis (centered around 14%), whereas a 
distribution centered around 50% (in the 50/50 model) would not have a lot of overlap with the 
distribution of the null hypothesis. In fact, he really is informally getting at type 2 error here. On the 
other hand, his thinking is problematic in that he does not appear to see the need for a null 
hypothesis and appears to use his own subjective judgment of how close those distributions might 
be to each other.  

With respect to the questions that related to p-value, Neville responded that sampling 500 couples 
rather than 50 would yield the same p-value because the observed percentage and null model didn’t 
change. When asked to interpret what a p-value was during the interview. 

 Neville:  I know if stands for probability value, but calculating it was something I had a problem 
with and it basically seems like all they did was increase the couples sampling which 
didn’t really change any of the information. … I think it would have the same meaning. 
You’re just throwing more numbers into a single trial.  

After simulating the larger sample size, Neville confused himself. He seemed to switch to thinking 
the p-value would get larger.  

Neville:  There’s a much larger range than there was for this one (original one). Which actually 
makes sense considering there is a much larger amount that is pulled from.  

Neville now appears to conclude the range will increase for larger sized samples. After some 
additional probing by the interviewer, Neville appears inclined toward the correct solution of a 
lower p-value, but it is a tenuous “gut feeling” and he cannot say why he thinks that.  

DISCUSSION & CONCLUSIONS 

There are two important messages that can be gleaned from this case study. The first pertains to 
how students relate and translate their statement of the null hypothesis into a model in the 
TinkerPlotsTM sampler. This case study shows that it is not easy to translate the null hypothesis into 
a TinkerPlotsTM model. From Neville’s written work and his interview data it would appear that the 
null hypothesis was not that important to him when it came to actually modeling and solving the 
statistical task. While Neville stated in his final exam that each day of the week is equally likely to 
have a break up as the null hypothesis, he does not appear to have a strong sense of how to correlate 
that knowledge to the model in a TinkerPlotsTM sampler. An empirical sampling distribution 
centered at the 14% based on the null hypothesis allows us to investigate how many of the 
simulated trials resulted in 20% or more of the couples breaking up on Monday. If there are many 
trials where 20% or more couples break up on Monday then it does not seem unusual given the null 
hypothesis and if there are only a few trials where 20% or more couples break up on Monday then it 
is unlikely given the null hypothesis. Perhaps because Neville does not strongly connect his null 
hypothesis statement to the sampler or that he does not really see the importance of a null 
hypothesis, rather he relies on his own personal view of how different the observed value would 
have to be before he considers it unusual (or perhaps because of his personal view he did not 
develop strong connections between the null hypothesis and the TinkerPlotsTM model). In addition, 
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Neville does not understand what a p-value is and this may have important implications for 
motivating the need for a sampling distribution produced from simulating the null model. Without 
recognizing the need to see how many trials of the simulation result in a value as larger or larger 
than the observed value it is difficult to see the importance of the empirical sampling distribution 
generated from the null hypothesis. Both a strong understanding of the null hypothesis and the p-
value seem to be necessary for using an empirically generated sampling distribution to make a 
statistical inference. A second important implication of this study is that of the interference of 
personal beliefs. Neville does not appear to see a distinction between his personal intuitions about 
how many breakups on Mondays should be considered unusual versus constructing a sampling 
distribution based on a null hypothesis (e.g., using data to make a statistical decision under 
uncertainty). While there is truth in Neville’s suggestion that a sampling distribution created from a 
spinner set to at 14% break-ups on Monday will look more similar to one centered at 20% as 
compared to 36% or 50%, yet by not relating the null hypothesis into his TinkerPlotsTM sampler he 
fails to see the logic of the test. Neville’s personal beliefs tell him that 20% is not unusual, though 
he has his own personal grey area where it was hard for him to determine (e.g., 25%). This suggests 
he continues to rely on his personal intuitions about what is unusual. In addition, he does not seem 
to have a sense of the importance of the center anchor (14%) in the sampling distribution.  

This is only a case study and is therefore limited in the conclusions that can be drawn. However, 
there is little research studying the impact of modeling and simulation on students’ statistical 
thinking. Further research needs to investigate how students make connections between null 
hypotheses, the computer models they develop (in this case in TinkerPlotsTM), the empirical 
sampling distributions they create, and the ways they reason about these empirical sampling 
distributions (using p-values) when making inferences in order to better support learning in 
modeling and computer simulation courses.  
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COMPARING THE STATISTICAL LITERACY OF STUDENTS IN 

DIFFERENT UNDERGRADUATE PROGRAMS IN TERMS OF 

STATISTICAL PROCESS
1
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Karadeniz Technical University 

The aim of the present study is to compare the statistical literacy of students studying in different 

undergraduate programs in terms of statistical process which is the one of the components of 

statistical literacy. The research sample consists of students attending statistics courses in 9 

different undergraduate programs in 7 different faculties. For data collection, the statistical 

literacy test was developed and employed. The items of the test were organized about the statistical 

process component; the categorical scoring table was used for analyzing the students’ answers. It 

was seen that the level of the students was low in general in terms of fulfilling the sub-stages of the 

statistical process component. As a result of the test, it was demonstrated that there was a 

significant difference regarding the success of the programs in terms of fulfilling the sub stages of 

the statistical process component (F8,426 = 23,320, p =,000<,05). 

INTRODUCTION 

Statistical literacy requires certain skills that are about reading and interpreting data, organizing the 

information in the media, web-sites, newspapers and magazines, and making a critical evaluation 

(Gal, 2002; Watson, 2006; Watson & Moritz, 2000). Considering that skills and competencies 

expected from people have been influential in the development of statistical literacy, it is important 

that people become statistically literate (Gal, 2002; Watson & Moritz, 2000). In parallel to the 

significance of statistical literacy, some definitions and models (Gal, 2002; Watson, 1997, 2006) 

were taken place in the literature to describe statistical literacy. A review of the statistics education 

literature shows that many statistics educators and researchers presented some basic requirements 

and proficiencies which must be satisfied for someone who is statistically literate. For Watson 

(1997), an accomplished statistically literate people should understand statistical language and 

terminology and ask critical questions on data. For Gal (2002), an accomplished statistically people 

should be to discuss, interpret and critically evaluate some statistical information at a basic level 

such as sample, measurements, graphs, statistical significance and probability. When the statistical 

literacy models are examined, it is seen that some certain components are focused on with regard to 

statistical literacy. For Watson (2006), most important component among other components of 

statistical literacy is statistical process including some stages as collecting data, asking critical 

questions on data, analyzing and interpreting data.  

1 This study is based on the doctoral dissertation of the first author under the direction of the second author. 
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Statistical Process 

Statistical process is called as making sense of data and exploring unknown lands through data 

analysis (Cobb & Moore, 1997; Ben-Zvi, 2004). Newton, Dietiker and Horyath (2011) indicated 

that the statistical process stages were an important part of the statistical literacy. Parallel with this 

importance statistical process and its stages are emphasized in NCTM (2000) and GAISE (2005) 

reports. In GAISE (2005) report clarifies statistical problem solving as a statistical process which 

involves four stages such as formulating questions, collecting data, analyzing data and interpreting 

results. NCTM (2000) also lists the expectations from students about data analysis and probability 

as formulate questions, select and use appropriate statistical methods, develop and evaluate 

inferences and predictions, understand and apply basic concepts of probability.  

In this present study, we focused only statistical process as one of the statistical literacy components 

(Watson, 2006). The component of the statistical process includes sub-stages. These stages are 

clarified by Özmen (2015) as follows: determining the problem status, making a hypothesis, data 

collection, choosing the sample, data analysis, using visual representations, interpreting the table 

and graphics, and interpreting the obtained results in the relevant context. Therefore in the present 

study, it is aimed to compare the statistical literacy of students studying in different undergraduate 

programs in terms of the statistical process component. 

METHOD 

The research sample consists of students attending statistics courses in 9 different undergraduate 

programs in 7 different faculties. These programs are Labor economics and industrial relations 

(LEIR; n=73), geological engineering (GE; n=36), elementary mathematics education (EME; 

n=70), counseling and psychology (CP; n=49), mathematics education- mathematics (MEM; n=38), 

biology (BIO; n=27), urban and regional planning (URP; n=32), general medicine (GM; n=36), 

forest industrial engineering (FIE; n=74). The idea that statistical knowledge and skills of students 

studying in different programs may differ and the population of university students may be 

represented this way was influential in the determination of the sample.  

Data Collection 

For data collection, the statistical literacy test developed for university students by Özmen (2015) in 

her doctorate thesis was employed. Students’ responds to the items of the test were organized and 

the categorical scoring table was used for analyzing the students’ answers. All possible answers to 

the items were determined and the categories were established according to the degree of rationality 

for these answers. After all the answers were coded according to the categorical scoring table for 

each item, total score of each student with regard to the statistical process component was obtained. 

As an example, some of the test items about statistical process and their stages are given in Table 1. 
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Questions Indicators of stages of statistical 

process 

1. A store determined how

many moths after cell phones came 
back with complimentation of 

breakdown. Based on this data 

histogram was draw. Base on 
histogram, what do you think about 

the quality of the telephones? 

Interpreting the data in the table 

and graphics 

2. Before government election, companies want to predict the

percentage of parties. For this aim companies ask people 

that which party they will vote before election. You have a 

company and want to make the best prediction. So how you 

determine your samples to make best prediction? 

Determining sample 

Table 1: Sample questions and related sub-stages 

Data Analysis 

After students answered the questions their answers were coded and codes were put in order 

according the scoring rubric. As an example for this procedure one question is given in Table 2: 

Question Codes Sample Answers 

Before government 

election, companies want to 

predict the percentage of 
parties. For this aim 

companies ask people that 

which party they will vote 
before election. You have a 

company and want to make 

the best prediction. So how 

you determine your 
samples to make best 

prediction? 

4: Focusing on more than one 

dimensions, and associating with 

randomness, representation of the 
population and considering 

limitations 

In order to represent of the 

population, I consider economic 

and social situations because these 
situations affect the preferences of 

people. I determine sample in this 

way.  

3: Focusing on more than one 
dimension.  

Associating with randomness, 

representation of the population and 
focusing one dimension 

I try to select people from every 
region. In order to represent of the 

population, I select from every 

region.  

2: Focusing on only one dimension 

(age, region..), or associating with 

the concepts of randomness, 
representation of population, or 

heterogeneous.  

I choose randomly 

I ask people who work different job 
groups 

1: Tautological but proper methods 
based on personality or beliefs 

I ask people who interested in 
politics. Because they know better.  

0: Inappropriate answer or no 

respond 

I choose simple sampling methods. 

Table 2: Sample students’ answers to the question and their analysis 

These coding regarding the statistical process component were analyzed using the Rasch Model 

(1980). Rasch Model allows to making comments about the students participating and the items in 

the test were influential in the administration of this model in the studies on statistical literacy. 

Following the analyses with the Rasch Model, the students’ linear scores were calculated. Later, 
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normality conditions and homogeneity of variances were tested at a multivariate level. In this study, 

one-way ANOVA test and Tukey HSD post hoc analysis were conducted to compare how students’ 

success regarding the statistical process component vary among different undergraduate programs. 

Also, the average success rates of these programs concerning the statistical process component were 

calculated and demonstrated on graphics.  

FINDINGS 

Findings illustrated that the achievement of the students was low in general in terms of fulfilling the 

sub-stages of the statistical process component and that their achievement level varied according to 

stages. In addition there were more notable differentiations in the stages of making a hypothesis, 

interpreting the results in a relevant context, determining the sample and interpreting the table and 

graphics while there was no differentiation in determining the problem status, using visual 

representation, data collection and analysis. 

In determining the problem status, GE and CP was the most successful while LEIR became the least 

successful; GM, CP, EME were successful in making a hypothesis while LEIR and URP failed. In 

determining a suitable data collection method, CP became the most successful while MEM 

remained at the bottom of the list. While EME and GM were more successful in organizing and 

arranging the data, MEM and GE were less successful. In determining the sample and representing 

the population, GM and CP were more successful than the others while LEIR failed. As for using 

the data representation, GE and EME were more successful, LEIR and FIE had the lowest level of 

success. While CP, GM and MEM students became more successful in interpreting the table and the 

graphics, LEIR students were less successful. In interpreting the obtained results in a relevant 

context, EME and GM students were the most successful while LEIR and URP students had the 

lowest level of success. 

The maximum score that a student could get for statistical process component is 57. The average of 

each program was determined in terms of fulfilling the sub stages of the statistical process 

component is presented below in Figure-1.  

Figure 1: The average of programs about statistical process component 
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The average of each program shows that GM, CP and EME students were more successful in terms 

of fulfilling the sub-stages of the statistical process component while LEIR students had the lowest 

level of success. However, when scrutinizing the data as a whole, it was seen that the success level 

of the students regarding this component was considerably below the maximum score. One-Way 

ANOVA test was administered in order to determine whether these differences in the success of the 

programs were statistically significant. As a result of the test, there was a significant difference 

regarding the success of the programs in terms of fulfilling the sub stages of the statistical process 

component (F8,426 =23,320, p =,000<,05). As Levene test results lead to a homogenous pattern of 

variance [F 8,426 = 1,087; p > .05], the multiple comparisons were based on the results of Tukey test. 

The post-hoc analysis results are as follows: 

Source 
Sum of 

Squares 
df 

Mean 

Square 
F Significant Difference* 

Between 

Groups 
92,343 8 11,543 

23,320 

EME-LEIR, EME-FIE, EME-URP, CP-LEIR, 

CP-FIE, CP-URP, CP-BIO, CP-MEM, LEIR-

GE, LEIR-FIE, LEIR-MEM, LEIR-BIO, LEIR-

URP, LEIR-GM, FIE-GM, URP-GM, BIO-GM 
Within 

Groups 210,859 426 0,495 

*Bold indicates programs which differences were mostly appeared in favor

Table 3: The results of statistical process component in ANOVA 

Table 3 shows that there was a significant difference between the success level of LEIR and those 

of all other programs. This difference results from the fact that LEIR students’ linear scores 

regarding the statistical process component were low. A significant difference was also found out 

between FIE, URP programs and EME, GM and CP programs. These differences result from the 

fact that EME, GM and CP programs were more successful in this component. Furthermore, 

another significant difference was discovered between GM, CP programs and MEM, BIO 

programs. This difference results from the fact that GM and CP programs were more successful. 

CONCLUSION 

It can be concluded that students’ success level with regard to the statistical process component 

differed according to the programs administered and these differentiations were statistically 

significant.  GM, CP and EME students were more successful in the statistical process component 

while LEIR, URP and FIE programs were less successful. ANOVA shows this difference in favor 

of GM, CP and EME programs. This differentiation is also associated with the low mathematical 

background of LEIR, URP and FIE programs. It is considered that such factors as the mathematical 

background and intelligence level besides the content of the lessons given in these programs, the 

approaches used were influential in the success of the GM, CP and EME programs. That the scores 

for entering these programs are higher reinforces this assumption. Therefore the results of this study 

highlighted that different academic achievement and mathematical background produce 

differentiations among programs in terms of the stages of statistical process. However the result of 

this study also clarified that the contents prioritizing professional needs of the programs and the 

priorities of the lecturers appear to play an important role in these differentiations.  
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Even though there were differentiations in the programs’ success regarding this component, it was 

found out that students were unsuccessful in terms of fulfilling the stages of the statistical process 

component. It is considered that the lack of sufficient relevant knowledge and experience regarding 

a statistical research process and the stages of this process among the students was influential in this 

failure. Newton, Dietiker and Horyath (2011) also pointed out that handling the stages of the 

statistical process with a holistic approach was significant in students’ experiencing such stages as 

determining the problem status, data collection etc. In this regard, it is thought that handling the 

stages of statistical process with a holistic approach while giving information regarding these stages 

in lessons and students’ gaining experiences about these stages will contribute to the improvement 

of competencies regarding the statistical process component. From these results we can suggest that 

designing of the course contents to support students’ investigative abilities may help students to 

improve their statistical literacy in terms of statistical process. In order to achieve this, lecturers can 

develop their course contents through using different and rich sources including inquire based 

exercises and questions. For this purpose, the web site developed by Garfield and delMas (2010) 

ARTIST (The Assessment Resource Tools for Improving Statistical Thinking) and the test of 

CAOS (Comprehensive Assessment of Outcomes in a first Statistics course). 
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STATISTICAL REASONING OF PRESERVICE TEACHERS WHEN 

COMPARING GROUPS WITH TINKERPLOTS 

Daniel Frischemeier 

University of Paderborn 

Comparing groups is a fundamental activity in statistics. Preferably such an activity is embedded in 

the PPDAC-cycle (Wild & Pfannkuch, 1999) and done with real and large datasets. Software 

enables learners to carve out many differences between the compared distributions. In this article 

we want to report on results of a video study of four chosen pairs of preservice teachers comparing 

groups with TinkerPlots (Konold & Miller, 2011) after attending a statistics course for preservice 

teachers at the University of Paderborn. 

Introduction 

The leading idea “data & chance” demands -amongst others- the implementation of a data analysis 

cycle (like PPDAC) and the work with real and rich data in grades 5-10 in secondary school in 

Germany. Also the use of adequate software is recommended. Preservice teachers need a good 

education not only in statistical, but also in technological knowledge. Therefore a university course 

was developed for the statistics education program of preservice teachers at the University of 

Paderborn where preservice teachers are supposed to gain statistical and technological knowledge. 

In this course, preservice teachers get to know the PPDAC-cycle, in the sense of raising their own 

statistical problems and their own questions, creating a questionnaire, collecting data, analyzing it 

with TinkerPlots and writing down their findings in a report. Group comparisons with TinkerPlots 

play a fundamental role in this course and are discussed comprehensively. We decided to use 

TinkerPlots as digital tool in the whole course, since we consider TinkerPlots as adequate 

educational software to learn data analysis and as a powerful tool for exploring data.  

We will report in this paper on a video study conducted after the course, where the preservice 

teachers were asked to compare distributions in a real and rich dataset with TinkerPlots. 

Literature Review 

In the following we will provide a short overview of research on learners´ reasoning when 

comparing groups. Watson and Moritz (1999) rated group comparison skills of Australian 3-8 

graders via a SOLO taxonomy and found out -amongst others- that students in higher grades tend to 

reason proportionally rather than students in lower grades. Makar and Confrey (2002) concentrated 

on preservice teachers doing group comparisons tasks with Fathom and focused on the way they 

used inferential reasoning to compare -amongst others- variability between two groups. Learners 

taking into account variability when comparing groups were also in the focus of Ben-Zvi (2004). 

Ben-Zvi (2004) observed that learners working on a group comparison task at first concentrate on 

the variability of the distributions and later also take into account differences in regard to center, 

spread, shape and outliers in the data. 

Another idea is given by Biehler (2001) who figured out a normative view on group comparisons 

and raised comparison elements such as p-based and q-based comparisons, which he views as 
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adequate. According to Biehler (2001) comparisons of two distributions of numerical variables are 

called p-based, if for x the relative frequencies h(Vx) and h(Wx) are compared. So in p-based 

comparisons a specific argument x can be given (for example: 10 hours) und the proportion of cases 

which are equal or larger than 10 hours is compared in both groups (see Biehler, 2001, 110). In 

addition comparisons of two distributions of numerical variables are called q-based, if for a 

proportion p between 0 and 1 the matching quantiles of the variables V und W, qV(p) with qW(p), are 

compared. With q(p) we mean the quantile regarding p. For p = 0.5 this is a comparison of medians 

(see Biehler, 2001, 110). Biehler (2007) points out further ideas and elements when comparing 

distributions such as comparing the skewness of the distributions or using the so called “shift 

model” to identify an additive or a multiplicative shift between the distributions (for details see 

Biehler, 2007). 

Pfannkuch (2007) developed a framework for rating learners’ skills comparing boxplot 

distributions, which can also be used for rating learners´ group comparison skills in general. In this 

framework Pfannkuch (2007) distinguishes several comparison elements such as summary, signal, 

spread and shift, at first. Then Pfannkuch (2007) rates the quality of the comparison of each element 

in different hierarchical quality levels “Point decoder” (level 0), “Shape comparison describer” 

(level 1), “shape comparison decoder” (level 2) and “shape comparison assessor” (level 3). Whereas 

a “point decoder” identifies differences of single values of the distributions and a “shape 

comparison describer” makes comparison statements on a descriptive level, the highest level, the 

“shape comparison assessor” interprets differences between the distributions. The “shape 

comparison decoder” can be seen as an intermediate step between level 1 and level 3 (for further 

details see Pfannkuch, 2007, p. 159). This framework was also used by Pfannkuch (2007) to 

analyze the outcomes of an empirical study where learners were asked to compare distributions 

(given in form of Boxplots). Pfannkuch (2007) observed that the participants preferred to compare 

the distributions via summary and spread rather than via shift or signal elements. In addition the 

most participants worked out differences in the “describing” or “decoding” level, only a few 

worked out differences in the highest level (“assessor”).  

Accordingly we identify from the framework of Pfannkuch (2007) and from the work of Biehler 

(2001) and Biehler (2007), six elements for comparing groups: center, spread, skewness, shift, p-

based comparisons, q-based comparisons. We consider these elements as sustainable for group 

comparisons and want our preservice teachers to carve out differences between groups regarding 

them. These differences can be worked out in several quality levels (see Pfannkuch, 2007): “Point 

decoder” (level 0), “Shape comparison describer” (level 1), “shape comparison decoder” (level 2) 

and “shape comparison assessor” (level 3). 

The Study & Research questions 

As mentioned in the introduction, we developed the course “Developing statistical thinking and 

reasoning with TinkerPlots” in the sense of the design based research paradigm (Cobb et al., 2003). 

In the course the participants got to know the PPDAC-cycle. A large part of the course was 

dedicated to group comparisons where we concentrated on the comparison of groups regarding the 

elements center, spread, shift, skewness, p-based and q-based. We have set two norms for our 

participants: first, to work out as many differences on the six elements as possible; second, to 

interpret these differences, which they carved out between the two groups regarding center, spread, 
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shift, skewness, p-based and q-based comparisons. Boxplots were highlighted as adequate displays 

for group comparisons; the use of the “shift model” was highlighted for identifying possible 

additive or multiplicative shifts between two distributions. Details on the course can be found in 

Frischemeier and Biehler (2012). 

Our research interest concerns the question in which way the preservice teachers are capable of 

comparing groups in larger datasets with TinkerPlots. Therefore we used a random sample from a 

large and multivariate dataset (called VSE data in the following) which we have imported from the 

German Bureau of Statistics containing 861 persons from the German population and variables such 

as salary, gender and region. Six weeks after the course, eight participants from the course were 

invited (arbitrary, no specific criteria for invitation) to take part in a video study, in which they were 

asked to compare groups in VSE data with TinkerPlots. The precise task they had to work on was: 

“In which aspects do the distributions of the variable “salary” of men and women differ? Carve out 

differences in both distributions!” There are plenty of possibilities to carve out differences between 

both groups with TinkerPlots. Figure 1 shows different representations that learners might use in 

TinkerPlots to work out differences between both distributions regarding center, spread, shift and q-

based (Figure 1, left), in regard to skewness (Figure 1, centered) and in regard to p-based 

comparisons (Figure 1, right). 

Figure 1: TinkerPlots graphs for VSE task 

From this initial point of possible ways to carve out differences between both distributions, our 

main research question arises: How do the preservice teachers compare groups in this real and rich 

dataset with TinkerPlots after our course? More precisely we might distinguish two sub-questions: 

Which comparison elements do they use and in how far do they interpret their worked out 

differences? 

Data, Participants & Methodology 

The eight participants (all participants attended our course described above) worked on the task in a 

laboratory setting at the University of Paderborn in pairs of two. They got an exercise sheet with the 

task, a list of variables of the dataset and also the TinkerPlots file containing the VSE data. 

Furthermore we told them to communicate aloud as much as possible during their working process. 

There was no intervention at any time in their working process by the interviewer. As data we 

recorded their screen activities with Camtasia, recorded their oral communication and also collected 

their notes on their exercise sheets. The communication and action with the software was 

transcribed and the analysis of data was done with a qualitative content analysis approach (Mayring, 

2015). This approach includes the following steps (taken from Kelle & Buchholtz (2015, 347)): (1) 
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definition of object of research, (2) formulation of selection criteria, (3) generation of categories 

(deductively and inductively), (4) coding of selection of cases, (5) modification of categories, (6) 

constructing coding manual with definitions and key examples, (7) coding the whole material, (8) 

frequency analysis of occurrence of codings. In the following we want to concentrate on the 

generation of our categories. 

Data analysis 

One crucial point in qualitative content analysis (see Mayring, 2015, pp.374) is a coding scheme 

with exact definitions and key examples. For our purpose we want to have a dynamic framework to 

identify the variety of group comparison elements and their quality. Hence and according to our 

research questions, our coding paradigm was (similar to Pfannkuch, 2007) to identify the group 

comparison elements used by our participants first and then rate the quality of the comparisons. Our 

categories (structural elements) “center”, “spread”, “shift”, “skewness”, “p-based” and “q-based” 

have primarily arisen deductively on basis of the literature review of Pfannkuch (2007), Biehler 

(2001) and Biehler (2007). So from the elements “signal”, “shift”, “summary” and “spread” of 

Pfannkuch (2007) we specified the comparison element of “summary” to a comparison element of 

“center”, left out the comparison element “signal” since this kind of comparison element seemed to 

be too specific (for boxplots) for our purpose and finally identified the comparison elements 

“center”, “spread” and “shift”. From Biehler (2001) and (2007) we adopted the comparison 

elements “skewness”, “p-based” and “q-based”. In a further step we took the hierarchical levels of 

Pfannkuch (2007), “Point decoder” (level 0), “Shape comparison describer” (level 1), “shape 

comparison decoder” (level 2) and “shape comparison assessor” (level 3), merged them and defined 

new hierarchical levels “low quality”, “medium quality” and “high quality” for our structural 

elements: So a high quality comparison related to our elements mentioned above is given when the 

elements are compared in a quantitative way and are interpreted. For example a high quality 

comparison statement regarding “center” would be “men earn 29.5% more than women on 

average”. If group comparison elements are only compared in an at least qualitative way, but not 

interpreted, we rate this as medium quality (example: “The mean of men is higher than the mean of 

women”). In the case that the measures or elements are compared in a wrong way, we will call this 

a comparison with a low quality. Table 1 is adapted from Frischemeier and Biehler (2016). Here we 

find the definitions of codings related to the group comparison elements as an extract of our coding 

scheme. 

High quality Medium quality Low quality 

Center Measures of center (mean, 

median) are compared in a 

quantitative way and are 

interpreted. 

Measures of center (mean, 

median) are compared in 

an at least qualitative way 

and are not interpreted. 

Measures of center 

(mean, median) are 

compared in a 

wrong way. 

Spread Measures of spread (IQR) or 

informal descriptions of spread 

(such as “density”, “close”) are 

compared and interpreted. 

Measures of spread (IQR) 

or informal descriptions of 

spread (such as “density”, 

“close”) are compared but 

not interpreted. 

Spread is compared 

with inadequate 

measures (like 

range) and/or is 

interpreted wrongly. 
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Shift Shift between both 

distributions is quantified 

correctly (with comparing the 

position of the middle 50% or 

with using the “shift model”) 

Shift between both 

distributions is described in 

a qualitative way (e.g. 

comparing non-

corresponding numbers) 

Shift between both 

distributions is 

worked out in a 

wrong way. 

Skewness Skewness of both distributions 

is described correctly and the 

differences between the 

distributions are interpreted 

correctly. 

Skewness of both 

distributions is described 

correctly but the 

differences are not 

interpreted. 

Differences of 

skewness are 

worked out in a 

wrong way. 

p-based p-based differences are

identified and interpreted. 

p-based differences are

identified but not 

interpreted. 

p-based differences

are worked out in a 

wrong way. 

q-based q-based differences are

identified and interpreted. 

q-based differences are

identified but not 

interpreted. 

q-based differences

are worked out in a 

wrong way. 

Table 1: Definitions of codings 

Codings and examples related to spread, skewness, shift, p-based and q-based comparisons can be 

read in Frischemeier & Biehler (2016). We want to concentrate on the comparison elements and 

their quality. For our analysis we focus on the transcribed communication of the working phase and 

on the written notes of our participants. Therefore the analysis unit covers the transcribed 

conversation in-between the pairs and their written notes. A word was chosen as minimum coding 

unit and a unit of meaning was chosen as maximum coding unit. The coding units were assigned to 

the codes in a disjoint way. Intercoderreliability was proved by comparing the codings with an 

independent researcher (κ = 1.000). 

Results 

In table 2 we see the distribution of codings regarding group comparison elements and their quality 

used by the four pairs when working on the VSE task. 

High quality Medium quality Low quality Overall 

Center 2 2 0 4 

Spread 3 2 0 5 

Shift 0 6 0 6 

Skewness 2 1 0 3 

p-based 0 8 0 8 

q-based 1 1 0 2 

Overall 8 (28.6%) 20 (71.4%) 0 (0.0%) 28 (100.0%) 

Table 2: Frequency analysis of codings related to the group comparison elements used by all pairs 
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A broad range of comparison elements and overall 28 comparison elements were used by our 

preservice teachers when working on the VSE task. The most used elements were p-based 

comparisons (8 times) and comparisons via shift (6 times). Comparisons in regard to skewness and 

q-based comparisons were used least. There was no comparison rated with a low quality. 28.6% of

the comparisons were done on a high quality level, 71.4% on a medium quality level. Remarkably 

all p-based and shift comparisons have been done in medium quality, so there might be a difficulty 

for our preservice teachers to interpret these specific differences. In regard to the comparisons via 

shift, we can state that nobody used the “shift model”, although it was part of our curriculum.  

In Figure 2 we see the distribution of codings distinguished by the pairs. 

Figure 2: Overview of distribution of codings separated by pairs 

We can roughly identify two types of pairs. On the one hand Conrad & Maria and Sandra & Luzie 

as one type and Hilde & Iris and Laura & Ricarda as the other type. Conrad & Maria and Sandra & 

Luzie made only four comparison statements each. All of them are rated with medium quality. 

Conrad and Maria compared the distributions with regard to spread and shift and also used a q-

based comparison. As a comparison of spread they formulated for example “the interquartile ranges 

of the distributions are almost identical”. This statement was rated with a medium quality since the 

difference (“almost identical”) is just described but not interpreted. Sandra and Luzie -like Conrad 

and Maria- also only made four comparison statements. Remarkably they only used p-based 

comparisons to work out differences between the distributions. All of them were rated with medium 

quality, since none of the differences were interpreted. In Figure 3 we exemplarily see a p-based 

comparison where Sandra and Luzie identified the relative frequencies of men and women having 

an income larger than 5000€. Since the relative frequencies are documented but the differences are 

not interpreted, we rate this comparison as a “medium quality comparison”. 

Figure 3: P-based comparison done by Sandra and Luzie (written note) 
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Hilde & Iris and Laura & Ricarda did ten comparisons each and used a huge range of comparison 

elements. Also high quality comparisons can be found in their communication. Hilde and Iris 

worked out differences between both distributions via center, spread, shift and p-based 

comparisons. The differences regarding center, shift and p-based comparisons were worked out in 

medium quality. Both differences related to spread were rated with high quality (example: “The 

middle 50% of men spreads more than the middle 50% of the women”). All in all two of their ten 

comparisons (20%) are rated with high quality. Laura and Ricarda show the best performance of all 

pairs: They did ten comparisons and worked out differences between both distributions with regard 

to all six group comparison elements. Six of their ten comparisons (60%) were rated with high 

quality. Exemplarily one of their two comparisons related to center, which we rated as high quality 

was “The men earn 29.5% more than women on average”. 

Conclusion & Discussion 

On the one hand we can positively state that all comparisons that have been done, are at least on a 

medium level. So we might report that there are overall good group comparison skills shown by our 

preservice teachers after attending the course “Developing statistical thinking and reasoning with 

TinkerPlots”. Furthermore from a global point of view the whole range of comparison elements has 

been used by our participants. They have shown that they are able to explore large and real data 

with TinkerPlots and carve out differences between distributions in these large data. On the other 

hand, there are some discrepancies between the pairs in detail, as we mentioned in the results 

section. The majority of the comparisons (71.4%) are rated medium quality because they lack 

interpretation. In these cases, the differences were just described but not interpreted. Similar 

findings were also found in the empirical study of Pfannkuch (2007). Also Biehler (1997) noted that 

learners often concentrate on the production of displays and the calculation of summary statistics, 

but do not interpret their findings. Furthermore -with regard to our norms set in the course (“work 

out as many differences as possible” and “interpret the differences”)- too many comparison 

statements lacked interpretation and some of the pairs like Sandra and Luzie did not use the variety 

of possible comparison elements to carve out the differences between the distributions. In addition 

only two q-based comparisons were used, although we taught them using q-based comparisons 

when introducing boxplot comparisons. The “shift model” was not used at all, although we 

presented it as an adequate tool to identify shifts between two distributions. In a re-designed course 

the norm “work out as many differences as possible” has to be set up in a more explicit way. There 

also has to be a focus on interpreting the worked out differences, which may happen as in-class-

discussion while considering adequate and non-adequate examples for interpretation. Additionally 

q-based comparisons, the “shift model” and the interpretation of p-based comparisons have to be

highlighted in a re-designed course. 

Finally some limitations of our study have to be noticed: In our study, we investigated only a 

sample of four pairs. This sample is not representative, since the participants, who were chosen 

arbitrarily, were all from the University of Paderborn and all of them took part in our course 

“Developing statistical thinking and reasoning with TinkerPlots”. Also in this extract of our study 

we did not mention how and in which way the participants used TinkerPlots in their exploration 

process and in which way TinkerPlots facilitates or hinders the comparison of distributions. The 

analysis of these further dimensions can be read in Frischemeier (submitted). 
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EXPLORING SECONDARY TEACHER STATISTICAL LEARNING IN A 
BLENDED FORMAT STATISTICS AND MODELING COURSE  

Sandra R. Madden 

University of Massachusetts Amherst 

Providing opportunities for secondary teachers to develop statistical, technological, and 
pedagogical facility necessary to successfully engage their students in statistical inquiry is 
nontrivial. Many mathematics and science teachers in the U.S. have not benefitted from sufficient 
opportunity to learn statistics in a sense-making manner. With statistics assuming a more 
prominent place in the secondary curriculum, it remains a priority to consider viable ways in which 
to reach and support the statistical learning trajectory of both pre- and in-service teachers. Toward 
that goal this study explores the ways in which a blended format course, that is, one that includes 
face-to-face instructional time as well as online, virtual learning experiences may impact in-service 
teachers’ technological pedagogical statistical knowledge. 

BRIEF LITERATURE REVIEW 

Statistics has achieved a position of status in the Pre-K-12 curriculum; (CCSSM, 2010; Franklin et 
al., 2007). Secondary mathematics teachers are responsible for teaching statistics; yet remain ill 
prepared for the job (Madden, 2008; Shaughnessy, 2007). Technological pedagogical statistical 
knowledge (TPSK) is a framework useful as a design tool for developing professional learning 
interventions (Lee & Hollebrands, 2011). TPSK addresses the importance of understanding 
students’ learning and thinking of statistical ideas; conceptions of how technology tools and 
representations support statistical thinking; instructional strategies for developing statistics lessons 
with technology; critical stance towards evaluation; and use of curricula materials for teaching 
statistical ideas with technology. Using a doer to designer approach (Kadijevich & Madden, 2015), 
TPSK in this study is conceptualized  as seen in Figure 1, where TPSK includes the pedagogical 
statistical knowledge dimension and incorporates aspects of Groth’s (2007) statistical knowledge 
for teaching framework.  

Figure 1: Technological pedagogical statistical knowledge framework. 

Self determination theory (Ryan & Deci, 2000) suggests that learners benefit from environments in 
which they experience autonomy, competence, and relatedness, thus instructional design should be 
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mindful to facilitate the development of these states of mind. A constructionist perspective is used 
to frame this study (Papert, 1991) due to its emphasis on learning that occurs as learners actively 
construct models (physical, symbolic, linguistic, technological) representing their thinking. 
Constructionism is echoed in the Doer to Designer framework. With these perspectives as guides, a 
blended format course was developed to support and explore teachers’ evolving TPSK. This study 
begins to address the dearth of research exploring teachers’ TPSK development in relation to the 
enacted curriculum in the classroom (Kadijevich & Madden, 2015; Lee & Nickell, 2014). 

BRIEF LEARNING ENVIRONMENT DESCRIPTION 

A 3-credit experimental graduate course was designed by the author to facilitate middle and high 
school teacher learning of statistics and modeling in the secondary curriculum and intended to 
impact teachers’ practices and students’ opportunity to engage with statistical ideas. Design 
commitments included: active learning, technology rich investigations, community of practice 
orientation, exploration of curriculum materials, and attention to autonomy. The course consisted of 
5 face-to-face (F2F) 4-hour sessions plus 5 virtual modules between F2F meetings (Fig. 2). This 
course structure facilitated teachers’ schedules with intense statistical and technological learning 
experiences during summer break and thoughtful implementation of statistical units of instruction 
with secondary students occurring when teachers returned to school in September (Fig. 3). 

F2F 
June 

Virtual Modules 
July 

F2F 
August 

Virtual Modules 
September 

F2F 
October 

1 2 1 2 3 3 4 4 5 5 
Engaging and 
extending prior 
statistical knowledge; 
building community; 
informal inferential 
reasoning; intro to 
TinkerPlots, Fathom, 
and CPMP-Tools

Building facility with 
technology, generating 
and interrogating data 
factories, exploring 
and experiencing 
curriculum units, 
analyzing curricula 

By chance or by 
cause—
experimental 
design and 
randomization 
testing 

Simulating 
randomization testing 
with TinkerPlots and 
Fathom; learning new 
statistics through 
curriculum exploration; 
planning for unit 
implementation 

Sharing investigative 
& implementation 
experiences; 
empirical sampling 
distributions, CLT, 
regression and 
correlation 

Figure 2: Course format, schedule, and content trajectory 

Course content included model based sampling investigations, experimental design investigations to 
motivate randomization testing, and other simulation-based statistical tools for supporting statistical 
argumentation. Participants were invited to read approximately 30 articles, conduct a statistical 
curriculum analysis, and engage in an action research project in which they designed, implemented, 
and reflectively analyzed student learning in a statistical unit of study where technology was 
utilized. Participants electronically submitted written assignments and or discussions for each of the 
10 distinct chunks of the course. Notable aspects of the design of the course for students include: 1) 
developing facility with Fathom, TinkerPlots, and CPMP-Tools software while conducting 
statistical investigations, much of this during the virtual modules; 2) analyzing secondary-level 
curriculum materials to support statistical development as well as pedagogical sensibility; 3) 
designing, implementing, and studying a technologically relevant statistical unit in their own 
classroom; and 4) choosing articles to read and statistical content and curricula to investigate from a 
pool of recommendations.  
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Figure 3: Process-related design commitments 

METHODS 

Ten participants (8 secondary mathematics teachers, 2 secondary science teachers) completed an 
initial background and motivation survey as well as a post course survey. All course assignments, 
discussions, emails, and associated artifacts were collected for analysis. Qualitative methods of 
document analysis using open and axial coding were used to discover themes and patterns in the 
data. Each data source was analyzed and summarized and then a chronological case study analysis 
for each student was conducted to capture the evolution of each student’s learning over the period 
of the course to answer the research question: To what extent and in what ways did the blended 
format statistics and modeling course experiences impact participants’ TPSK?  

RESULTS 

An analysis of participants’ comfort level (1-low, 5-high) with statistical big ideas pre- and post-
intervention suggests limited prior statistical knowledge for most and significant improvement in a 
number of areas (Table 1). As the designer and instructor, it is encouraging to see that the 
participants’ perceptions appear to be consistent with focal areas of our collective work. Significant 
gains in the areas of descriptive statistics, experimental design, sampling distributions, overall, and 
facility with TinkerPlots and Fathom coincide with the goals of the course. 

Mean Median SD Gain Score (Means) 
n = 10 Pre Post Pre Post Pre Post Mean SD p-value
Descriptive statistics 3.00 3.90 3 4 0.47 0.74 0.90 0.57 0.0039* 
Statistical graphs 3.90 4.40 4 5 0.88 0.84 0.50 0.85 0.0917 
Experimental design 2.90 3.60 3 4 1.10 0.84 0.70 0.82 0.0289* 
Correlation and regression 2.30 2.80 2.5 3 1.34 1.55 0.50 1.18 0.1919 
Sampling distributions 1.80 2.80 2 3 0.79 0.79 1.00 1.05 0.0140* 
Statistical inference 2.00 2.30 2 2 1.05 0.95 0.30 0.95 0.2622 
Overall (aggregate ratings) 2.65 3.30 2.50 3.5 0.74 0.71 0.65 0.62 0.0019* 
Facility with TinkerPlots 2.10 3.70 2 3.5 1.29 0.82 1.60 1.26 0.0054* 
Facility with Fathom 1.40 3.30 1 4 0.70 1.06 1.90 0.99 0.0017* 

Table 1: Participants’ self reported comfort level with statistical big ideas and tools (1-low, 5-high). 
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Participants rated their personal engagement in the course (e.g., course readings, statistical tasks and 
investigations, discussion posts, curriculum units, TinkerPlots, Fathom, CPMP-Tools). Aggregate 
ratings (1-low, 4-high) ranged from 2.86 to 3.71 (mean 3.33) and were strongly, positively 
associated with perceived learning gains.  

Tracing participants’ learning journeys over the course illuminated a complicated but compelling 
storyline for each participant. Every participant attempted and completed all aspects of the course; 
however, the extent to which each aspect was completed varied considerably. Only a tiny fraction 
may be presented here, so I illustrate trajectories of two distinct patterns of engagement. 

The Case of Claire 

Claire is a third year high school mathematics teacher who described her past largely theoretical 
statistical learning experiences in great detail and characterized them as procedurally dominated: 

I took a 1.5 credit Prob Stats course on: Sample spaces, events, axioms for probabilities; conditional 
probabilities and Bayes' theorem; random variables and their distributions, discrete and continuous; 
expected values, means and variances; covariance and correlation . . . Also, I've taken a 2 credit 
Intermediate Probability course on: Continuous random variables, distribution functions, joint density 
functions, . . . Chebyshev' theorem . . . Most of the class time was spent taking notes in a "fill in the 
blank" format and then once in a while we had statistical investigations. The professor did not take time 
to know her students individually and I felt that I didn't learn much in her class because of this. 

She indicated a desire to  “learn methods for teaching statistics in a meaningful and engaging 
manner.” Her pre-course statistics comfort level was 2.33. 

Following the June F2F sessions and readings, her reflection, a portion of which is below, indicated 
her growing understanding of the use of graphing calculators, TinkerPlots, and the simulation 
process model for generating empirical sampling distributions: 

In Using Graphing Calculator Simulations in Teaching Statistics, Koehler gives a pretty detailed 
description of how to use the graphing calculators, and I realize that the graphing calculators are much 
more powerful than even I knew. However, I found that this tool is much more syntactically confusing 
and I would anticipate that students would have a lot of trouble understanding what was truly happening 
in situations being modeled. In contrast, Lane-Getaz describes that Tinkerplots really allows students to 
see the three layers of statistical modeling with a great figure on page 280 of the yearbook. I think I 
finally have this whole process clear in my mind! Finally, Lane cautions teachers that simulations can 
sometimes still produce passive learners, so they must be presented with a query-first method of teaching. 
I really want to remember this idea and try to pose a question of study to my students at the beginning of 
units and lessons of study. 

In July, she assessed her own understanding after reading the Guidelines for Assessment and 
Instruction in Statistics Education (Franklin et al., 2007) using 1, 2, and 3 for levels A, B, and C: 

I think I am probably around level 2.5, if we're allowing halves. I've heard of some level 3 concepts, but 
do not have a firm grasp on, for example, the data analysis done on pp 67-70. The coolest new thing that I 
learned about was the Quadrant Count Ratio. I didn't know there were more than one "correlation 
coefficient" although in retrospect it makes sense that there isn't just one. I like that I now could explain 
how to find this one, whereas I still have no idea how Pearson's correlation coefficient is calculated. 

During her curriculum analysis project she compared a unit from the Interactive Mathematics 
Project (IMP) to a unit developing similar content (standard deviation) from her school’s newly 
adopted Carnegie Learning Program. She concluded IMP provided more cognitively demanding 
tasks for students, but both texts performed equally when compared to GAISE recommendations. 
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In September following a series of readings and tasks supporting understanding the randomization 
test for comparing experimental treatment and control groups, she writes about her own growth 
with TinkerPlots and Fathom and compares to CPMP-Tools: 

I think that TP and Fathom allow for a deeper understanding than CPMP tools because you are building 
more of the functionality yourself. You have to work directly with the resampling process, so you 
understand exactly what is happening and how the means are being calculated. I understand better now 
how to use formulas in Fathom, and am gaining ability with Fathom. I haven't used it much before, but 
this is the second assignment I've completed with it. I'm improving at using the sampler in TP. 

In October, she attributes improved understanding of binomial distributions to her reading selection. 
‘Is Central Park Warming?’ This article describes an activity that students can do to find out the 
probability that the warm temperatures in Central Park happened randomly. They then compare this to the 
exact mathematical probability calculated from the binomial distribution. This provided some insight to 
me about what the binomial distribution actually is! 

For her curriculum implementation project, Claire partnered with a classmate to design and 
implement a statistical unit in her peer’s class. Together, they developed and reflected on the unit, 
its implementation, and impact on student learning. She was unable to implement a statistics unit 
with her own classes due to curricular limitation within the window for the course, so this partner 
project allowed her to still design and study the implementation for the purpose of the course. 

In the final survey, she remarked,  
This course has exposed me to literature in the field of statistics education which I can bring to other 
educators in my school.  I understand the flow of statistical learning that should happen in middle and 
high schools.  I think the most important pedagogical idea that I have taken away is that it is more 
important for students to construct and use their own measures in statistics before learning about and 
applying conventional measures. I very much feel like I have more resources for the future.  

Her comfort level with statistical ideas jumped to 3.83 at the end of the course and her perceived 
facility with TinkerPlots and Fathom increased from 3 to 5 and 1 to 4, respectively. Claire is a case 
of a teacher from a highly regarded undergraduate institution with a bachelor’s degree in 
mathematics, master’s degree in education, and prior to her taking the course described herein, a 
very fragile understanding of statistics with few constructive ways in which to teach statistics. 
Throughout the course, she engaged thoroughly in tasks, investigations and all assignments and her 
written record indicates strong growth as a learner and teacher of statistics; that is, her TPSK 
improved dramatically.  She communicates growing sensibilities about statistics as a discipline, 
teaching statistics in a learner centered, technologically oriented manner and alignment with 
professional guidelines for teaching.  

The Case of Alexandra 

Alexandra is a veteran high school science teacher who wrote, “I had a statistics course in 
college...many years ago.  I have been teaching chi square and standard deviation to AP Biology 
students as part of the newest version of the course and feel I need more background.”  Her overall 
pre-course statistical comfort level was 1.67. Following the initial F2F sessions and Module 1, 
Alexandra wrote, 

Learning takes time, and good instruction loaded with experiences for students to develop their own 
understanding takes LOTS of time . . . I was impressed (overwhelmed?) by the topics listed in the 
Common Core for the Statistics & Probability strand.  To me, even the Grades 6/7/8 expectations seemed 
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very challenging.  I thought the detailed descriptions and examples for Levels A/B/C as detailed in the 
GAISE Report were very helpful.  I especially liked how in some cases the same activity or exercise was 
used at multiple levels, to distinguish the differences in understanding expected.  

Following Module 2, she continued to express a sense of excitement, challenge and pedagogical 
insight related to her activity: 

After using TinkerPlots myself, I don't need the experts to convince me of how helpful this software tool 
could be in my classroom. However, extensive time in a computer lab is difficult to schedule in my 
school, and finding extensive time for any new activity is a challenge! I will explore using TinkerPlots to 
some degree, but what I found most interesting and potentially useful in this set of readings was the 
exercise described by delMas and Liu in "Exploring students' conceptions of the standard deviation." I 
can see how I could use the pairs of graphs on page 62 (they call them test items) to help my students 
understand standard deviation.  In the study, students were asked to decide if, for each pair, the second 
graph would have a higher or lower standard deviation than the first.  By predicting, 
calculating/confirming, and discussing these pairs of graphs 1 or 2 at a time, I believe my students could 
develop a better understanding of standard deviation.  

For her curriculum analysis, Alexandria chose to explore two units from Core-Plus Mathematics 
Program (CPMP) (Hirsch, Fey, Hart, Schoen, & Watkins, 2015), one focusing on standard 
deviation and the other on the χ2 test. Due to the mathematical demands of the χ2 unit, she sought 
out and discovered additional AP Biology resources to support her learning that she shared with the 
other science teacher in the course. The curriculum analysis project allowed her to powerfully build 
her own capacity to understand and teach two important statistical ideas to her students. 

Following Module 4, she demonstrated her grasp of randomization testing and TinkerPlots facility: 
I really had to follow the videos closely to do the randomizations initially, and even then I needed 
additional assistance (Thanks person1 and person2!).  But I just corrected a quiz for my AP class...2 
versions, means of 13.0 and 13.5.  I was able to run a randomization test using TinkerPlots to confirm that 
the difference in the quiz means has p value of 0.63, so I think I can tell the students that one quiz was not 
easier than the other! While this (Module 4) was time-consuming, between the exercises from the unit, 
the videos, the software practice, and the readings, I feel very confident about my understanding of and 
my potential use of/teaching of these concepts/tests.   

Alexandra’s curriculum implementation was extraordinary. She presented thoughtful plans to build 
ideas of standard deviation with her students, used the CPMP unit from her curriculum analysis 
project and utilized CPMP-Tools with her students. She videotaped her classroom, collected student 
artifacts, and reflected on the experience with a colleague. Her reported insights showed her 
vulnerability as well as her strengths as a teacher and champion for students. Alexandra’s project 
illuminated her growth in statistical knowledge, technological statistical knowledge, her student’s 
growth in statistical knowledge, and ultimately markedly improved TPSK. She indicated a 
disposition toward continuing to grow and learn in this arena. 

On the post-course survey, she wrote: 
I learned a lot about statistical concepts and tools.  I learned a lot about how students learn statistics.  This 
will have a direct impact on my classroom and my students, as I am better prepared to help them 
understand measures of central tendency, variation, standard deviation, p values, and chi square.  I 
benefited from the exposure to technological tools, but could use a lot more practice to feel truly 
comfortable using them.  I learned about issues, challenges, and successes that other teachers have in 
teaching statistical content to students.  I learned a lot from being a student and working in groups with 
others in completing some of the exercises. I feel even more strongly that students need to understand the 
concepts behind the statistical tools (what do they mean?).  I have a much better sense of how the tools 
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can be applied to our own data sets.  I found the exercises that we completed in class in groups to be 
excellent learning activities in terms of concepts but also as models of teaching strategies.  I enjoyed 
working through the CPMP Lessons; I really like their approach in introducing concepts gradually and 
before the equations and/or technological aids.  They include pertinent examples and plenty of practice 
problems.  I enjoyed working with TinkerPlots and Fathom and am convinced of their power in 
illustrating many statistical concepts (randomization, value of large data sets). Great experience.  I would 
not have signed on if it had been offered online only.  The face-to-face sessions were particularly 
beneficial, and I believe the online modules worked better given that we knew who the other students 
were when posting comments, questions, etc. 

Her post-course statistical comfort level was 2.5. This rating seems to confirm her awareness of the 
complexity of statistical learning, but perhaps underestimates her actual learning. It may well 
illustrate this teacher’s acknowledgement of learning while also recognizing the need to learn more. 
She seemed to recognize a state of personal disequilibrium while at the same time developing 
agency in the statistical teaching and learning realm. Alexandra’s reaction to the blended format of 
the class suggests a real preference for F2F interaction to build community and it foregrounds 
potential reasons why hybrid statistics courses with face-to-face and virtual components may 
support better learning for students than online only experiences (Meyer & Lovett, 2014). 

Each of the other 8 participants’ individual storylines vary, yet each demonstrated improved TPSK. 
From the document analyses, several themes emerged: 1) science teachers in this environment 
appear exceptionally receptive to learning statistics and adapting their learning to their practice; 2) 
teachers with the highest self-reported statistical comfort level tend to be those with significant 
statistics teaching experience and least receptive to new ideas; 3) modeling using resampling ideas 
such as randomization testing in technologically-conducive environments is accessible and 
beneficial; 4) analyzing curriculum materials using GAISE, NCTM, NGSS Standards, and AP 
guidelines is productive for teachers; and 5) pushing for teachers to design, implement, and reflect 
on students’ statistical learning is formidable yet impactful. 

DISCUSSION 

Engineering experiences with potential to directly impact participants’ capacity to design, 
implement, and reflect on statistical units in their classrooms is a complicated matter. Finding ways 
to support and nurture, while maintaining high expectations in a virtual environment is daunting. It 
requires individualization and personal touch that is feasible when n=10. Sequencing topics, 
amassing appropriate curricular units and readings for nourishment and exploration, building and 
sustaining productive F2F and virtual communities of practice with teachers representing urban, 
rural, suburban, middle and high school mathematics and science contexts is a complex endeavor.  

Teachers experienced shared activities during F2F sessions that challenged them to make sense of 
statistical concepts, with and without technology, as well as provide them with pedagogical 
modeling to consider. These sessions developed a sense of community and fostered relationships 
that allowed productive virtual collaboration. Because the virtual modules and curriculum projects 
allowed students to “choose their own adventure,” they could target concepts and resources most 
relevant to their work or interests. This autonomy appeared welcome and novel for the teachers.  

Ten teachers completed 8 statistical curriculum implementation projects requiring them to reflect on 
their students’ learning. Six students worked independently and four students partnered up. Every 
project incorporated dynamic statistical technology, some multiple tools (2 Fathom, 4 TinkerPlots, 
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2 CPMP-Tools, 1 Desmos, and 1 Excel). Each project demonstrated student learning through 
collected artifacts including classroom video and student work samples. Given the written 
documentation of the plans, the descriptions of the implementation, the reflections on the unit with 
at least one peer, it is clear that each of these teachers extended their TPSK. Their enactments were 
informed by literature and course experiences, they often referred to Core-Plus Mathematics units 
and GAISE document for guidance, and courageously went live with real students with new and 
challenging content while utilizing and helping their students utilize new tools. Evidence suggests 
that this blended course design with summer/fall timeline has been impactful for teachers’ personal 
learning of statistics and modeling relevant for the secondary curriculum, thus improving their 
TPSK. Furthermore, there is mounting evidence that teachers’ thinking about statistical instruction 
has evolved toward a more sense-making, activity-based, technology oriented perspective, 
suggesting the approach is promising.  
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This paper reports a study aiming to analyze the perspectives of 11 Portuguese teachers, who 

participated in a developmental research project, regarding the potential and difficulties associated 

with the creation of a learning environment that seeks to promote the statistical reasoning of basic 

education students. Teachers’ responses to a questionnaire show that they made a positive 

assessment of their teaching experience with the tasks developed under the scope of the project. 

They also recognize the importance of meaningful contexts and technology to promote such an 

environment, but identify several obstacles to its implementation. 

INTRODUCTION 

International current guidelines for teaching Statistics (e.g. Franklin et. al, 2007) prioritize the 

development of students’ literacy and reasoning, and challenge teachers to create learning 

environments that are in contrast to the prevailing classroom practices. Given that the classroom 

environment and the adopted teaching approaches, including the tasks to be proposed, are key 

factors in learning, Garfield and Ben-Zvi (2009) offer a model for a Statistical Reasoning Learning 

Environment (SRLE) which they consider conducive to promoting a thorough understanding of 

Statistics and the development of statistical reasoning. In order to understand the possibility of 

fostering this practice and the need for later adjustments, a study was conducted aiming to analyze 

the perspectives of the teachers who participated in a developmental research project (DRP) 

regarding the creation of an environment that seeks to promote students’ statistical reasoning, with a 

particular emphasis on the tasks and the software that were used. 

THEORETICAL BACKGROUND 

Statistical reasoning. Statistical reasoning, described as the way individuals reason using statistical 

ideas and how they give meaning to statistical information, encompasses the conceptual 

understanding of important ideas such as variation, distribution, center, spread, association and 

sampling or the combination of ideas about data and uncertainty that leads to inference (Ben-Zvi & 

Garfield, 2004). Both curriculum documents (e.g., Franklin et al., 2007) and research in statistics 

education stress Informal Statistical Inference (ISI) as a key objective of statistical reasoning and 

suggest this should be developed from the first years of school (Makar, Bakker, & Ben-Zvi, 2011). 

Such informal inferential reasoning means “drawing conclusions or making predictions, informally, 

on a ‘broadened universe’ from patterns, representations, statistical measures and statistical models 

of random samples, while considering the strength and limitations of the sample and the inferences 

reached” (Ben-Zvi, 2006, p. 2). Recent research focused on Informal Statistical Inference also 

supports that the use of statistical investigations in classrooms in order to foster the emergence of 

students’ inferential practices (Henriques & Oliveira, 2016; Leavy, 2010). Thus, students have the 
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opportunity to experience Statistics as an investigative process to solve real problems, as they are 

encouraged to formulate questions (conjectures) about a significant phenomenon, to plan a proper 

data collection, to select suitable graphic and numerical methods in order to analyze such data and 

to draw conclusions and inferences from the developed activity (Franklin et al., 2007). Additionally, 

the huge development of technology and the accessibility to real data have an important impact on 

the curriculum guidelines and provide students and teachers with new tools to explore the ISI in 

rich and meaningful contexts, including the use of a broader process of statistical investigation 

(Ben-Zvi et al., 2012). In particular, the use of dynamic statistical learning environments, such as 

TinkerPlots, in combination with appropriate curricula and instructional settings, has shown great 

potential in the learning of Statistics and in the development of students’ statistical reasoning, 

particularly the Informal Inferential Reasoning (Makar et al., 2011). 

In line with these curricular orientations, the Portuguese mathematics syllabus for basic education 

(ME, 2007) advocated a more in-depth and extended role of statistics in school mathematics 

suggesting the use of data-oriented approaches and statistical investigations in the teaching and 

learning of this topic for all grades from primary to lower secondary school (6 to 14 years old). 

However, since in the national context formal statistical inference is reserved for university courses 

and, traditionally, students are not exposed to ISI methods before that, informal inferential 

reasoning is not explicitly referred as a learning objective in that curricular document. Nevertheless, 

the same document suggests that activities should be conducted to promote the emergence of this 

reasoning by provoking students to “ask questions about a certain subject, identify [relevant] data to 

be collected, and organize, represent and interpret such data in order to answer the questions 

previously asked” (p.26). In these situations, the teacher has the responsibility to encourage students 

to make decisions and inferences based on the collected data and to use proper language, 

considering the their development level (ME, 2007). Regarding the use of technology, this 

document also recognizes its great importance in data handling, justifying that “the calculator and 

the computer are fundamental tools to carry out work under this topic, as they allow students to 

focus on choosing and supporting the methods to be used in data analysis and results interpretation, 

releasing them from time consuming calculations” (p.43). Despite these recommendations, statistics 

receives reduced attention from mathematics teachers in basic education, in our country. Besides, 

the integration of technology in education is not yet widespread, due to the lack of training in this 

area and to countless difficulties teachers face against the scarcity or absence of available 

technological means in a large number of schools. 

These new perspectives on teaching and learning of statistics call for changes in the teaching 

practices, namely in what regards the contexts to be presented to students, the statistical processes 

to be explored, and the technological resources to be used. In this respect, Garfield and Ben-Zvi 

(2009) point out a statistical learning environment that promotes the development of statistical 

reasoning (SRLE), based on six principles of instructional design: focus on developing central 

statistical ideas; use of real data; use of classroom activities to develop students’ statistical 

reasoning; integrate the use of appropriate technological tools; promote classroom discourse; and 

use of alternative assessment. 

Teachers’ perspectives. The teachers’ perspectives on Statistics have a strong impact on their 

willingness to adopt new teaching strategies and, therefore, on the successful implementation of the 
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new curriculum guidelines (Estrada, Batanero, & Lancaster, 2011). Recent studies show that many 

teachers have positive attitudes towards Statistics, recognizing its importance and usefulness as a 

tool to objectively address daily life problems (e.g. Martins, Nascimento & Estrada, 2012). 

However, most of them claim the need for professional development opportunities focused on 

improving their ability to teach according to the new perspectives, favouring classroom-based work 

and collaborative contexts (Watson, 2001). Concerning the recommendations for Statistics teaching 

from GAISE document, Groth (2008) noted that teachers often perceive these as supplements or 

revisions of their current pedagogical repertoire instead of seeing them as a means to make 

significant changes in the objectives and their approaches to this subject. With regard to the use of 

technology, the author points out that the teachers are aware of these document’s recommendations, 

but if they don’t understand how they can use the technological tools to teach a specific statistical 

topic, they might use it superficially in education only to meet the syllabus. Assessing the teachers’ 

perceptions regarding proposed reforms such as GAISE recommendations (Franklin et al., 2007) 

becomes crucial in order to disclose lines of action and the difficulties that emerge while those 

recommendations are implemented. 

CONTEXT AND METHODOLOGY 

Context and participants. Recognizing that teachers may benefit from collaborative work 

environments involving other teachers and researchers (Potari et al., 2010), when implementing 

new approaches in their classes, this study falls under the scope of a DRP aimed to build and test a 

sequence of tasks oriented towards students’ statistical reasoning, using TinkerPlots software. 

Based on a Design Research perspective (Cobb et al., 2009), involving interactive cycles of 

planning, implementation and reflection, the project intended to build professional development 

opportunities in Statistics for Portuguese mathematics teachers of basic education (5
th

 to 9
th

 grades).

The eleven teachers who accepted the invitation made by the researchers (the two authors) to 

participate in the DRP, taught in public schools located within urban or suburban areas mainly with 

disadvantaged socioeconomic conditions, where several of their students come from single-parent 

families and have a school retention background. These were known by the two researchers as 

effective and innovative teachers, in the sense that they included to some extent an inquiry approach 

in their mathematics classes and became interested in learning how to develop an instructional 

approach aligned with the recent curricular trends in school statistics (Franklin et al., 2007; ME, 

2007). Moreover, although they had diverse experiences in teaching statistics, all of them had or 

were attending a masters’ degree in mathematics education. However, the topic of statistical 

reasoning, particularly the IIR, and the use of TinkerPlots were a novelty for the majority of them. 

As the researchers recognized the importance of the classroom environment and the adopted 

teaching approach, in association with the challenging tasks proposed to students, they first 

discussed, within this group of teachers, the SRLE perspective (Garfield & Ben-Zvi, 2009). In the 

subsequent meetings, the participant teachers in the DRP and the authors were involved in the 

design of tasks and resources for a sequence of lessons in line with the SRLE principles, using the 

Tinkerplots. 

The tasks were designed in line with the mathematical syllabus (ME, 2007) although they were not 

intended to working all the statistical topics included in the syllabus for the considered grades, and 

were not explicitly designed to focus on inference. However, using meaningful contexts and real 
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data in the tasks provided opportunities to engage and simultaneously support students in several 

aspects of informal inferential practice (Henriques & Oliveira, 2016). When solving these tasks, 

students could use their intuitive or prior knowledge on fundamental concepts to make predictions 

and were challenged to give justifications based on evidence. TinkerPlots software (Konold & 

Miller, 2005) was used in all tasks, as a tool for data handling, since it is easy to use and provides a 

dynamic learning environment to support the development of students’ statistical reasoning. The 

majority of the students had no previous experiences with ICT in their mathematics lessons. 

The mathematics teachers generally worked in pairs, planning the lessons and collecting data and 

reflecting on them. One or both teachers in the pair implemented the sequence of tasks in their own 

class, with the support of the other in the classroom management and data collection. After 

finishing the sequence of tasks with their students, the teachers shared their experience in the group 

meetings. The materials produced as well as the joint reflection in the group informed the tasks’ 

reformulation and the conditions for their implementation by other teachers in the subsequent cycle. 

In the last two meetings of the DRP the teachers also orally presented a report about their overall 

experience in the project, and discussed it with the larger group. 

Methods. This study follows a qualitative and interpretative approach (Denzin & Lincoln, 2005) 

focusing on the perspectives of the 11 participating teachers about their experience in the DRP, 

especially with regard to the potentialities and difficulties associated with the promotion of a 

learning environment that targets statistical reasoning. Data was collected from a questionnaire with 

11 open questions, individually answered by the teachers, which was applied by the end of the 

project. In order to prevent conditioning the participants’ answers, the first five principles of SRLE 

were not explicitly referred to in the questionnaire, but were implicitly covered by the issues in the 

questions. Thus, when answering the proposed questions the teachers expressed their views 

regarding the importance given to the development of students’ statistical reasoning and to the role 

that the tasks (and their specific characteristics), the technology (TinkerPlots) and the teacher have 

in the development of such reasoning. They also referred the main difficulties they faced as teachers 

while promoting statistical reasoning and those exhibited by their students on various aspects of that 

kind of reasoning. Lastly, the teachers reflected on the learning resulting from their experience in 

the project, considering the future work related to the development of students’ statistical reasoning. 

The teachers’ answers were inductively analyzed in order to identify instances that have an explicit 

connection with the SRLE principles, namely: focus on developing central statistical ideas; use of 

real data; classroom activities and technology to support students’ reasoning and promote classroom 

discourse (including argumentation) focused on statistical ideas. In the next section, we will discuss 

the teachers’ perspectives (whose names are fictitious) about the developmental research project, 

particularly those regarding the tasks and the technology used in these lessons, using the quotes 

retrieved from their answers to the open questionnaire. 

 RESULTS AND DISCUSSION 

The teachers’ answers reflect their positive assessment of the implementation of the tasks developed 

under the project, in their classrooms. All teachers recognized the utility of Statistics for their 

students and most of them showed to be aware of the specificity of this subject regarding the 

centrality of data and the key ideas and statistical processes involved, thereby meeting what Groth 

(2008) argues to be necessary to effectively implement the curriculum guidelines. For example, 
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Clara stated “Realizing that statistical reasoning is not the same as mathematical reasoning, and that 

they are promoted in different ways, has been a new perspective presented to me by this project”. 

Another teacher, Alice, highlighted the centrality of the data in Statistics associated with a context, 

by stating that “In Statistics data are regarded as numbers in context [bold in the original], 

which, in turn, gives meaning to the interpretation of the results but also constrains the procedures”, 

a noticeable aspect during the tasks’ exploration by students.  

With regard to the proposed tasks, the teachers recognized their potential for developing statistical 

ideas and pointed out, with different emphasis, the need for data and other ideas such as 

distribution, data noise and center, covariation and sampling, and inference. Carlota, for example, 

referred to the tasks’ characteristics, which were aimed to promote students’ statistical reasoning: 

“They should first help students to make conjectures so that, with the sample, the students can test 

such conjectures and organize the data in order to support their claims”. On the other hand, another 

teacher, Catarina, pointed out the statistical processes in which students were involved in, for 

example, in task 1, by presenting data in different ways, reasoning with statistical models and 

integrating the context in the statistical analysis and, in task 3, acknowledging the need for data and 

recognizing data noise. 

Distribution, another key idea aimed to be developed through graphics created in the TinkerPlots, 

was only implicitly referred in the teachers’ comments. The idea of distribution center, summarized 

in a statistical measure, is also mentioned by several teachers as an evidence of the students’ 

meaningful activity in Statistics and their learning experiences, like stated by Isabel: “A large 

number of groups used mean and median in order to generalize the information”. However, these 

teachers did not mention any joint interpretation of a central tendency measure and a spread 

measure, as advocated by Ben-Zvi and Garfield (2004). 

Sampling and informal inference were the most targeted ideas in the project. The former, because it 

is part of the mathematics basic education syllabus in Portugal, and the latter because it is 

considered a central aspect of the statistical reasoning (Makar et al, 2011). The teachers’ opinion is 

that these are complex notions for the students but they deem that, albeit to a limited extent, as 

stated by Susana, “Students showed they can make generalizations beyond the data as well as use 

data as evidence to make generalizations”. However, several teachers also recognize that students 

tend to disregard data noise in the tendencies that are to be generalized: “The greatest difficulty is 

often to generalize to bigger sets, from the data, using probabilistic language” (Rosário) and “the 

use of probabilistic language was barely noticed in students’ productions, with very few cases 

where students expressed uncertainty” (Susana). This last difficulty may, however, be associated 

with the little attention given to it when planning the sequence of lessons in the DRP and when 

doing the work in the classroom, namely during the tasks’ final discussions involving the whole 

class. The understanding of the sampling process is scarcely stressed by the teachers, but still some 

of them referred it when claiming that the conducted work, in particular with the software, helped 

students to understand important concepts such “as sample, data noise in a sample process, 

distribution centrality of samples with the same dimension for the same population” (Catarina). 

The participant teachers proved to be very responsive to the use of real data in the proposed tasks. 

They considered it of paramount importance to involve students in the work and to support their 

reasoning. This is referred by all teachers, showed here by Andreia’s words: “The exploratory tasks 
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should be based in real contexts in order to involve students but also to support the development of 

their inferential reasoning”. Some teachers also pointed out that it would be beneficial if data would 

be collected by the students themselves “since it increases their commitment” (Rosário). However, 

the work based on real situations or situations close to reality also rises some obstacles, since 

sometimes students use their knowledge about the situation to draw conclusions not supported by 

data, as referred by the teacher Penélope. 

Contrary to the idea referred by Groth (2008) that technology is often used superficially in 

education only to meet the syllabus, the teachers’ commentaries show they all perceive the 

potentialities of TinkerPlots to teach specific statistical content and to carry out tasks aimed to 

develop statistical reasoning. These teachers seemed very pleased with the dynamics of the classes 

where this software was handled by the students. The majority of them considered that students 

adopted this resource with relative ease as it is simple to use. Some teachers stressed that this 

resource favors the formulation and test of conjectures and the discussion of ideas, due to the fact 

that students do not waste time with calculations nor in designing representations. Therefore, 

students can focus on data analysis, as stated by Andreia: “[TinkerPlots] releases students from 

routine tasks and allows them to focus on data analysis (...) providing the opportunity for a more in-

depth discussion where students can test and, thus, find evidences to validate their conjectures”. 

Regarding the software’s potentialities, several teachers value the fact that students could build 

multiple informal representations and referred that a visualization of such graphics helped students 

to further develop their understanding of distribution, data noise and covariation, albeit informally, 

as it is usual at this education level. Such was the case of Rita when she noticed that students could 

better perceive “these concepts by viewing the representations obtained in TinkerPlots”. The 

difficulties mentioned by some teachers in their answers regarding the software’s use mainly relate 

to time management and proper following of students in the classroom, due to the large number of 

them, as stated by Carlota: “It’s not easy to help students without guiding them too much, the 

reason being the difficulty to manage so many students in the classroom exploring the program”. 

Besides the tasks which had singular characteristics that led students to formulate conjectures and to 

test them using technology, most teachers also recognize the importance of their role in creating an 

environment that supports students’ statistical reasoning. Susana, one of the teachers who pointed 

out that different moments of the lesson (task introduction, autonomous group work, and whole 

class discussion of the students’ work) demand different roles, stated that the teacher supports the 

students “by asking guiding questions, encouraging data analysis, data exploration and the 

understanding of statistical concepts/representations as well as the written record of conjectures and 

conclusions, together with justifications”. This kind of classroom discourse is referred by most 

teachers, who recognize its importance in promoting students’ statistical reasoning. To some 

teachers, participating in this project allowed them to be more conscious that learning could be 

promoted by a classroom dynamics focused on student activity and its discussion, as it was the case 

of teacher Catarina: “I believe I grew greatly with this experience and became more aware on how I 

can use certain aspects or students’ answers to promote learnings from the tasks I will propose”. 

The teachers also mentioned some aspects they deemed essential for the development of a 

classroom discourse focused on significant statistical ideas. While the teacher Susana focused on 

the tasks which she considers “should have an exploratory nature, with open questions, which will 

lead to very enriching discussions and will allow the use of statistical language and reasoning”, 
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Carlota explicitly pointed out that “argue and justify their [the students] answers and the various 

explorations they carried out until reaching an answer is paramount”, showing that the teacher 

values a combination of different procedures and inferences. The same teacher also appreciated 

working with the software because of “the time left to a discussion supported by their explorations 

is amazing!”. However, the period allowed for shared discussions did not always meet teachers’ 

expectations, due to restrictions of time or classroom physical conditions and therefore sometimes 

teachers consider that “it was not quite achieved, and thus students were not encouraged to use 

appropriate probabilistic language” (Clara). This is not surprising since this dynamics requires time 

to be developed until students can manage to express their reasoning. 

When questioned whether they felt ready to continue developing this type of work with their 

students, the majority of the teachers stated they feel confident to continue working in the 

promotion of statistical reasoning using this kind of tasks and software. However, they also 

recognize that it is essential to continue their professional development by deepening their 

“knowledge about the curriculum orientations in order to more easily meet the multiple requests 

from the students” (Alice).  

In conclusion, these findings show that, contrary to the trend identified in other studies (e.g. Groth, 

2008), the teachers perceived the new perspectives on statistics teaching such as GAISE 

recommendations (Franklin et al., 2007) as an opportunity for significant changes in their practice 

and are willing to keep promoting students’ statistical reasoning with this kind of tasks and 

software. As opposed to their usual practice, the teachers did not set the use of descriptive statistics 

as a main objective for these lessons (Leavy, 2010). Instead, and despite the nature of the 

questionnaire did not give rise to an in-depth reflection on all statistical ideas involved in the 

proposed tasks, the teachers recognized their potential to promote such ideas and stressed the need 

for data and other notions focused on distribution, variation and center, covariation and sampling, 

and inference. However, as in Watson’s (2001) study, they claim the need for further professional 

development, due to the complexity and novelty of this activity. 

Meanwhile the Portuguese mathematics syllabus for basic education has changed. The new syllabus 

(MEC, 2013) leaves out some important recommendations for the teaching and learning of 

Statistics, in particular statistical literacy and reasoning. This context contributes to the devaluation 

of Statistics as a field of knowledge and represents a step backwards from what is recommended 

both in international guidelines and statistics education research. Therefore a new research question 

arises: How do mathematics teachers face the recent curriculum changes in Statistics? 
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TEACHERS’ STATISTICAL KNOWLEDGE: THE CASE OF VARIABILITY 
Sylvain Vermette     Mathieu Séguin 

Université du Québec à Trois-Rivières  Université du Québec à Trois-Rivières 

In this research, we explore the teachers’ statistical knowledge in relation with the concept of 
variability. Twelve high school mathematics teachers were asked to respond to scenarios describing 
students’ strategies, solutions and misconceptions when presented with a task based on the concept 
of variability. The teachers’ responses primarily helped us to analyze their comprehension and 
practices associated with the concept of variability and also to gain insight on how to teach this 
concept. Secondly, the study shows that students and high school teachers share the same 
conceptions on this subject. 

INTRODUCTION 

The importance of statistics in our lives is such that data management has become a major key in 
the education of responsible citizens (Konold and Higgins, 2003). The abundance of statistical data 
available on the internet, the studies reported on the T.V. news, or the studies and survey results 
published in newspapers and magazines all show that nowadays, citizens must have analytical skills 
in order to develop critical judgement and a personal assessment of the data they are confronted 
with daily. 

The abundance of statistics in our society leads us to consider teaching this discipline in order to 
train our so-called citizens of tomorrow. If the goal is to encourage statistical thinking in students as 
future citizens, then not only do we need to teach basic statistical data interpretation skills, but it is 
also essential to teach the concept of variability. This is a key concept for the development of 
statistical thinking in so far as we define statistics as the science of natural and social events’ 
variability in the world around us (Wozniak, 2005).  

STATISTICS, THE  SCIENCE OF VARIABILITY 

We live in a world characterized by variability. Let’s take the example a business that manages a 
city’s public transit system. It may announce that its trains will arrive at the different stations every 
ten minutes. However, any regular transit user knows that in reality, arrival times vary and the 
delays are not always strictly respected. The time intervals are unequal and this lack of uniformity is 
a characteristic of the presence of variability. Moreover, the variable amount of travellers must also 
be considered. This variable reflects the more or less predictable variation of schedules, seasons, 
etc. and the random and unavoidable daily variability for a given hour. In short, as shown in this 
one of many examples, variability is reflected by the absence of determinism. The complexity of the 
phenomena, translated particularly by the number of variables involved, is the source of this 
variability and of the observed variations. In the public transit example, studying the phenomenon 
in all its variability makes it possible to insure a generally satisfying and consistent service by 
planning the required trains’ capacity and a variable but reasonable delay between train runs. 

Acknowledging an event’s variability means recognizing that the results are subject to variation, 
understanding that they are unpredictable, taking into account the sampling fluctuations, and letting 
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go of certainty to enter the world of uncertainty. By giving up certainty, one can then use statistical 
methods to partially control uncertainty in order to estimate, predict, and make decisions within 
acceptable risk. This is often seen as the main issue of statistical reasoning (Vergne, 2004). A better 
understanding of variability helps to identify the exceptional or, conversely, to avoid false 
interpretations of two different results possibly based on the same law of probability. Moreover, the 
concept of variability is at the heart of the hypothesis test and of statistic inference and according to 
Gattuso (2011), it distinguishes statistical reasoning from reasoning associated with other areas of 
academic mathematics. 

Based on the foregoing, it is essential to teach the concept of variability in order to develop 
students’ statistical thinking. It is also appropriate to study teachers’ knowledge of this concept as
they support students and organize teaching by creating environments conducive to learning.
Therefore, we decided to present an exploratory answer to the following question: what 
professional knowledge do high school mathematics teacher have about the concept of variability?

PROFESSIONAL KNOWLEDGE: FROM MATHEMATICS KNOWLEDGE BASED ON 
PRACTICE TO STATISTICAL KNOWLEDGE BASED ON PRACTICE. 

Recent development on teachers’ mathematical knowledge shows that this knowledge is based on 
the practice of teaching and is therefore related to situations from the teaching/learning context 
(Bednarz and Proulx, 2009; Davis and Simmt, 2006). Often based on the works of Shulman (1988), 
two aspects of the teachers’ knowledge need to be addressed: content knowledge and pedagogical 
content knowledge. Shulman (1988) defines content knowledge as how a specialist in a specific 
field understands a related subject matter. Pedagogical content knowledge refers to the ability to 
introduce and explain a topic for others to understand. This type of knowledge goes beyond content 
knowledge and focuses on a different dimension; understanding the content in order to teach it 
(Clivaz, 2014; Holm and Kajander, 2012; Proulx, 2008). Pedagogical content knowledge includes 
the teacher’s understanding of what makes it easy or not for a student to learn a specific content. 
Teachers refer to their own strategy, their most frequent mistakes and their possible interventions to 
help students with misconceptions and difficulties. Pedagogical content knowledge reflects the
ability to organize and manage students’ activities in the classroom so they may be introduced to 
the elements of a targeted mathematical knowledge (Bloch, 2009). 

In view of the above, it is possible to separate these two types of knowledge; however, in practice, 
they are interrelated and very hard to distinguish (Even and Tirosh, 1995). This perspective is in 
line with the conceptualization of professional mathematics based on the works of Proulx and 
Bednarz (2011), and Moreira and David (2005), who differentiate academic and school 
mathematics as two separate knowledge fields. For example, in teaching/learning mathematical 
concepts situations, many mathematical events arise and are taken into account by the teacher: 
reasoning (appropriate or not), allowing to give meaning to the concepts; conceptions, difficulties 
and errors on learned concepts and their comprehension; various strategies and approaches to solve 
a problem; various representations, symbols/writings (standardized or not) to express solutions; new 
questions and paths to explore, etc. These mathematical occurrences not only refer to current 
concepts in curricular documents, which dictate what must be taught, but also refer to mathematical 
elements that are part of teaching/learning mathematics which the teacher must use in class. The 
teacher’s professional mathematics knowledge refers to a body of knowledge and mathematical 
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practices built on teaching/learning mathematics issues (Bednarz and Proulx, 2010). This 
mathematical orientation based on practice, where we don’t seek to distinguish content knowledge 
from pedagogical content knowledge, is the core of the present research. 

METHODOLOGY 

This exploratory project is part of a larger research program focused on issues related to teaching 
statistics. Case studies (Yin, 2003) were developed to help answer the research question. Interviews 
and previously prepared questions based on specific tasks accomplishment were used as methods to 
collect data from teachers’ answers and to better understand their ability to teach this concept. 
Twelve Quebec high school mathematic teachers were interviewed. As an illustration, the following 
two cases show examples of teachers faced with a student’s answer and reasoning. 

Case example1

A teacher gives a wheel, identical to one in the picture hereby to each student 
and asks them to do 5 series of 50 spins. For each series, they must count the 
number of times the arrow stops in the shaded area. A student finds the 
experiment too long and decides to turn the wheel 5 times and multiply the 
result by 10. He does the same for each series. What do you think of his 
strategy? How would you respond? 

This situation highlights the concept of variability in a probabilistic sampling context. The task 
given to the teacher is based on a student’s misconception; not taking into account the size of the 
sample as if it had no influence on the results’ variability. By thinking this way, the student assumes 
that the results would be the same for each of the 10 repetitions. According to Reading and 
Shaughnessy (2004), by the end of high school, some students use this proportional reasoning to 
link samples sizes and the proportion of the population. Here, a student obtaining 4 shaded areas in 
5 rotations would deduct that he could then get 40 in 50 rotations. However, as the sample size 
increases, the features of a random sample resemble the statistical features of the population. 
Therefore, the variability of a size 5 sample is greater than a size 50 sample. It is also important to 
point out that the student’s strategy makes it impossible to obtain the value corresponding to the 
theoretical probability representing 50% of the shaded areas. The student’s approach doesn’t allow 
for more precision because it is possible to obtain, at best, two shaded areas for three unshaded 
areas or vice versa.  

Case example 22 

The charts below describe the height, in centimeters, of 1st year high school (grade 7) students 
from two different schools. Each school has 93 students. Which chart shows the greatest 
variability in these students’ height?  

Although they reasoned differently, two students came to the same conclusion for this question; 
school B’s graph shows a greater variability. The first student justifies his or her reasoning with 
the fact that school B’s bar chart has an oscillating pattern. The second student finds school A’s 
bar chart almost symmetrical and concludes that school B’s chart shows a greater variability. 

1 Adapted from Watson, Kelly, Callingham & Shaughnessy, 2003.
2 Adapted from Canada, 2004. 
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What do you think of the students’ answers? Which reasoning do you favor? How would you 
respond to each student? 

In this situation, the concept of variability is shown through the data dispersion over the two bar 
charts; school A’s illustrating the greatest variability in the student’s height. Again, the task given to 
the teacher stems from the students’ misconceptions. Both reasoning highlighted in this problem are 
based on the works of Cooper and Shore (2008), delMas and Liu (2005) and Meletiou-Mavrotheris 
and Lee (2005) who demonstrated that, when interpreting the variability of data distribution on a 
bar chart or a histogram, some students were influenced by aspects related to the shape of the 
distribution. The first student’s answer is influenced by the variation in height of school B’s bars. 
This student’s reasoning refers to the frequency variability and not to the subjects’ height 
variability. As for the second student, he is influenced by the symmetry of school A’s chart. The 
distribution’s symmetry is not a variability indicator. 

The goal of the cases above was to see how the interrogated teachers dealt with the students’ 
conception of the study of variability in order to better understand the type of interventions they 
would choose. Depending on the teachers’ answers, other questions were also asked during the 
interview in order to clarify their remarks and to obtain a deeper comprehension of the professional 
statistical knowledge that teachers used in relation with the concept of variability. However, the 
interviewer’s position differed from the teachers’ so no explanation was offered during the 
interview. Finally, the interviews were taped and the teachers and interviewers comments were 
transcribed before being analyzed. An inductive analysis process was favoured in order to identify 
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categories from procedures identified by the researcher during the analytical process (Blais and 
Martineau, 2006). 

RESULTS 

The research identified two types of teaching interventions. The first one, explanation, refers to the 
reasoning that allows one to clarify the concept and answer the question at the same time. In this 
case, students are not engaged in a reflection, research or validation of their knowledge. The second 
one, confrontation, points out the students’ incorrect reasoning and puts them in a situation where 
they doubt their reasoning and the resulting answer. It raises a cognitive conflict that forces students 
to question their conceptions and to correct them. The following illustrates this type of intervention 
base on the previous study cases. 

Case example 1 

For this question, eight teachers identified the issue of sample size and suggested a response. 

Explanation 

One teacher explained how the sampling size affected the sampling fluctuations. This teacher 
expressed knowledge related to conceptual issues and translated into an explanation to the student. 

Confrontation 

• Experimentation: Two teachers recognized that the student’s reasoning may distort
reality. They suggested that the student try different size series and compare the results to 
see the differences between the series. These teachers expressed knowledge related to 
experimentation used to explore the impact of the sample size on the results’ variability. 

• Extreme case: Three teachers presented a student with an extreme result: associating two
results of 0 shaded areas obtained by turning the wheel 5 or 50 times. 

• Particular case: One teacher responded by exaggerating the student’s reasoning. For
example, they asked the student to apply the same method but this time by turning the 
wheel three times instead of 5. The percentage of the shaded areas obtained will distance 
itself from the value corresponding to the theoretical probability of 50% as the student 
will only be able to obtain one shaded area out of two or vice-versa. 

• Analogous case: One teacher suggested considering the experiment in a different context
to prevent the occurrence of results being transferred from a small sample to a larger one 
by proportional reasoning. 

If I were to roll a six-sided dice 5 times I would not obtain the six possible results. Now if I 
multiply my results by 10 it means that I could only obtain five different results in my 
experiment. While this is not impossible it is highly improbable i.e. 50 rolls would produce each 
possible result at least once. 

To confront the student, these teachers used their knowledge of counter-examples and the variables 
used to build it; the results of an experiment (extreme case), the number of experimentations 
(particular case) and the context (analogous case).  

In this situation, some teachers were not able to see the sample size issue. Of the four teachers, three 
accepted the student’s reasoning while the fourth one refused it pointing out that the directions had 
not been observed. 

TSG-15

217



Vermette and Séguin 

1 - 6 

Case example 2 

Seven out of the twelve teachers identified both students’ mistakes and suggested a response.  

Explanation 

Four teachers explained the problem by opposing the variability in sizes and frequencies to 
illustrate that in this case the problem needed to be solved horizontally and not vertically. 

Confrontation 

• Transition to numbers: One teacher suggested tabulating the values so the shape of the
distribution wouldn’t influence the students. 

• Counter-example: Two teachers gave the students a counter-example. For instance, one
teacher suggested a symmetrical distribution showing a low variability despite wide 
differences in the bars’ heights. 

If 14 students are 153 cm tall, 14 students 155 cm tall and 2 students 154 cm tall, you obtain 
high and low bars and the distribution is symmetrical. Does the students’ height vary greatly? 
Not really, they all measure almost the same. 

For this task, some teachers expressed knowledge of the conceptual issue by identifying the 
disruptive role of the graphic aspect. This knowledge was translated into explanations to students 
either by an alternative presentation of the problem (transition to numbers) or by giving them a 
counter example. 

Obviously, as it happened in the first case, some teachers were unable to identify the error, or at 
least recognize that the students’ reasoning was mistaken. Five teachers accepted the students’ 
wrong reasoning. One teacher valued the first reasoning more because of the greater variation of 
school B’s bars heights. He associated the height of the bars with the height of students instead of 
with the frequency, thus focusing on the variability of the frequencies rather than on the variability 
of the variable which in this case was the students’ heights. Two other teachers valued the second 
reasoning pretexting that school B’s graphic representation looked like a bell shape associated with 
the regular law thus to an almost symmetrical distribution. According to them, a large variability is 
associated with a distribution shape which deviates from normalcy. As for the remainder, they 
simply noted that they couldn’t disagree as they were confused by the reasoning. 

CONCLUSION 

It is fascinating to see the variety of interventions brought forward by the teachers and even more 
interesting to notice that when interpreting variability, conceptions previously observed in pupils 
and university students are also shared by high school teachers. In a sampling context, some 
teachers confirmed the use of proportional reasoning to link the sample proportions to the 
population proportions, as if the sample sizes did not impact the results variability, and by the same 
token, disregarded the samples variations.  

It seems reasonable to believe that the difficulty in acknowledging variability may be due, in part, 
to school books which contain very few questions leading to the analysis of sample fluctuations and 
to the interpretation of uncertainty in favor of exercises of a more determinist nature with a focus, 
for example, on calculating the different statistical measures. When asked to interpret the 
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distribution of variability from a graphic representation, some teachers were influenced by aspects 
associated to the distribution shape: 

• Variability as a variation of the bars heights: The variation of the bar heights in a bar chart
or in a histogram become an indicator of the distribution’s variability; the more the bars 
heights vary, the greater the variability. This is a misconception of variability. 

• Variability as a deviation from normalcy: The variability of a distribution is determined by
its resemblance or not to the Gauss curve, the Normal; a low variability is associated to the 
normal shape. This is a misconception of variability. 

• Variability as an asymmetrical distribution: The variability of a distribution is determined by
its symmetry which in turn is associated to a low variability. This is a misconception of 
variability.  

The resemblance in students and teachers errors is surprising. It shows a complex phenomenon 
related to statistics which we must understand. Common conceptions of variability seem to interfere 
with the notion of concept statistics. For example, it may be conceivable to associate uniformity to 
what varies little. This justification refers to a common language meaning and differs from the idea 
of statistical concept. 

This context raises concerns and highlights the need to improve teaching statistics to teachers in 
order to continually improve their ability to intervene in the classroom in a statistical context and to 
develop student’s statistical thinking. The interest to focus on teachers’ professional knowledge in a 
statistical context and on the way they use it in class is even more important as we notice that, in 
their practice, teachers recognize more and more knowledge forms that are different from the 
standard ones they learned in math class in university. It is necessary to expand this knowledge so it 
can be remembered and used by the teachers at the appropriate moment in their practice. It goes 
without saying that research on student learning is necessary, it must serve as the basis to create 
learning situations built on a teaching/learning context. It would allow teachers to become 
comfortable with how students reason in a statistical context. Teachers would learn how to 
intervene to improve students’ reasoning and mathematical knowledge. 

This mathematics orientation based on the practice of statistics is at the heart of our research on 
teaching statistics. It does not refer to mathematics per say which are disconnected and not set in a 
practice context.
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SINGAPORE DIPLOMA IN ENGINEERING MATHEMATICS 

LECTURERS’ INTERPRETATIONS OF STATISTICAL LITERACY: A 

CASE STUDY 

Hui Teng Chia 

Singapore Polytechnic 

Statistics is usually subsumed within the mathematics curriculum and hence usually taught by 

mathematics teachers. This paper explores the understandings of three diploma engineering 

mathematics lecturers of things statistical.  This paper begins by discussing the changes made under 

a Statistical Literacy Project (SLP) initiative to the statistics curricular content within diploma in 

engineering mathematics modules in one Singapore polytechnic. Three mathematics lecturers who 

piloted the SLP were interviewed and their interpretations of statistical literacy discussed.  This study 

is significant because it highlights some of the internal struggles faced by these mathematics 

lecturers.  This paper concludes with a short reflection on the experiences that mathematics lecturers 

may need in teaching statistics.  

BACKGROUND 

Rather, the emphasis shifts to looking at data from which you decide what story to tell.  

You are not so much finding the solution of a mathematics problem as deciding what 

conclusions you can reasonably draw from a given set of data.  (Rosenfeld, 2013, p. xi) 

The SLP, an initiative by a mathematics school in a Singapore polytechnic (henceforth, School X), is 

aimed at creating more learning opportunities to develop post-secondary students’ statistical literacy.  

This initiative is a response to Moore’s (1988) appeal for the first course in statistics to place “less 

emphasis on both theory and recipe but more emphasis on what statistician do and why” (p. 6).  

Engaging with how statisticians work would give students opportunities to work with data and 

therefore to learn formal statistics more effectively.  Hence, SLP was designed to (1) give less 

emphasis on manual calculations, but rather to (2) focus discussions on statistical interpretations and 

(3) incorporate the statistical problem-solving process through task-based activities aided by

statistical software. 

Prior to SLP, statistics in School X was taught with a focus on mathematical problem-solving. The 

changes in SLP comprised a set of revamped statistics content delivered through an inquiry-based 

approach aided by statistical software. Given the intent to teach statistics in a more integrated manner, 

the curricular content first introduced concepts related to probability distributions (e.g., probability, 

discrete and continuous probability distributions) followed by concepts related to samples (e.g., 

sampling techniques, descriptive statistics, sampling distribution of sample means, hypothesis testing 

and linear regression). More real-life contexts with somewhat contentious claims were used to (i) 

sensitize students towards statistical claims and then (ii) provoke them into generating their own 

questions be examined using statistical concepts.  Examples of such contexts include, Facebook post 

of a Subway foot-long sandwich measuring less than 12 inches, testing in-house 3-D printed dice for 

biasedness, reports on Singapore youths spending more time online, and many others.  The course 

uses Minitab Express to support data analysis and lecturers were given more time to guide students 

in making sense of possible outputs generated.   

TSG-15

222



The SLP initiative was first piloted in two engineering-based part-statistics-part-mathematics (S-M) 

core modules taken by a total of 207 diploma students.  The aim of this article is to describe three 

mathematics lecturers’ interpretations of statistical literacy and the internal struggles they may have 

experienced as mathematics lecturers teaching statistics the ‘SLP’ way.  

METHOD 

Participants 

The author invited three mathematics lecturers from School X who piloted SLP to take part in one-

to-one interview sessions.  The most junior lecturer has taught mathematics in School X for at least 

two years whereas the most senior lecturer, approximately 30 years.  All the participants considered 

themselves as mathematics lecturers, not statisticians.  Pseudonyms (Ashley, Bailey and Carey) are 

used to protect the identity of these participants.  

Data collection 

The list of potential  interview questions were emailed to the lecturers ahead of the interview sessions. 

This paper reports the lecturers responses to two of these interview questions: (1) What are the core 

ideas of SLP to you? and (2) When do you feel that you have been successful as a statistics teacher?. 

Their responses were used to infer their interpretations of ‘statistical literacy’ in the course of teaching 

statistics within S-M modules.  The interview sessions were audiotaped and transcribed.  

FINDINGS AND DISCUSSION 

Generally, these lecturers’ interpretations of statistical literacy were consistent with those reported in 

the research literature.  These lecturers appealed for less emphasis on mechanical calculations in 

introductory statistics course, a position held by Moore (1988).  

Carey:  I think the main difference is to replace the manual calculation by formula, replace it by 

software so that we can free up more time to…to analyze bigger dataset compared to just 

over like five or 10 data points (…) because in real life the data set is so big, how, when 

would you get like just five data points then plot in on a graph paper? (chuckles). 

Ashley opined that SLP promotes statistics as an analytical tool, which was also consistent with 

Moore’s (1988) remark that statistics is a methodological discipline.  

Ashely:  I think the core principle of SLP is really to explain statistical concepts to students, get 

them to…well, I mean learn what we do (in) statistics, why we collect data, how do we 

summarize data and findings to…stakeholders uh.  Well I think if you can teach the 

students to think of statistics in such a manner, is a tool for reporting, summarizing rather 

than just a…how to say uh…oh it’s an exam subject uh (chuckles) I must learn this 

therefore I do this. If we can change that mindset I think uh that’s what SLP is about uh. 

Bailey’s interpretation of statistical literacy was related to intelligent use of software and the 

appropriate interpretation of data output.  This is consistent with Wallman’s (1993) call for modern 

society with easy access to statistical software to be more statistically literate in analyzing outputs.   

Bailey:  Like for example teaching Linear Regression, you could do a quick demo, get the output, 

talk about the output and then have a discussion with the students about the term. I think 

uhm that is more interesting (…) I think the discussion of the output, software output uhm 

does require students to know part of the theory so if you have discussions with your 

students on that on regular basis uh I think this is good for their learning.  
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Although the mathematics lecturers were able to articulate their interpretations of statistical literacy 

which were consistent with the literature, there were evidence of some internal struggles faced by 

them especially on how statistical literacy may take form in their mathematics classrooms.  Unlike 

the focus of typical mathematics classrooms where the success of teaching may be validated in 

students getting correct answers (Geeslin, 1977), such was not the case in their statistics classrooms.  

One of the reasons was simply because there is no one right answer in statistics, as aptly illustrated 

in Rosenfeld’s (2013) quote in the Background section – you decide what story to tell and how the 

story can be justified.  Because of the open-endedness of statistics as offered in SLP, these 

mathematics lecturers struggled to find an anchor from which they can get immediate feedback on 

the success of their teaching.   

Interviewer:  When did you feel the sense of success when you teach math? 

Carey:  The students will give you that kind of expression where they finally understand or got it 

that kind of things, instead of like blank.  (In SLP) I didn’t see that kind of expression 

(chuckles) (…) No last time also got stats but it’s the hand calculation kind of stats.  So 

we spent a lot of time doing the calculation.  Now it’s a lot of time doing the…talking.  

Then the student got nothing to…calculate or do whatever. Uh, not…not used to it yet 

lah.  And the…I think students are not used to it also. 

Consequently, there were instances of great desire to anchor their sense of success when teaching 

statistics in students performing computations. 

Ashley:  I enjoy teaching the confidence interval part…that was very fun.  Students uh…I could 

feel uh, yah…the probability part also think the students also like it…the not so good 

parts was on the ‘rare event’ (p-value) uh, that part didn’t explain very clearly.  Students 

did not manage to get it, and the descriptive stats and the regression part uh, that one a bit 

weak uh, the lecture content is a bit weak uh.   

Interviewer:  So it seems that the topics that were, that you felt more successful in were more 

computation in nature? Is that true? 

Ashley:  Ya, true.  Because when you compute, it is easier to explain the meaning of what you 

have computed.  If you didn’t compute anything or if the computer has done the 

computing for you, then find it difficult to explain what is it that the students have done.  

Because actually the students didn’t do anything (chuckles).  They saw the output that the 

average is this already then…close shop, end of story.   

Furthermore, successful teaching of statistics may not be instantly evident in the mathematics 

classrooms.  For Bailey, the appreciation for statistics happens only in later stages of students’ 

diploma courses when students use statistical tools in their final year projects (FYPs). 

Interviewer:  When would you feel that you have been successful in teaching statistics? 

Bailey: Actually it is difficult to know. I mean you can’t just measure based on the exam results.  

Uh let’s say when they are in their third year and when the do their FYP, they come back 

to you for statistical consultation, you roughly get an idea from there. Things that you 

have taught but yet they don’t seem to know, you know you may not have done a good 

job. 

REFLECTION 

Moore (1988) remarked that “(s)atisfactory teaching of the science of data requires experience with 

data” (p. 9).  Lecturers who have deep experience with data would be more successful in reflecting 

how statisticians think, as evident in Bailey’s reflection.    
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Bailey:  After you have done the literature review, you should know what kind of statistical 

techniques that you want to use.  But they (the FYP students) don’t seem to get doing it 

in that order.  They collect the data first then they worry about the statistical techniques.  

That’s one issue.  Another issue, let’s say I want to compare two groups, Males and 

Females, whether there are any differences in their BMI, I think the data should be entered 

in such a way whereby in Minitab, they have one column, Gender, all the Males here 

followed by all the Females BMI, so two variables, one corresponding to gender and the 

other corresponding to BMI.  But then if you enter your data in such a way whereby you 

have all the Male BMIs in one column and Female BMIs in another column, the software 

will still work.  Minitab will still work, but the concept is wrong. You don’t see the two 

variables, Gender and BMI tab, so it will still work so when they come to do their FYP 

and their FYP involves the more complicated design, like they have a Factorial design…it 

will be com-, I mean the first thing that they have to do is they need to enter the data.  

That is where uhm, they meet with their first difficulty. 

Bailey’s deep knowledge on students’ difficulties in using statistics as methodological tools was a 

result of supervising students in using statistics for FYPs. While there are important merits in the 

changes proposed by projects such as the SLP initiative, mathematics lecturers need more continued 

support in ensuring statistics are taught closely to the problems that statistics tries to solve (Godfrey, 

1988).  One question to keep in mind when supporting mathematics lecturers in teaching statistics is 

whether they “have had enough and continuing exposure to exciting data problems and current 

methodologies to be able to instruct students as to what the real world of statistics is about” 

(Gnanadesikan & Kettenring, 1988, p. 14).  Perhaps it is through such experiences with real-world 

data that mathematics lecturers may begin to emulate the habits of mind of statisticians and ask 

appropriate statistical “worry questions” (Gal, 2002). Consequently, such habits of mind can be one 

form of evidence for statistical literacy in their mathematics classrooms. Without persistent support 

for lecturers, statistics within mathematics curriculum would continue to be defined by the learning 

outcomes of mathematics and in Singapore, such learning outcomes may highly likely be 

mathematical problem-solving. 
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Informal statistical inference (ISI) plays an important role in understanding statistical concepts. 

Research shows, however, that many teachers lack knowledge of ISI. In the literature the growing 

samples heuristic is proposed as a way to learn ISI. It is unknown how the growing samples 

heuristic supports the development of ISI reasoning skills of (student) teachers. The aim of this 

study was to explore ISI reasoning processes of student teachers when engaged in a growing 

samples activity. In three classes of first-year student teachers a growing samples activity was used 

in which student teachers were asked to generalize to a population and to predict the graph of 

larger sample in three cycles with increasing sample sizes. A qualitative analysis revealed that most 

student teachers only described the data and did not purposively generalize to the population. This 

result is supported by the absence of uncertainty in their answers. 

INTRODUCTION 

Statistical inference plays a central role in understanding statistical concepts. When making 

inferences, the statistical concepts gain meaning by acting as reasoning tools for the inferences. 

Educational reformers have therefore propagated to introduce informal statistical inference (ISI) 

already in primary school. However, teachers often lack the skills to teach ISI (Batanero & Díaz, 

2010). Unfortunately, little is known how we can prepare student teachers for teaching ISI (Ben-

Zvi, Bakker, & Makar, 2015). In general statistics education research, the growing samples activity 

is recommended as a heuristic principle to teach ISI (Garfield, Le, Zieffler, & Ben-Zvi, 2015). The 

idea of growing samples is that students use samples of increasing size to make inferential 

statements about a larger sample or population. The growing samples heuristic seems to be a 

promising approach to informally and coherently construct and discuss statistical concepts (Ben-

Zvi, Aridor, Makar, & Bakker, 2012). It is unknown, however, how the growing samples heuristic 

supports the development of ISI reasoning skills of student teachers. 

The aim of this exploratory study is to explore the ISI reasoning processes of primary school 

student teachers when they are engaged in a growing samples activity. The research question is: 

What reasoning about informal statistical inference do first-year student teachers display when they 

are engaged in a growing samples activity, and what is the quality of their reasoning? 

INFORMAL STATISTICAL INFERENCE 

We define ISI as using sample data to make generalizations about an unknown larger sample or a 

population without the use of formal statistical tests. To further conceptualize ISI, we use an 

adaptation of the ISI framework of Makar and Rubin (2009). We have added a fourth pillar, 

‘Descriptive statistics’, because in our view a complete informal statistical inference should also 

include some kind of statistical analysis. The four pillars of ISI and their definitions are:  
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1. Data as evidence: The inference is based on the data, not on other sources, like one’s beliefs.

2. Generalization beyond the data: The inference goes beyond a description of the sample data

and states something about a situation beyond the sample data. 

3. Uncertainty: The inference takes uncertainty, its sources and consequences into account.

4. Descriptive statistics: The inference includes a statistical analysis of the data.

We investigated to what extent student teachers use these four pillars in their inferences when they 

are engaged in a growing samples activity. 

METHODS 

Employing design research methodology (Simon, 1995), we designed a growing samples activity, 

based on Ben-Zvi et al. (2012) and a hypothetical learning trajectory (HLT), and applied the activity 

in three classes of first-year student teachers from a Dutch teacher college for primary education. 

The first author was the teacher during the intervention. Three classes of in total 35 student teachers 

participated in the study (3 male, 32 female; average age 19,5 years). 

During the activity, the student teachers discussed the following question: “Is the math attitude of 

1
st
 year male student teachers in general more positive than the math attitude of 1

st
 year female

student teachers?” Real data from a study on math attitude of student teachers was used. The 

activity lasted for 80 minutes and consisted of three cycles in which the student teachers were 

provided with graphs of samples of increasing size. During the first cycle the samples consisted of 4 

men and 4 women, during the second cycle 15 men and 15 women and during the third cycle 28 

men and 116 women, which was the size of the original dataset. During each cycle the student 

teachers answered the question to generalize and predicted the shape of the graphs of the next cycle. 

They worked in dyads or triads. After each cycle, answers were discussed in a class discussion. 

Some hypothesized mechanisms between the growing samples activity and ISI reasoning were the 

following. First, the repetition of the question to generalize and predict would invite student 

teachers to use the data to draw a conclusion (pillar 1) and would draw student teachers’ attention to 

the inferential nature of the question (pillar 2). Second, presenting of samples of different size and 

shape would draw attention to differences in the sample distributions and would invoke student 

teachers to realize that other sample distributions could have resulted as well. Student teachers 

would in turn take the uncertainty of their conclusions into account. Also comparing the difference 

in spread between the samples of men and women and between the samples across the cycles would 

encourage the student teachers to take uncertainty into account (pillar 3). Third, with growing 

samples, the averages and global shape stabilized. Student teachers would notice this and would use 

the average and global shape as reliable signals for generalization and prediction (pillar 4). 

Data collected consisted of written work, sound recordings of the class discussions and field notes. 

Content analysis was used to analyze the data. A coding scheme closely aligned to the HLT was 

developed. In this proposal we present the results of the written work by characterizing the answers 

per group in terms of the four pillars of the ISI framework. In our presentation, we will also present 

the results of the class discussions between the cycles.  
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RESULTS 

We present the results for the four pillars separately. 

Data as evidence 

Overall, the student teachers seem to have used data as evidence, although not always explicitly; 

they, for example, only wrote down: “men are on average more positive”. We interpret the use of 

‘average’ as an indication that they have used the average of the sample distributions as evidence. 

We found some evidence that when the student teachers predicted the larger sample, they did not 

always use the data as evidence: During the first cycle, in the prediction of the larger sample, 6 out 

of 11 groups overemphasized their conclusion that men are more positive about math than women 

by moving the men’s distribution to the right and women’s distribution to the left, as shown in 

Figure 1. 

Figure 1: Prediction of larger sample overemphasizes conclusion based on small sample 

Generalization beyond the data 

When the student teachers answered the question to generalize to the population, they all correctly 

concluded that men are more positive about math than women. However, 22 out of the 34 answers 

did not made clear whether the answer pertained to the samples only, or to the population. Nine out 

of 34 answers we labeled as inferential because these answers included the words ‘in general’. Only 

one group responded truly probabilistically: “With more people, the conclusion we draw is more 

reliable, the attitude of men seems to be more positive.” 

Most predictions of graphs of a larger sample were correct in the sense that it were copies of the 

global shape of the graph of the smaller sample (26 of 42 graphs). Nine graphs were mimics of the 

smaller graphs, for example when each frequency was multiplied with the factor the sample grows. 

Given sampling variability, this is a very unlikely outcome for the larger sample.  

Uncertainty 

Only one group considered uncertainty. During the first cycle, this group denied the possibility to 

generalize based on 4 men and 4 women. During the second cycle, they made the only probabilistic 

generalization. The other groups never mentioned uncertainty, apart from one weak indication of 
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probabilistic language in the prediction of a graph (“we expect…”). Sampling variability is related 

to uncertainty. Since samples vary from sample to sample, we expect that for a larger sample the 

graphs will be smoother and their range wider. However, no group consistently smoothened the 

graphs; most groups followed too closely the shape of the smaller samples. About half of the groups 

widened the range, in particular when the range was narrow. 

Descriptive statistics 

The student teachers often noticed the higher average of men and the high spread of women, but 

they did not connect the spread to their conclusion, as evidenced in this example: “Many difference 

between men, few among women. Men love math.” Moreover, of the 33 conclusions only 17 were 

accompanied by a descriptive statistic as an argument, and only 10 of these were correct descriptive 

statistics, either the mean or the global shape. Of the 33 descriptive statistics used, only two 

statistics looked at local aspects of the distribution. 

CONCLUSION 

When the student teachers are engaged in the growing samples activity, most student teachers do 

not generalize to the population, but only describe the data. Inferential statements use at best the 

colloquial term ‘in general’, which could have been copied from the question without the intention 

to generalize. We found some evidence that the student teachers did not use the data as evidence 

when they overemphasized sample data conclusions in their predictions. The virtual absence of 

attention for uncertainty underlines our conclusion that virtually all student teachers neglected the 

inferential nature of the activity. The student teachers are in general well able to discern a general 

trend in the data, by looking at the general shape or estimating the average, but fail to connect 

issues of variation to their conclusions. Further analysis of the classical discussions will reveal 

whether the student teachers actually had inferential considerations in mind, which they had not 

written down, or that they indeed only described the data and did not pay attention to inferences and 

uncertainty. 
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ASSESSING SPORT OUTCOMES AS A WAY TO BUILD STUDENTS’ 
DATA-DRIVEN DECISION-MAKING SKILLS 

Orlando González Somchai Chitmun 

Hiroshima University, Japan, and              Srimahosot School, Thailand 

The purpose of this article is to describe the traits and instructional advantages of tasks set in a 
sport-related context, and addressing the assessment of outcomes to determine performance, in the 
development of informed decision-making skills. By extending the study conducted by González and 
Chitmun (2015) on Japanese and Thai secondary school mathematics teachers’ knowledge of 
decision-making, cognitive, cultural and structural traits of the aforementioned tasks will be 
discussed, and some instructional recommendations for teachers will be suggested. 

INTRODUCTION 

In our knowledge-based society, citizens face on a daily basis large volumes of varying information 
from multiple sources, from which different sort of decisions must be made. Then, the importance 
of using, handling and interpreting data to inform decision-making is fundamental to participate 
competently in today’s society. Such importance has been acknowledged by recent reforms to the 
mathematics curriculum in many countries, within which Japan and Thailand are two exemplary 
cases. In fact, in the case of secondary school level, having the attitude and ability to purposely 
process and grasp features of daily-life data, and making informed decisions in real-life situations, 
are stated as instructional goals in the statistics-related strands of the mathematics curricula in both 
countries (MEXT, 2008, 2009; MOE, 2008). Thus, it is necessary for teachers to be able to choose 
the most appropriate tasks to take students further in the achievement of such goals. 

In this paper, two tasks with sport-related contexts from the study by González and Chitmun (2015) 
are introduced, their features and potential to foster decision-making skills are described, and their 
instructional advantages and disadvantages are discussed. Finally, considerations to use similar 
tasks to foster decision-making skills with students from culturally-different countries are provided. 

DECISION-MAKING PROCESS: DEFINITION AND RELATED SKILLS 

A decision is the broader process within which a choice among specific options will be made, 
regarded here as having six phases: definition, planning, data, evaluation, weighing impact, and 
making and justifying a decision (e.g., Wild & Pfannkuch, 1999; Arvai et al., 2004). Some skills 
related to such phases are ability to identify, design, and choose optimal ways to make a decision; 
ability to seek, collect and process data relevant to a decision; ability to critically assess implications 
of different choices on a decision; and ability to give an informed justification for a decision made. 

Communication and interpersonal interaction as in bargaining, negotiating and building consensus, 
influence the development of each phase of the decision-making process (Keeney, 1988). 

METHODOLOGY, FINDINGS AND DISCUSSION 

For this study, it was used the whole data collected and preliminarily reported by González and 

Assumption University, Thailand 
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Chitmun (2015), who surveyed purposive samples of Japanese (24) and Thai (15) secondary school 
mathematics teachers, in order to clarify their knowledge of decision-making, the kind of tasks they 
regard as having the potential to promote decision-making skills, and the knowledge and skills they 
believe to be associated with decision-making. After a grounded analysis of the chosen tasks, it was 
found they were set in four different contexts: personal, mathematical, school-related, and sport-
related. Then, after additional analysis of the questions posed, the latter were found having the best 
instructional advantage to foster students’ decision-making skills. Thus, this article will focus on 
discussing and analyzing the features and instructional potential of such tasks. 

All the tasks with a sport-related context were about assessing the results obtained after the practice 
of particular sports and, based on the interpretation of the given data, making a decision of what 
athlete or team was the best. In the case of the Japanese sample, two of the four teachers—hereafter 
J1 and J2—chose the famous “Ski Jump Task”. In the case of the Thai sample, the only teacher who 
selected a task with a sport-related context—hereafter T1—chose one related to the darts game, 
which is very popular among Thai teenagers. Both tasks—hereafter Task 1 and Task 2, 
respectively—are depicted in Figure 1. The reasons given by teachers about why their chosen tasks 
have the potential to promote decision-making skills are shown in Table 1. 

Task 1: The “Ski Jump” task 
Misaki researched the jump distances of the two members of the Japanese team, Masahiko Harada and 
Kazuyoshi Funaki. The two histograms shown below summarize the jump distances of these two athletes 
from several international competitions held during the 1998 season, prior to the Nagano Olympics. From 
these histograms, we can understand that, for example, these two athletes made 3 jumps longer than or 
equal to 105 m but shorter than 110 m. 
Based on the data shown in the histograms, Misaki wanted to think about whom of these two athletes 
would have jumped farther if both would make one more jump.  
If you are going to choose one athlete who might make the longer jump based on your comparison of the 
two histograms and the characteristics you identified, which athlete would you pick? From (a) and (b) 
below, select one athlete. Then, explain why you chose that athlete by comparing the characteristics of the 
histograms of these athletes. You may justify a choice of either athlete. 

(a) Harada                        (b) Funaki

Task 2: The “Darts Game” task 

From darts game: 

There are 2 teams (A and B) competing against each 

other, and each team have 3 persons (A1, A2, A3 and B1, 

B2, B3). Each person throws a dart 3 times. The 

positions where the darts landed are shown in the figure 

to the right. Which team is the winner? Please explain. 

Figure 1: Two tasks with sport-related contexts chosen by participants in this study 
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Reasons for selection

J1 Because I think that, when students are selecting only one option among many, they are making
decisions based on certain criteria (their own values and mathematical grounds). 

J2 

The learning issue is “to predict the next jumping record”, and for that students will estimate a likely 
record in the future from records registered in the past. During that stage of “Analysis”, students will 
decide about “which record is likely to happen?” 
In addition, this whole learning activity is organized following the PPDAC cycle. During the stage 
“Plan”, students are to decide about “what is the required data for the solution?”; and for the stage 
“Conclusion” they said “extreme values being low could be because the weather was bad. On that 
moment, it is possible that other athletes’ records were much worse”. Then, based on the problem 
context about the analysis results, the decision is determined. 
So, by means of the aforementioned learning issue and learning activity, I think decision-making 
skills while using statistics are being fostered. 

T1 
This task provides students the opportunity for thinking about methods to determine which team is 
the winner, and then decide. Students have to link various bodies of mathematical knowledge in 
order to make a decision. 

Table 1: Reasons given by the participants for having chosen either Task 1 or Task 2 

Questions posed by Tasks 1 and 2 were found to be developed for statistical investigations, since 
they have the following characteristics identified by Makar and Fielding-Wells (2011, pp. 349-350): 

• Interesting, challenging, and relevant: Sports are a topic of interest relevant to teenagers.
Also, both questions are challenging since they call for a thorough analysis of the given 
data, and need clarity on how differences in performance will be quantified and modeled. 

• Statistical in nature: Answering these questions calls for students to interpret the given
data and to justify their choice of “best” team or athlete based on such interpretation. 

• Ill-structured and ambiguous: Questions such as “what is the best ski jumper or dart
team?” raise the issue of what the meaning of “best” is, which enables negotiation and 
data-driven argumentation and discussion by students. 

In addition to the aforementioned characteristics, both tasks were found to: (a) call for active 
engagement in the decision-making process in order to be solved; (b) require making connections 
between different fundamental ideas in statistics, such as data, variation, distribution, modeling, 
inference and representation; (c) be solvable in several different ways; (d) demand explicitly from 
students to communicate and/or justify their procedures; and (e) display graphs as statistical 
representations. Also, both tasks require from students proper engagement in transnumeration, 
which demands having an aggregate view of data. Moreover, both tasks might be useful tools for 
teachers to help clarify how students acknowledge and think about variability (Shaughnessy, 2007). 

Another feature worth to be mentioned is the number of choices offered by both tasks. Task 1 
provides only two options—either Harada or Funaki—, while Task 2 provides three—Team A, 
Team B, or both teams. In that sense, Task 1 limits the detection of the alternative “either Harada or 
Funaki”—a likely and expectable answer from students—, which also might be interpreted as a 
missed opportunity to have a broader and more inclusive data-driven discussion in the classroom. 

From a grounded analysis of teachers’ reasons for choosing their tasks, it was possible to determine 
competence aspects that teachers believe to be associated with decision-making. Such aspects were 
the following: (a) decision-making demands from students to make use of their own mathematical 
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and statistical literacy skills—J1, J2 and T1—; (b) decision-making involves opportunity to build 
students’ own decision criteria—J1 and J2—; (c) decision-making involves engagement with 
different steps of the open-ended approach—J1 and T1—; (d) decision-making involves the 
enactment of personal or societal values—J1—; (e) decision-making involves engagement with a 
familiar real problem—J2—; and (f) decision-making requires inter-personal processes such as 
discussion, communication, argumentation, negotiation, and collaboration—J2. All these traits are 
associated with specific decision-making skills (e.g., Keeney, 1988; Makar & Fielding-Wells, 2011). 

CONCLUSIONS 

Due to the significant place held by informed decision-making skills in today’s society, as well as in 
the secondary school mathematics curricula of many countries such as Japan and Thailand, teachers 
must be able to design instruction aimed to develop students’ data-driven decision-making skills. In 
this article, it was found how tasks set in a sport-related context, and addressing the assessment of 
outcomes to determine performance, provide a series of instructional advantages to foster such 
skills and promote statistical literacy, reasoning and thinking. Common traits of such tasks are, 
among others, calling for active engagement in the decision-making process; calling for a thorough 
analysis of the given data—which can also be collected or generated by students—; being solvable 
in several different ways; demanding explicitly from students to justify their decisions; enabling 
interpersonal interaction between students; and being culturally relevant and familiar to students.  

Awareness of these traits and the competence aspects related to the promotion of decision-making, 
will help teachers to effectively implement these kind of tasks, and to develop interpersonal and 
data-driven decision-making skills, both fundamental to participate competently in today’s society. 
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CLASSIFYING: COMPREHENSION OF STUDENTS AND TEACHERS OF 
PRIMARY SCHOOL 

Gilda Guimarães 

Universidade Federal de Pernambuco, Brazil 

Izabella Oliveira 

Université Laval, Canada 

Throughout its history, mankind has created classifications for various ends. Classifying is a 

habitual process for people, one which is not only part of their daily routine, but also present in 

divers learning situations in various areas, including scientific research. Nowadays, because of the 

importance given to research at every level of learning, the importance of the act of classifying and 

creating classifications is being recognized, given that in any investigative activity categorization is 

necessary, as is the organization of data in groups for objective interpretation. Taking this into 

consideration, this study investigates how students, future teachers, and teachers of primary school 

create criteria to classify a group of elements. The results reveal difficulties, but not the 

impossibility of learning, even with very young children. 

CLASSIFICATION 

Statistics plays a fundamental role in education for citizenship. It can be also considered an 

important tool for carrying out projects and investigations in various areas, being used for planning, 

data collection and analysis, in inferences for decision making with the intent to support statements 

in various areas, such as health, education, science, and politics. When students carry out research, 

they may reflect autonomously and, as a consequence, be capable of interpreting reality through 

their own data systems or of interpreting the data systems of others critically. To this end, knowing 

how to classify is a fundamental ability. 

Studies geared toward investigating how children and adults create categories to classify a group of 

elements are rare in the literature. We have found studies that investigate how adults and children 

build concepts based on classifications (Deák & Bauer, 1995; Nguyen & Murphy, 2003; among 

others) or in studies with very young children or babies on the relation between thought and 

language (Mareschal & French, 2000; Vieillard & Guidetti, 2009; among others). 

In order to contribute to the field of statistics, the present study investigates how students, future 

teachers, and teachers of primary school create criteria to classify a group of elements. 

Logical-mathematical concepts of classification 

Classifying is a natural and very early activity for humans. From a very young age children classify 

objects according to analyses based on similarities and differences (Vergnaud, 1991). For Piaget 

and Inheilder (1983), classifying can be defined as a procedure which allows one to attribute a 

category to all the elements of a certain collection, according to the criteria defined. For a 

classification to be correct, the categories must exhibit exhaustiveness (they represent all possible 

facts and occurrences) and exclusiveness (coherence such that any result can be represented in only 

one manner); in other words, categories must be able to exhaust all the possibilities and, at the same 

time, be mutually exclusive. We would further add that it is fundamental to point out that the 
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classification criteria adopted depend on the context in which the classifications take place, 

including the historic moment and the person’s needs. Thus, it is possible to find as many 

classification systems as there are classifiers. 

Studies on classification
1

Barreto and Guimarães (2015) carried out Piagetian clinical interviews with 20 children (age 5), 

seeking to investigate the strategies used in three different activities which involved classifications: 

a) based on a given criterion; b) identifying the classification criterion; c) creating a classification

criterion. The authors observed that 95% of the children were successful in the classification 

activity based on a given criterion (a). This type of activity is conceptually easier and very common 

in textbooks for young children, as Cruz (2013) points out. In the b (20%) and c (35%) activities, 

the students had more difficulty. It is important to point out that these activities are considered more 

difficult and that, even so, some 5-year-old children were able to solve them. 

Guimarães, Gitirana and Roazzi (2001) investigated how 107 students from the 4
th

 grade in primary

school (aged 9-10) created categories to classify a group of animals. The authors observed that most 

students (64%) did not develop a correct classification, presenting a great variety of understandings 

about classifying. They describe distinct properties which made it impossible to set a descriptor or 

they attributed one property to each element, used one or more categories in the same attempt to 

classify, such as using the descriptor “where they live” and creating classes such as “jungle” and 

“flying,” implying alternately classifying an animal’s living space as “jungle” and its means of 

locomotion as “flying,”. 

Leite, Cabral, Guimarães and Luz (2013) investigated the knowledge of 30 3
rd

 (age 8) and 5
th

 (age

10) primary school students creating categories to classify, and a potential improvement in

performance based on a teaching intervention. This intervention was carried out over two days, 

during which it was proposed that students, in pairs, classify groups of pictures, then present these 

to the class and, together with the teacher, reflect on the criteria used. The results show that students 

in both grades had difficulty classifying; however, the reflections in class allowed significant 

improvement in their understanding of classifying, showing the possibility of quick learning. 

These studies show differences in children’s understanding when they seek to create a classification 

criterion. Might adults, given the fact that they experience, on a daily basis, a world that is already 

classified, present different concepts? 

Guimarães and Oliveira (2014) investigated how 113 future teachers in Recife, Brazil; Quebec, 

Canada, and Burgos, Spain, created criteria to classify and used them in a free classification 

activity. To this end, they gave each subject a group of cartoon characters to be classified. Half of 

the students in each group classified them into two groups and the other half into three groups. 

Although most students managed to reach a correct classification in two groups, when the activity 

required three groups, performance was significantly weaker (X
2
 = 13.717, gl 1, p≤.000). Only

those who defined a descriptor were successful in their classification. Thus, knowing how to 

classify appears to not be an ability learned solely through life experience. 

Guimarães, Luz and Ruesga (2011) investigated how children of primary school and their teachers 

created classification criteria. 48 students in the 3
rd

 grade of primary school (age 8) and 16 teachers

participated in the study. The results show that most of the participants had a weak performance 

(only 33% of students and 44% of the teachers succeeded in the task). Once again, in their attempts 

to classify, participants would use more than one criterion (56% of students and teachers); in other 

words, they would name a subgroup of pictures that had characteristics in common. In addition, few 

participants made the descriptor explicit (29% of students and 44% of teachers); furthermore, many 

1 The different studies carried out by our research group will be presented in order based on school level. 
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times the descriptor did not match the classification criterion used. Vieillard and Guidetti (2009) 

had already observed that adults and children would name the groups and not the criterion they had 

used. 

This difficulty faced by both students and teachers can be partially explained by the absence of any 

systematic school work on classification. Guimarães and Gitirana (2006), analyzing the collection 

of math textbooks for the earliest school years approved by Brazil’s National Textbook Program 

(PNLD 2004)
2
, show a lack of importance given to the theme of classification in the textbooks. In

this same vein, Silva (2013) found that, when analyzing the math and science textbook collections 

used in Brazil in the primary school, in only 1% of the activities is it proposed that students create a 

criterion of classification, since in the other activities the classes are already defined, and all the 

students need to do is distribute the elements in the pre-defined groups. 

CONCLUSIONS 

In this article we sought to show the understanding of creating classification criteria of students in 

pre-school and primary school (ages 5 to 10), undergraduate students in Education, and teachers of 

primary school based on various published research papers by our research group. 

These studies show the difficulty people with different educational backgrounds have in creating 

criteria to carry out a classification. We believe this difficulty can be at least partially explained by 

the lack of familiarity with this type of ability both in everyday life and at school. From a very 

young age, people interact with a world organized hierarchically in classes and subclasses; 

however, they are generally asked to classify given pre-defined criteria instead of creating the 

criteria themselves. Barreto and Guimarães (2015) have shown, however, that from a very young 

age some children can solve certain activities even if these are not widely present in their textbooks 

and school everyday practice. Furthermore, Leite, Cabral, Guimarães and Luz (2013) demonstrate 

the quick possibility of teaching these skills to students in primary school.  

If current teachers and future teachers have difficulty classifying, how will they be able to teach 

their students? The process of forming teachers needs to lead them on a systematic reflection which 

allows them to learn to create criteria to classify a given group of objects, respecting both 

exhaustiveness and exclusiveness. It needs to go beyond activities in which classes are already 

defined and the student has only to distribute the elements. Developing students’ independence in 

creating classifications will allow them to classify and analyze whatever data they wish, be it in 

school or in their daily lives, in a relevant manner. 

It is fundamental for an effective right to citizenship that everybody knows how to analyze the 

criteria chosen for a classification, and how to create criteria to classify a group of data they wish to 

analyze. 
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PRESERVICE MATHEMATICS TEACHERS’ TPACK DEVELOPMENT IN 

STATISTICS TEACHING: A LESSON STUDY 

Gamze Kurt1,2, Erdinç Çakıroğlu1 

1Middle East Technical University, 2Mersin University 

This study examined the development of technological pedagogical content knowledge (TPACK) of 

preservice mathematics teachers in statistics teaching that involve online interactives, in the context 

of a lesson study. Theoretical framework was based on the TPACK framework (Koehler & Mishra, 

2009) which can be briefly described as an ‘interconnection and intersection of content, pedagogy 

and technology’. Lesson study was performed through two lesson study groups containing 4 and 5 

participants in each one. Each group studied on a research lesson and implemented it. How TPACK 

of preservice elementary mathematics teachers is supported regarding to teaching statistics via 

online resources and how their knowledge domains were affected by lesson study group-work are the 

research questions of the study. Preliminary findings show that preservice mathematics teachers have 

an understanding of TPACK since they referred to all knowledge dimensions in TPACK framework.  

INTRODUCTION 

This study investigated development of technological pedagogical content knowledge (TPACK) of 

preservice mathematics teachers (PMT) in statistics teaching that involve online interactives, in the 

context of a lesson study. Java applets, Java demonstrations, interactive multimedia systems are some 

examples of online interactives which could be used in statistics teaching. Integrating technology into 

education necessitates investigation of instructional uses of digital tools and resources. Earle (2002) 

stated as “integrating technology is not about technology. It is primarily about content and 

instructional practices. Integration is defined not by the amount or type of technology used, but by 

how and why it is used” (p. 8). Besides, teachers lose their enthusiasm to technology integration 

without necessary knowledge of related curriculum materials. In fact, strategies for effective 

integration have not evolved while digital technologies evolved rapidly (Kastberg & Leathom, 2005, 

as cited in Niess, et al., 2009). Additionally, designing such case studies is a useful strategy that helps 

them examine and learn about how PMT learn how to teach statistics (Niess, 2008). Thus, There are 

two main research questions here: First one is “how is TPACK of PMT supported to teaching statistics 

via online resources?”, and the second one is “how do their knowledge domains change regarding 

TPACK framework in a lesson study group?” 

REVIEW OF RELATED LITERATURE 

The approach suggested by Koehler & Mishra (2009) for teaching with technology integration in 

which teaching is assumed as “an interaction between what teachers know and how they apply what 

they know” in different contexts lies as a fundamental idea behind this study (p. 62). In order to define 

what TPACK is, they assume that technology, pedagogy and content should lie at the heart of good 

teaching and it was claimed that these three core knowledge bases form TPACK framework (Koehler 

& Mishra, 2009). More specifically, TPACK is assumed as “interconnection and intersection of 

content, pedagogy and technology” (Margerum-Leys & Marx, 2004). TPACK framework includes 
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seven different knowledge dimensions: pedagogical knowledge, content knowledge, technology 

knowledge, technological pedagogical knowledge, technological content knowledge, pedagogical 

content knowledge and technological pedagogical content knowledge (Koehler & Mishra, 2009). In 

order to relate TPACK with statistics teaching, rather than describing via different types of knowledge 

domains and their overlap domains as it was done for TPCK; Lee and Hollebrands (2011) presents 

technological pedagogical statistical knowledge (TPSK) framework as nested circles: Outer circle is 

statistical knowledge (SK) which is knowledge needed for a teacher to engage in statistical thinking. 

Their claim is that a teacher should firstly be able to capable of statistical knowledge and thinking 

abilities before dealing with pedagogy and technology in teaching statistics. Then, innermost circle 

is the TPSK and “founded on and developed with teachers’ knowledge in the outer two sets of 

technological statistical knowledge (TSK) and statistical knowledge (SK)” (Lee & Hollebrands, 

2011, p. 361). Thus, TPSK framework constitutes the basis of this study, forms also structure and 

organization of findings. 

METHODOLOGY 

Lesson study, or lesson research, is a research method which originates from a Japanese process of 

instructional improvement, which research lesson (lesson plan) is its core piece (Lewis, 2000). 

“Research lessons are real classroom lessons with students and show five specific characteristics: 

Research lessons are observed by other teachers; they are planned for a long time, usually 

collaboratively; they are designed to bring to life in a lesson a particular goal or vision of education; 

they are recorded and lastly discussed by the observing teachers together” (Lewis, 2000, p. 4-6). Such 

artifacts can help PEMT in order to develop an understanding of how statistical ideas can be reasoned. 

9 PMT (2 groups, 4 and 5 teachers in each group) were participated in this study. They had also 

attended two consecutive statistics courses in second year. They were first pre-interviewed including 

also an instrument from Diagnostic Teacher Assessments in Mathematics and Science (Bush, et al, 

under review, as cited in Jacobbe, 2007). It constituted the first group of data. Then, they attended a 

2-weeks workshop which is designed by the research team including the teaching statistics with

online interactives. In second week of workshop, each group started to prepare a lesson plan including 

an online resource for teaching a statistics objective such as data displays, measures of central 

tendency or measures of spread which are also included in elementary mathematics curriculum. Later, 

each group discussed their lesson plan with researcher two times whether it needs a revision. Then, 

they implemented their lesson plans to classmates (microteaching) and each group come together 

once more in order to analyze implementation process. Thus, these three group discussions formed 

another part of data. At the end, participants were asked to reflect upon their overall lesson study 

experiences which forms the last part of data collection. All of interviews and group discussions were 

transcribed verbatim and coded using TPACK codebook (Hughes, 2013). Besides, lesson plans will 

be assessed using ‘technology integration assessment rubric’ (Harris, Grandgenett & Hofer, 2010). 

EXPECTED FINDINGS AND DISCUSSION 

Preliminary findings show that PEMT refer to all knowledge domains in TPACK framework in their 

group discussions and pre-interviews. This means that PMT have an understanding of TPACK, that 

is; they could differentiate their understandings according to knowledge dimensions. While groups 

were preparing their research lessons they continually made reasoning as well as indicating to these 
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knowledge domains. Compared with first, second and third group discussions, participants were also 

observed to have experienced some initial developments through knowledge domains in TPACK 

framework. One of the initial findings was that their statistical content knowledge was weak 

especially in data displays and variable types. This finding was also justified through pre-interviews 

since their instrument results emerged the same weakness. However, participants were later seen to 

have covered these weaknesses through group discussions and revisions of their lesson plans. For 

instance, in their third group discussions, groups referred more to pedagogical content knowledge 

and technological content knowledge than pedagogical or content knowledge. Therefore, it can be 

claimed that lesson study approach have a positive impact on the development of TPACK of PMT in 

statistics teaching because of its nature. 

Secondly, it can be said that participants have evaluated their understandings of knowledge 

dimensions emerged from TPACK framework as higher than the ones at the beginning. They 

emphasized that they have learned a lot during lesson study. They also claimed that they realized they 

didn’t know much about statistics and statistics teaching. These also can be accepted as important 

findings because they verify the power of lesson study approach not only in in-service teacher 

education but also in preservice teacher education. Besides, lesson study approach here in this study 

verifies itself as being an alternative way to technology integration to teaching.  
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KOREAN PRESERVICE TEACHERS’ KNOWLEDGES FOR TEACHING 

STATISTICAL SAMPLE 

Byungjoo TAK*, Na-Young KU*, Hyung-Young KANG**, Kyeong-Hwa LEE* 

*Seoul National University, **Mokwon University

In this paper, we investigated Korean preservice teachers’ knowledges for teaching the concept of 

sample (and sampling.) The data was collected from a designed survey which includes problems 

focusing on using tasks (KCT) and students’ misconceptions (KCS) about sample representativeness 

and sampling variability. The results show that the lack of content knowledge (CK) for samples 

interrupts them to develop pedagogical content knowledge (PCK), in particular, for sampling 

variability. This study implies the system of Korean preservice teacher education should be reformed 

for teaching statistics to provide opportunities of teaching practice and learning practical statistics. 

INTRODUCTION 

Taking samples of data and using samples to make inferences about unknown populations are at the 

core of statistical investigations (Garfield & Ben-Zvi, 2008, p. 236). However, the conception of 

sampling is a scheme of interrelated ideas entailing many statistical notions such as repeatability, 

representativeness, randomness, variability, and distribution (Pfannkuch, 2008; Saldanha & 

Thompson, 2002; Watson, 2006). This complexity makes many people, teachers as well as students, 

reason about statistical inference relying on their incorrect intuitions without understanding sample 

comprehensively. 

An understanding of the nature of sampling as statistical thinking is involved in the area of statistical 

literacy, since the process of a statistical investigation can turn out to be totally useless if we don’t 

appreciate the part sampling plays (Watson, 2006). So, some research investigated how the concept 

of a sample is understood by not only students but also teachers or preservice teachers (e.g., Groth & 

Bergner, 2005). In this study, we crystallize understandings of samples into knowledges for teaching 

samples by adding teaching-learning contexts. Then, we investigate how preservice teachers have the 

PCK in South Korea, in particular, using tasks and students’ misconceptions as the standards of KCT 

(knowledges of contents and teaching) and KCS (knowledges of contents and students), respectively. 

SAMPLE REPRESENTATIVENESS AND SAMPLING VARIABILITY 

Samples provide some (not complete but approximative) information about the population. Correctly, 

a sample gives not the certainty but the likelihood in the statistical inference. The sampling theory 

has been developed as this explanatory limitation is reflected and overcome in the history of statistics 

(Hansen, 1987). To make inferences about unknown populations, we has to take ‘representative’ 

samples of data by using an appropriate way to choose them. However, it is crucial how samples vary 

regardless of a sampling method. To understand this antithetical reasoning, Rubin et al. (1990) 

suggested we understand the complementary relation between the following notions (p. 314). 
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 Sample representativeness is the idea that a sample taken from a population will often have

characteristics similar to those of its parent population. 

 Sampling variability is the idea that samples from a single population are not all the same

and thus do not all match the population. 

These two central ideas have to be understood and carefully balanced in order to understand statistical 

inference as a plausible reasoning (Ben-Zvi et al., 2015, p. 292). Moreover, both controlling bias for 

sample representativeness and understanding sampling variability describe informal statistical 

inference which is an important stepping-stone to formal statistical inference (Burgess, 2007, p. 28). 

This study focus on the above two ideas to investigate preservice teachers’ understanding of sample 

for teaching. 

METHOD 

In this paper, data were elicited from 63 preservice secondary mathematics teachers who are 

sophomores and juniors. They major in mathematics education at two universities which are in two 

metropolises, and all of them are taking a course to get a teachers’ certification. 

They filled out the questionnaire which is composed of 4 problems (see Table 1). Problems 1 and 2 

asks how to use tasks about samples (KCT). These tasks were from the MiC and the Australian 

mathematics textbook (Jong & Wijer, 2003; Coffey, 2013). Problems 3 and 4 asks which 

misconceptions students had about sample (KCS). We referred to Ko & Lee (2011) and Watson (2004) 

to design these problems. Problems 1 and 3 are related to sample representativeness, and 2 and 4 to 

sampling variability. 

Problems Notion Pedagogical Content Knowledge 

No. 1. 
Sample 

Representativeness 

KCT: From the experience of bias, it is understood that the 

sample representative is satisfied by an appropriate sampling 

method such as a random sampling. 

No. 2. 
Sampling 

Variability 

KCT: Various samples drawn from a single population 

makes ones understand there is the sampling variability no 

matter which the sampling method is chosen. 

No. 3. 
Sample 

Representativeness 

KCS: It is students’ misconception that the sample 

representative is satisfied so long as the sample is a subset of 

a population (Saldanha & Thompson, 2002). 

No. 4. 
Sampling 

Variability 

KCS: Many students have a misconception that the sampling 

variability is dependent on the population’s size or a 

sample’s proportion of the population (Bar-Hillel, 1979). 

Table 1: 4 problems in the survey to investigate preservice teachers PCK for teaching samples. 

RESULT 

The results of participants’ performance in the survey are presented in Table 2. 

Sample Representativeness Sampling Variability 
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Knowledge of Contents and Teaching 21 (33%) 1 (2%) 

Knowledge of Contents and Students 33 (52%) 13 (21%) 

Table 2: The number of students whose responses included the PCK in Table 1. 

In Problem 1, just under half of participants responded including population, biases, or random 

sampling. They recognized considering biases and sampling randomly are important to draw a sample 

that represents a population. On the other hand, 7 participants (11%) answered that sample surveys 

are not believable, so the task is used to emphasize censuses. For them, it is impossible for researchers 

to improve the representativeness of a sample by using an appropriate sampling method. 

In Problem 2, there are almost no responses that included how samples vary. Although there are 

multiple samples from a single population in the task, 31 participants (49%) focused on the 

mathematical and empirical probabilities without considering ideas of samples. Many preservice 

teachers including them are familiar to probability theory rather than statistics. 

In Problem 3, there are 33 responses (52%) that samples are not only subsets of a population but 

characterized by a population for the representativeness. From among them, 15 participants (24%) 

responded that students who have the misconception in Table 1 have to learn the random sampling. 

On the other hand, there are 9 ‘nothing’ (14%) or 10 completely wrong answers (16%). 

In Problem 4, many preservice teachers didn’t know the relation between the sample size and 

sampling variability. 17 participants (27%) have the misconception in Table 1 by focusing on the 

proportion of a sample to a population rather than the size of a sample.  

This investigation purpose to identify preservice teachers’ PCK for teaching sample, but the result 

shows that there are little of their CK about sample, sampling, and further statistical inference. It is 

noted that if teachers don’t have the CK then aspects of relevant PCK may not be able to be enacted 

(Sullivan et al., 2009, p. 99), so understanding of sample is a prerequisite for teaching the concept of 

sample and statistical inference. 

DISCUSSION 

If teachers have not received a specific preparation in statistics, then they could share some of the 

common reasoning biases and misconceptions about statistical inference that are widespread among 

students (Harradine et al., 2011, p. 235). In addition, the following conditions make teachers have 

difficulty to teaching statistical ideas such as sample and sampling: 

 There is a duality in statistics between the theory developed by statisticians and the

practical needs of the users of statistics (Iversen, 1992, p. 43). However, Korean preservice 

teachers have learned statistics as only a mathematical theory rather than reasoning about 

them as statistical literacy, so might have never felt a need of understanding of sampling 

variability. 

 When preservice teachers were secondary school students, they didn’t learn enough

stochastic because it takes just about one semester as Korean mathematics curriculum. 

Moreover, this curriculum has been criticized that it makes students learn statistics 

theoretically and algorithmically. 
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 In order to help teachers see new possibilities for their own practice, they must be offered

opportunities to (a) learn challenging subjects in ways that they are expected to teach and 

(b) engage in alternative models of teaching. (Zaslavsky & Leikin, 2004, p. 6). However,

Korean preservice teachers have little of these opportunities. Before becoming school 

teachers, they don’t experienced teaching practice for statistics. 

References 

Bar-Hillel, M. (1979). The role of sample size in sample evaluation. Organizational Behavior and Human 

Performance, 24(2), 245-257. 

Ben-Zvi, D., Bakker, A., & Makar, K. (2015). Learning to reason from samples. Educational Studies in 

Mathematics, 88(3), 291-303. 

Coffey, D. (2013). Pearson Mathematics 8: Student Book. Frenchs Forest: Pearson Education Australia. 

Garfield, J., & Ben-Zvi, D. (2008). Developing Students’ Statistical Reasoning: Connecting Research and 

Teaching Practice. New York: Springer Science & Business Media.  

Groth, R. E., & Bergner, J. A. (2005). Pre-service elementary school teachers’ metaphors for the concept of 

statistical sample. Statistics Education Research Journal, 4(2), 27-42. 

Hansen, M. H. (1987). Some history and reminiscences on survey sampling. Statistical Science, 2(2), 180-190. 

Harradine, A., Batanero, C., & Rossman, A. (2011). Students and teachers’ knowledge of sampling and 

inference. In C. Batanero, G. Burrill, & C. Reading. (Eds.). Teaching Statistics in School Mathematics-

Challenges for Teaching and Teacher Education (pp. 235-246). Dordrecht: Springer. 

Iversen, G. R. (1992). Mathematics and statistics: An uneasy marriage. In F. Gordon, & S. Gordon (Eds.). 

Statistics for the Twenty-First Century (p. 37-44). Washington DC: The Mathematical Association of 

America. MAA Notes.

Jong, J., & Wijers, M. (2003). Mathematics in Context: Great Expectations. Chicago: Encyclopæ dia 

Britannica. 

Ko, E. S., & Lee. K. H. (2011). Pre-service teachers’ understanding of statistical sampling. Journal of 

Educational Research in Mathematics, 21(1), 17-32. (in Korean). 

Pfannkuch, M. (2008). Building sampling concepts for statistical inference: A case study. Proceeding of the 

11th International Congress on Mathematical Education, Monterrey, Mexico. 

Rubin, A., Bruce, B., & Tenney, Y. (1990). Learning about sampling: Trouble at the core of statistics. In D. 

Vere-Jones (Eds.). Proceedings of the 3rd International Conference on Teaching Statistics. (Vol. 1, pp. 314-

319). Voorburg: International Statistical Institute. 

Saldanha, L., & Thompson, P. (2002). Conceptions of sample and their relationship to statistical 

inference. Educational studies in mathematics, 51(3), 257-270. 

Sullivan, P., Clarke, D., & Clarke, B. (2009). Converting mathematics tasks to learning opportunities: An 

important aspect of knowledge for mathematics teaching. Mathematics Education Research Journal, 21(1), 

85-105. 

Watson, J. M. (2004). Developing reasoning about samples. In D. Ben-Zvi, & J. B. Garfield (Eds.). The 

Challenge of Developing Statistical Literacy, Reasoning and Thinking (pp. 277-294). Dordrecht: Kluwer 

academic publishers. 

Watson, J. M. (2006). Statistical Literacy at School: Growth and Goals. Mahwah: Routledge. 

Zaslavsky, O., & Leikin, R. (2004). Professional development of mathematics teacher educators: Growth 

through practice. Journal of Mathematics Teacher Education, 7(1), 5-32. 

TSG-15

246



Session 4: Future Directions in Statistics Education 

Saturday, 30 July, 12.00-13.30 

E: mint, Economical Building, room 0079 

Co-Chairs: Gail Burrill and Dani Ben-Zvi 

Teacher learning: Measures of variation (901) 

Susan A. Peters, Amy Stokes-Levine, University of Louisville, USA 

Tensions and compromises in the design of a MOOC for adult learners of mathematics and statistics 

(2656) 

Dave Pratt1, Graham Griffiths1, David Jennings2, Seb Schmoller2 
1Institute of Education, University College London, United Kingdom; 2Independent consultant 

Inferentialism in statistics education research (2836) 

Maike Schindler, Abdel Seidou, Örebro University, Sweden 

Summary Discussion: Teaching and learning of statistics 

TSG-15

247

Session 4



1 - 1 

 
 

TEACHER LEARNING: MEASURES OF VARIATION 
  Susan A. Peters  Amy Stokes-Levine  

 University of Louisville    University of Louisville 

We describe results from a project in which we designed and implemented professional 
development for middle and high school mathematics teachers to investigate how dilemma, critical 
reflection, and rational discourse affect teachers’ understandings and reasoning about variation. 
Framed by transformative learning theory, this study highlights how teachers’ engagement with 
activities designed to prompt dilemma, considerations of multiple perspectives through multiple 
representations and rational discourse, and examination of the premises underlying measures and 
procedures broadened teachers’ perspectives on measures of variation. This study contributes to 
teacher education by identifying circumstances conducive to deepening statistical understandings 
and supporting increasingly sophisticated statistical reasoning. 

BACKGROUND 

Statisticians and statistics educators espouse the importance of understanding variability for 
statistical thinking (e.g., Wild & Pfannkuch, 1999). Even though the primacy of variation to 
statistics has long been accepted, researchers are only beginning to uncover the complexities of 
developing conceptual understandings of variability. Considerable research focuses on students’ 
intuitive notions of variability (e.g., Reading & Shaughnessy, 2004; Watson, 2006) and school 
students’ and adults’ limited understandings of variability and formal measures of variation (e.g., 
delMas & Liu, 2005). Few studies focus on teachers, particularly inservice teachers, and how to 
facilitate their development of conceptual understandings of variability (Sánchez, da Silva, & 
Coutinho, 2011). Yet, teachers need deep understandings in order to facilitate student learning. 
Continued research is needed to design instruction and activities that are effective for teachers to 
develop conceptual understandings as one step towards achieving larger educational goals. We 
describe an investigation of professional development (PD) designed to support middle and high 
school mathematics teachers’ reasoning and learning in statistics. We focus on teachers’ 
engagement with activities to address how dilemma, critical reflection, and rational discourse affect 
teachers’ understandings and reasoning about measures of variation. 

FRAMEWORK 

Most pre-K–12 instruction focuses students on answering questions of what and how, which allows 
students to construct understandings of new ideas or to enhance their current understandings. Adult 
learning, however, often results from focusing on the premises behind content and processes 
towards answering questions of why. Transformative learning theory (Mezirow, 1991) is an adult 
learning theory that takes into account the transformative learning that results from reflecting on 
premises. An overarching tenet of the theory is that powerful learning results from transforming 
perspectives, which are the broad predispositions formed from culture and experiences (Mezirow, 
1991). Perspective transformation can begin with events that trigger a “disorienting dilemma” to 
prompt examination of broad presuppositions or with a series of incremental dilemmas that prompt 
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examination of particular knowledge or attitudes (Taylor, 2000). Critical reflection—reflecting on 
premises to question the importance, validity, or utility of knowledge—is crucial for transformation 
to occur. Critical reflection often is supported by rational discourse with self or others to examine 
alternative perspectives and to assess expectations and knowledge towards developing and acting 
on plans to resolve dilemmas. 

Transformative learning theory framed prior retrospective research that identified factors teachers 
perceived as contributing to their development of deep understandings of variation.  Important for 
teachers’ learning was not only engagement in rational discourse to consider the perspectives of 
others but also active exploration with data using multiple representations to gain new perspectives 
for concepts such as sampling distribution, to explore premises underlying concepts, and to justify 
methods and conclusions (Peters & Kopeikin, 2016). Teachers also described how actively 
engaging with tasks and activities that were focused on fundamental statistical concepts and 
principles and key aspects of variability were important for their learning about variation and 
related concepts (Peters, 2014; Peters & Kopeikin, 2016). 

We designed our PD program to build on the results of this and other prior research. The program 
offered teachers considerable opportunities to engage in rational discourse with other teachers and 
opportunities for critical reflection to enhance or transform their skills and knowledge. The program 
also incorporated characteristics of “high quality” PD such as sustained duration and focus on 
developing content knowledge (e.g., Goos, Dole, & Makar, 2007). The program included a one-
week intensive summer experience in which teachers actively experienced K–12 statistics content 
as learners. We designed PD activities with planned triggers for dilemmas and for teachers to 
explore the content conceptually and examine underlying premises. The activities to investigate 
measures of variation began with teachers considering distributional features captured and not 
captured by a variety of standard and nonstandard measures for variation. Originating from research 
on students’ reasoning about variation, these measures included the range (e.g., Garfield, delMas, & 
Chance, 2007), sum of deviations and sum of absolute deviations from the mean and median (e.g., 
Lehrer & Kim, 2009; Lehrer, Kim, & Schauble, 2007), average absolute deviation from the mean 
and median (e.g., Lehrer, Kim, & Schauble, 2007), and interquartile range (IQR; Pfannkuch, Wild, 
& Parsonage, 2012). Teachers then examined mean absolute deviation (MAD) and its properties, 
contrasted MAD with standard deviation (SD) both symbolically and visually through multiple 
representations, and considered the effects of outliers on each measure towards a goal of developing 
dynamic conceptions of MAD and SD by coordinating changes to the relative values about a mean 
with their deviations from the mean. Lastly, teachers explored IQR using TinkerPlots and compared 
distributions using boxplots to examine overlap and variability between distributions in addition to 
variability within distributions.  

DATA SOURCES AND METHODS 

Ten middle- and nine high-school teachers participated in a one-week, 40-hour, summer PD 
program. Teachers varied in their statistical learning and teaching experiences. Every teacher 
completed a minimum of one introductory-level statistics course as part of a secondary, 
undergraduate, or graduate program, and four teachers completed one or more advanced or 
mathematical statistics courses. During a typical school year, some teachers taught at most 10 
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statistics-related lessons, whereas others taught the equivalent of an introductory college-level 
statistics course.  

Data sources included audio- and video-recordings of large-group discussions and small-group 
activities from PD sessions, teachers’ written work and reflections, and teachers’ results on pre- and 
post-tests developed by the Levels of Conceptual Understanding in Statistics (LOCUS) project 
(Jacobbe, delMas, Haberstroh, & Hartlaub, 2011). For each recording, we created a log of the 
content and developed transcripts. We searched written work and transcripts for evidence of 
dilemma, critical reflection, and rational discourse, paying attention to indications of insights, 
questions, or confusion; thoughts and reasoning beyond the immediately observable; content-related 
interactions with other teachers, students, or texts or consideration of multiple perspectives; and 
references to the preceding as potential evidence for dilemma, critical reflection, and rational 
discourse, respectively. Two researchers separately analyzed each transcript and teachers’ work and 
reflections using a combination of codes developed from the theoretical framework and codes that 
emerged from the data. We examined data for each participant, discussed discrepancies in our 
analyses until we reached agreement, and made comparisons across participants to look for 
common themes as well as variations from the themes. 

RESULTS 

From the beginning to the end of the week of summer PD, teachers’ scores on equated LOCUS 
assessment forms improved significantly from 75.5% to 81.1% (p ≈ 0.001). Although teachers did 
not show significant improvement on individual variation items, they did, on a scale from 1 to 10, 
report significantly increased knowledge for reasoning about IQR (mean increase of 1.63, p < 
0.001), calculating MAD and SD (mean increase of 3.34, p <0.001), and reasoning about MAD and 
SD (mean increase of 2.79, p <0.001). In their final reflections on the week, eight teachers 
explicitly mentioned deepened understandings of MAD and SD as important learning they 
experienced from PD activities. Preliminary analyses suggest several features that may have 
contributed to teachers’ overall improved scores and perceptions of increased knowledge and 
reasoning abilities. 

Dilemma 

Teachers experienced dilemmas throughout the PD. Many dilemmas stemmed from interpreting 
nonstandard measures of variation and considering distributional features captured by the measures. 
For example, Bob struggled to evaluate distributional features captured by the sum of absolute 
deviations from the mean: “I don’t know what that really does tell us.” Naomi queried, “I wonder 
what the benefit is of using one over the other,” when comparing the sum of absolute deviations 
with the MAD. Although many of the teachers previously encountered ideas of deviation, absolute 
deviation, and MAD, focusing on why they might use a measure and considering underlying 
premises such as why MAD might better describe distributions than other measures caused teachers 
to reexamine their understandings. 

Other dilemmas arose when teachers interpreted graphs. For example, when graphically interpreting 
deviations (Figure 1) and squared deviations (Figure 2) from a mean of 32.6, teachers struggled to 
coordinate the mean with deviations to measure variation from the mean, such as when Audrey 
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associated the horizontal line in Figure 2 with the mean and the squares with squared deviations yet 
questioned, “variation from what?”  

Figure 1: Deviations from a mean of 32.6 

Figure 2: Squared deviations from a mean of 32.6 

As teachers responsible for teaching MAD or SD, Audrey and other teachers knew how to calculate 
values for the measure(s) they taught. However, the graphs presented a novel perspective for MAD 
and SD—one focused on highlighting defining properties of the measures—that raised questions for 
the teachers. 

Other teachers struggled to connect newly encountered ideas with concepts they thought they 
understood. For example, Bryce’s understanding of standard deviation was perturbed when he 
encountered MAD: “When I see average deviation I think standard deviation. So…average 
deviation must mean some other measurement I’m not really familiar with.” As a high school 
teacher of an introductory statistics course, Bryce had not previously encountered MAD. 
Recognizing the existence of a measure different from SD that aligned better with his definition for 
SD provoked dilemma. In each case, when teachers encountered dilemmas, they sought resolution, 
often by enlisting the help of other teachers. 

Rational discourse and alternative perspectives 

Teachers engaged in rational discourse with others and examined multiple representations to gain 
alternative perspectives while considering premises, yielding insights to resolve dilemmas. Sally, 
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for example, indicated that she learned more about MAD as a result of: “a lot of the group work that 
we did and just hearing other people explain it to me, other than like reading it in a book or online, 
understanding what it means a little bit more.” Similar to Sally, a majority of the teachers identified 
working through activities as students and in collaboration with other teachers as beneficial for their 
learning. Consider the interactions among, for example, Bob, Landen, and Audrey as they examined 
the sum of absolute deviations from the mean.  

Bob: Sum of the absolute deviations from the mean.  I don’t know what that really does tell 
me.  It’s just… 

Landen: What I thought is it tells you if it, if there’s a whole bunch of deviation from the mean. 

Bob: Yeah. If the numbers are huge.   

Landen: Yeah, because if the numbers really big then… 

Audrey: Because that’s really, that’s basically mean absolute, that’s the MAD that we talk about.  
And that tells you…   

Bob: But that’s before you do the MAD so you have the answer before you do your MAD. 

Audrey: Oh, yeah! 

Landen: So it tells you if there’s a whole bunch. If, if there’s some that are really, really big… 
Cause obviously, the smaller the number that it is.   

Audrey: But it’s very relative too.  You have to know what you’re starting with.  I don’t know. 

Landen: It’s relative to the size and the numbers in the data set. 

Audrey: Yes. Yes. 

Landen: But I mean it’s really a measure of preciseness.  

Bob: Measure of spread. 

As middle school teachers who taught MAD, Bob and Audrey contributed observations of 
similarities and differences between MAD and the sum of absolute deviations from the mean to the 
discussion. Landon, a high school teacher who previously “did not know MAD,” focused on 
aligning their observations with their calculations for the three teachers to reach consensus that the 
sum provided a measure of spread or preciseness that should be considered in relation to the 
number of and magnitude of data in the data set. Each teacher contributed different features to 
advance each teacher’s understandings of the measure.  

In addition to group discussions providing multiple perspectives of content, teachers credited 
multiple representations with providing alternative perspectives that served to enhance their 
understandings. For example, teachers identified the graphs displayed in Figure 1 and in Figure 2 
with enabling them to visualize differences between MAD and SD such as how outliers influence 
each measure in ways that the symbolic formulas for calculating the measures could not. In many 
cases, individual representations, such as case value plots, were representations teachers had not 
previously encountered, which caused them to also question the utility of the representations. In 
other cases, using multiple representations to represent data allowed teachers such as Daphne to 
consider “what different representations show you and don’t show you” about distributions and to 
get what Rachel called “a clearer picture of variability.” The teachers used the representations to 
begin considering premises such as when Daphne considered circumstances for “when different 
representations are ‘better’” for describing data or comparing distributions. Similarly, Jessica noted 
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the utility of using dynamic software to generate graphical representations “to see the comparisons 
and get an understanding of why” one representation might be better than another.  

Beyond using multiple representations to explore premises, teachers engaged in rational discourse 
with each other to examine premises. For example, the following excerpt reveals how teachers 
examined the effect of outliers on SD in contrast with MAD. 

Cecilia: How would this [squaring large deviations] affect the mean of the squared deviations? 

Lewis: Well depending on, depending on outliers it’s going, er, not even outliers but like values 
that are far away from the mean, it’s going to have a huge effect… 

Naomi: So values farther from the mean will be, um—like will have more of an effect?...the 
sum of squares… 

Cecilia: Greater impact when squared than absolute value… 

Lewis: But why? [Pause.] I think what we’re trying to get at here is that the more varied our 
data is, the more this value [mean of squared deviations] will be.  

Naomi: So just basically, the larger the deviation the larger the value [mean of squared 
deviations] will be.   

While examining graphs such as those displayed in Figure 1 and Figure 2, focusing on sums and 
means of absolute and squared deviations, and collaboratively contributing to conversations to 
answer questions, Cecilia, Lewis, and Naomi were able to conclude that large outliers and values 
far from the mean would have a greater effect on standard deviation than on MAD. As with most of 
the rational discourse the teachers evidenced during the PD, teachers resolved minor dilemmas 
related to statistics, such as Naomi’s questioning the effect of values at a distance from the mean, by 
interacting with other teachers and focusing on premise-related questions. In some cases, however, 
rational discourse occurred after teachers previously engaged in critical reflection to consider 
premises. 

Critical reflection  

PD activities were designed to provoke both reflection on content and processes and critical 
reflection on premises by constantly focusing teachers on examining statistical concepts and 
understanding the premises behind statistical techniques. Approximately half of the teachers 
credited this focus on answering questions of “why” with deepening their understandings of the 
content and contrasted this focus with prior experiences. Jackson acknowledged the unique (to him) 
focus on premises when he discussed his experiences in three previous statistics courses. 

I've taken three stats classes. I've taken Psych stats and two different stats classes. We talked about 
standard deviation in every single one of them. The amount of time that I’ve spent today attempting to 
actually understand [SD] is greater than the amount of time that I spent attempting to understand in all of 
the other classes combined.  

Several teachers attended the PD after previously spending significant time studying statistics and 
reflecting on the content during their preparations to teach the content. For example, Margaret 
taught a college-equivalent introductory statistics course and previously tried to determine why SD 
typically is used in place of MAD. She observed that the question about “why do we use this one?” 
arose “every year” and further noted:  
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For some reason, the standard deviation is a lot more useful than the mean absolute deviation…for some 
reason statisticians prefer this one…But there is a reason. I can't tell you what it is but it does exist. Why 
they use standard deviation instead of mean absolute deviation. 

Margaret credited the PD activities with leading her to some resolution for her long-standing 
dilemma about why SD is used more often than MAD. Teachers worked through an activity in 
which they considered the unique minimum produced from a quadratic function in comparison with 
a function formed from the sum of absolute linear functions. They also considered the difficulty of 
working with the sum function over the quadratic function. At the conclusion of the activity, 
Margaret proclaimed enlightenment. 

I finally know today why this works, why we use this one [SD] and not the other one [MAD]…And I've 
looked it up online and I've seen pages and reams and reams online. That (points to the PD activity sheet 
in her partner’s hand) makes more sense than anything. 

In her reflections, Margaret proclaimed, “understanding why MAD is not used was a wonderful 
revelation.” Prior to attending the PD, Margaret spent considerable time and energy researching and 
reading “at least 50 pages” to determine why SD is used and preferred over MAD. Prior critical 
reflection on premises related to measures of variation may have positioned Margaret and others to 
develop new insights from engaging in PD activities with others—insights that they may not have 
formed without prior reflection. 

Even if teachers were not successful in resolving their dilemmas by engaging in rational discourse 
and reflecting on activities during the 40 hours of PD, PD activities provided a starting point for 
future reflection. For instance, Caroline indicated that with regard to SD, “I understand it a little bit 
better but I don't think I can articulate standard deviation.” However, she cites the PD materials as 
one resource that she could draw on to further her understandings: “I would…go back and look at 
my notes.” Although not satisfied with her knowledge about SD or even MAD, she suggested that 
she has confidence that she can enhance her knowledge using the tools she has available to her.  

I do like the activities that allow me to at least have some jumping, you know something to jump off of as 
opposed to looking in the textbook.  Cause I liked all of those [PD] activities. So it [the PD] has forced 
me to be more cognizant of what standard deviation is even though I can't really explain it as well as 
others. 

Although Caroline does not explicitly mention reflection as crucial for her future learning, her 
suggestion that she would need to look back on her notes and PD activities as a starting point 
suggests that she recognizes a need for reflection to “become more familiar” and develop deeper 
understandings of the measures. Other teachers expressed similar sentiments to suggest that they 
may experience future enlightenment stemming from their PD experiences. 

CONCLUSION 

In response to how dilemma, critical reflection, and rational discourse affected teachers’ reasoning 
about and understandings of measures of variation, we found that PD activities triggered dilemmas 
by incorporating standard and nonstandard measures and representations and by focusing on 
conceptual understanding. These teachers were motivated to resolve their dilemmas, and PD 
activities provided opportunities for them to examine multiple representations and to collaborate 
with others to consider alternative perspectives towards resolution. Teachers’ varied experiences 
allowed alternative perspectives to be shared and new dilemmas to arise from questions to gain 
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understanding. Discourse and scaffolded activities centered on understanding served to focus 
teachers on the premises underlying statistical concepts and procedures to clarify their thinking. 
These teachers’ success with deepening their statistical understandings suggests merit in designing 
PD with the constructs of dilemma, critical reflection, and rational discourse in mind. 

This paper is based upon work supported by the National Science Foundation under Grant Number 
1149403. Any opinions, findings, and conclusions or recommendations expressed are those of the 
author(s) and do not necessarily reflect the views of the National Science Foundation.  
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TENSIONS AND COMPROMISES IN THE DESIGN OF A MOOC FOR 
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It is internationally recognized that hundreds of thousands of adults have mathematical and 
statistical knowledge at Level 2 or lower and would like to enhance that understanding. There are 
insufficient knowledgeable teachers, especially in statistics, to respond to that level of need and so 
innovative solutions must be found. In the UK, the Ufi Charitable Trust has funded a project to 
develop a free and open online course to offer motivated adults new access to powerful 
mathematical/statistical ideas. Now that the course creation is complete, we reflect on the tensions 
and compromises that emerged during its design and development with particular reference to 
statistical literacy. More specifically, we consider the challenge of developing resources that will 
support statistical comprehension for heterogeneous students from unknown backgrounds, who may 
have already been failed by the conventional educational system and who will have no interactive 
tutor support within this course. 

ADULT LEARNERS OF MATHEMATICS AND STATISTICS 

Open online courses (MOOCs) are sometimes posed as offering an educationally and cost-effective 
way of enabling adults new opportunities to improve their grasp of a particular subject, without 
needing to enrol on a face-to-face course, and at a much lower cost per learning outcome than for an 
equivalent taught course. MOOCs, for example those provided under the banners of FutureLearn, 
Coursera, EdX or Udacity, are typically at or approaching undergraduate degree level. But within 
the general adult population there are major gaps in knowledge at much lower levels. Mathematical 
knowledge is a case in point. A substantial proportion of the adult population (perhaps as large as 
30%) have basic numeracy, but are not confident users of key mathematical ideas in life and work, 
at, in UK terms, Level 2, which is the level that school students are expected to have reached by age 
16. In 2013, a consortium comprising Calderdale College, UCL’s Institute of Education, and the
awarding organization OCR secured funding from the Ufi Charitable Trust to develop a free open 
online course for self-motivated adults who want to improve their appreciation of mathematics at 
Level 2. The course “Citizen Maths: Powerful Ideas in Action” (www.citizenmaths.com) has been 
developed over the last 30 months, through four main iterations, during which period several 
thousand people have signed up for it. Citizen Maths covers five powerful ideas in mathematics: 
proportion, measurement, pattern, representation, and uncertainty. The focus of this paper is on the 
tensions and compromises in the design of the sections of the course on representation (powerful 
because it underpins data, graphs, distributions, sampling and bias), and, to a lesser extent, on 
uncertainty (powerful because it underpins probability, risk, odds, large and small scale effects). We 
wish to discuss the many design challenges, often arising when the constraints of the course 
conditions competed with our pedagogic ideals. 
CHALLENGE 1: HOW TO OFFER RESOURCES TO HETEROGENOUS STUDENTS 
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In a conventional teaching situation, the classroom teacher or tutor will often know the students in a 
quite personal way but, even if this is not the case, there will be a number of known characteristics 
amongst the students. In the case of our MOOC, little is known about the students. We anticipated 
that our students, as adults, will have been through elementary and high school mathematics, taught 
with a focus on the skills, methods and concepts set out in typical school curricula. Although 
research gives some general pointers to what typical learners know and understand at Level 2, 
further complexity was added to the design challenge because we could expect our learners to be 
heterogeneous in what, as experienced adults, they might bring to the course. 

We therefore took an early view that there was little point in offering a course that focused on those 
same methods, skills and concepts in the system that had already failed our students. Instead of 
focusing hard on techniques when we knew little about what techniques the students might already 
have grasped, we aimed to focus on a few powerful ideas that might give our students some insight 
into how the discipline can ‘get stuff done’ for them (Pratt, 2012). In this respect, we were 
influenced by Papert’s ideas on how students should learn to mathematize before following a 
formal course in mathematics (Papert, 1972). 

Each powerful idea in Citizen Maths is structured according to different ways in which it might be 
experienced, called ‘Powerful-Ideas-In-Action’, PIAs. Each PIA consists of three or four activities, 
in which the student learns how the mathematical idea might be useful for them in their personal, 
social, occupational or scientific lives – the same contexts used by PISA (www.oecd.org/pisa/). 
Here are two examples of activities from each of the PIAs in ‘Representation’, which broadly 
speaking focuses on statistical literacy. Students meet the PIA, ‘interpreting data’, for example, in 
the contexts of: (i) how voting translates into seats in the Houses of Parliament and (ii) using 
statistics on violence and alcohol; both contexts are perhaps societal. Students meet ‘interpreting 
charts’, for example, in the context of: (i) trends in media communications and (ii) how your 
household income compares to the rest of the country; both contexts could both be regarded as 
personal. Students use statistics when ‘comparing groups’ in the context, for example, of: (i) how 
many people live in the same house in different regions of the country (societal) and (ii) of battery 
lifetimes for different usage of mobile phones (personal). Similarly, students work on the 
Uncertainty powerful idea through the PIAs, ‘making decisions’, ‘playing games’ and ‘creating or 
using simulations’ in personal, societal and occupational contexts. 

It is worth noting that various powerful ideas present different challenges when attempting to create 
opportunities for the idea to be seen as useful in the students’ everyday or working life. How one 
interprets statistical data is highly dependent on the context whereas other areas of mathematics are 
often presented formally as if they were context-free. Our approach in Citizen Maths has been 
somewhat radical insofar as we have attempted to design activities that present proportion, 
measurement and pattern as contextually meaningful as those in representation and uncertainty; in 
so doing, we recognize that this aspect of the project has been especially challenging. 

CHALLENGE 2: HOW TO ENGAGE STUDENTS WITHOUT TUTOR SUPPORT 

Teachers in conventional classrooms are able to offer a personal level of interest and empathy with 
their students. In Citizen Maths there is no tutor present in real time and the course aims to be 
sustainable in the future without the presence of a tutor. We decided to make the course feel 
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personal by adopting techniques used by Peter Norvig and Sebastian Thrun in their very successful 
2011 open online course “An introduction to artificial intelligence”. We used two ‘to-camera’ 
tutors, one of whom would introduce and develop each PIA.  We make much use of short videos, 
sometimes involving the talking head of one of the tutors but often showing their hands or computer 
screen as they develop the mathematical idea in real time. Although no real-time interaction with 
students was possible, we hoped this would help to develop some intimacy, almost as if the tutor 
were talking directly with the student in their own home (Guo, Kim & Rubin, 2014). 

A limitation of this is that it is not possible to produce video that is equally engaging and correctly 
paced for a diverse set of students. The 'feature', however, that people can, if they wish, skip 
through videos or indeed repeat them may be an important benefit but with the associated risk that a 
student who skips through videos might miss a key learning point. 

We recognized that these students already would have some initial motivation for joining the course 
and it was important to maintain any sense of engagement or eagerness that might be available at 
the outset.  Face-to-face teachers might use their own personality to push through times when their 
class is feeling less engaged. The best we could offer was to design purposeful tasks and this 
became very important in our approach in the light of other limitations. 

Designing tasks that are seen as purposeful by the learners such that the learner comes to appreciate 
the power of the mathematics in that context is far from trivial, even in conventional classrooms 
(Ainley, Pratt and Hansen, 2006). Noss and Hoyles (1996) discuss what they call the ‘play 
paradox’; when a designer builds an environment that supports playful activity, the designer loses 
some control over what the learner might in fact learn. The teacher in a conventional classroom is 
unlikely to escape this same tension. With a clear obligation to a curriculum, teachers have to 
manage a corresponding ‘planning paradox’ (Ainley, Pratt and Hansen, 2006) as they attempt to 
inspire engagement without losing focus on that curriculum. This tension was alleviated to some 
extent in designing Citizen Maths by avoiding a highly prescriptive curriculum. We aligned 
ourselves to a philosophy in which the aim was to introduce students to the power of mathematics 
within their personal and social contexts and this felt less constraining than a commitment to a 
curriculum, especially one that might emphasize skills and techniques. 

One example in Citizen Maths is an activity in which the student is required to predict the number 
of seats that a political party will gain, given the results of a prior opinion poll. The activity is first 
introduced by Noel-Ann, one of the two to-camera tutors, who describes the results of an opinion 
poll conducted in the day of the general election, and Noel-Ann then introduces an app, specially 
designed for the course. The app allocates seats randomly to the main political parties, according to 
probabilities set by the opinion poll results (see figure 1). The app introduces an element of 
playfulness as the student can run the app several times and perhaps note that the number of seats 
allocated varies though there is a limit to the extent of the variation. 

Of course, there is a danger that the student may miss this key learning point. In a conventional 
classroom, the teacher is able to assess the extent to which the student needs support in recognizing 
the nature of the random fluctuation. The best we can do in the MOOC context is to offer a review 
of the lesson. In this example, Noel-Ann shows how she used the app and places some emphasis on 
the key learning points. Even so, the activities often felt more prescriptive than might have been the 
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case with a teacher working with a class face-to-face, who could respond on the fly to what the 
students were doing. 

The above example is one of many where 
we adopted the use of technology to 
instill a sense of playfulness, which we 
hoped would encourage sustained 
engagement. Whereas the above activity 
involves using a specially designed app, 
we exploited technology in a variety of 
other ways. For example, an activity on 
interpreting crime figures offers the data 
in the form of a spreadsheet. The data 
shows the number of violent incident 
each year and how many of those were 
carried out by offenders under the 
influence of alcohol or drugs. The
students are invited to explore this data to
investigate possible relationships between 

crime and the use of alcohol or drugs. A second example is in the playing games PIA of the 
‘Uncertainty’ powerful idea. The students are given a simulation of a slot machine (figure 2). They 
are told that slot machines are illegal if they do not pay out in the long term more than a stated 
proportion of its income, in this case 85%. The students can play the game but the difference 
between this example and that of the allocation of seats in the above example is that the student can 
open up the app and look inside at the coding, written in Scratch (https://scratch.mit.edu/). 

Being able to open up the app creates new 
dimensions for an inquisitive student, and builds on 
earlier stages of Citizen Maths which introduce 
Scratch programming as a way of revealing hidden 
mathematics (Noss and Hoyles, 1996). Of course, a 
student who gets out of their depth in this course 
will have less support to recover than one in a 
conventional situation. For example, we have noted 
students becoming frustrated when programming in 
Scratch because of not knowing simple remedies to 
problems such as how to clear the screen. Such 
problems would be resolved trivially by a live tutor.  
On the other hand, the student can always return to 
the original app, and try again, although this is not 
necessarily an ideal solution. 

There are a number of learning points in this 
activity. The students may appreciate the power of knowing the underlying probabilities, as can be 
found by examining code, rather than just running the simulation. They can gain some 

 
Figure 1: The app allocates randomly seats to each of 
the main political parties. 

Figure 2: Does the slot machine payback at 
least 85% of its income? 
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understanding of how they may win in the short term but they will inevitably lose in the long term. 
This latter point, as is often the case in Citizen Maths, has social as well as statistical importance. 

CHALLENGE 3: HOW TO PROMOTE MEANINGFUL MATHEMATICS 

The challenge to design purposeful activities in a tutor-free environment is further complicated by 
the need to help the student make sense of the mathematics. In a conventional classroom, an 
effective teacher would continuously monitor the student’s actions and step in, as necessary, to 
clarify or offer alternative ways of thinking about the mathematics.  Although we have no such 
opportunity in Citizen Maths, we are dealing with students who, as adult learners, are experienced 
members of society and will have a range of prior experiences. There is of course some difficulty in 
exploiting these experiences when the backgrounds of the students will inevitably be so variable. 
We explored in Citizen Maths solutions in which the technology was adaptive to how the students 
responded to the challenges. Although such technology is improving rapidly, we were unconvinced 
that the technical adaptive systems were sufficiently advanced as yet to make effective 
recommendations to the student in the holistic (as opposed to skill-based) approach we were 
adopting. 

We were aware of the literature on the authenticity trap. Lave’s (1988) early work on situated 
cognition had led to a discussion of the need to create authentic learning experiences; but, it is not 
possible to take an authentic experience into the classroom, or indeed into a MOOC, because the act 
of doing so transforms the task, which is no longer authentic. However, research (Nunes, 
Schliemann and Carraher, 1993) has shown that knowledge is not so much trapped in the situation 
where that knowledge first became available but is rendered meaningful by that situation. We set 
out to find situations that were likely to be familiar, even if not directly experienced, and use them 
to introduce the student to the power of mathematics in those situations.  

One example in the ‘interpreting charts’ PIA of Citizen Maths draws on an applet created by the 
Institute of Fiscal Studies (www.ifs.org.uk/wheredoyoufitin/). The applet asks the user to enter a 
few basic facts about themselves, such as their household income, and generates a histogram that 
shows in which percentile out of the population as a whole the user’s net income lies (see the 
shaded bar in figure 3 to the left of £300 per week). 

In this example, we clearly positioned the 
learner as the active person at the center 
of the task as we imagined they would 
enter data about their own household. We 
intended that the familiarity of the context 
would help the student to interpret the 
histogram. In other situations the learner 
might feel more like an onlooker. 
Consider the position of a male student in 
the following example taken from the 
‘making decisions’ PIA of ‘Uncertainty’. 

The student is given data about the number of women out of 1000 who receive a positive result 
from a mammogram, used to screen for breast cancer. They are also given data about the proportion 

 

Figure 3: This user’s income is well below that of 
most households in the population 
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of times that the screening machine gives a positive result when the woman does not have breast 
cancer (a false positive). The result is that, of the women who get a positive mammogram result, 
more than ten times as many do not have breast cancer as the number who do. Although the 
calculations are not difficult, many people find this result surprising. This situation will be familiar 
to many students, though may be felt more personally by female than by male students. 

This is an example where in a sense we piqued curiosity by courting controversy, a well-known 
trick that face-to-face teachers use but which we are also able to exploit. The problem is that there is 
no teacher to support students when the controversy is too upsetting. Might this be problematic for 
students whose near relative is suffering from breast cancer? Or is there advantage insofar as the 
student will be less exposed if working with the materials from home on their own rather than in 
front of peers? We asked such questions in various focus groups. Views were divided but on 
balance it was felt that the opportunity to raise social awareness should not be missed. In the light of 
these views, we have included such situations in the course, partly because the controversy can be 
engaging but also because they demonstrate the power of mathematics to inform such debate. We 
acknowledge though that this decision might be limiting were the course to be used as part of a 
blended course or within a learning center, since controversy raises potentially embarrassing 
scenarios in collective learning situations that such courses might seek to avoid. 

CHALLENGE 4: HOW TO ASSESS 

In designing the structure of the course, we have followed the PISA methodology 
(www.oecd.org/pisa/pisaproducts/Draft%20PISA%202015%20Mathematics%20Framework%20.p
df) when categorizing activities in terms of content (PISA uses four categories), content topics (15 
topics), mathematical processes (3 categories), mathematical capabilities (7 categories) and context 
(see the four categories above). By using these categories to profile our activities, we have been 
able to monitor coverage of both mathematical content and the processes without closely 
prescribing a curriculum, which might have hindered our large grain-size aims. 

Citizen Maths does not lead directly to a qualification, although we have collaborated with the 
awarding organization, OCR, a partner in the project, to track compatibility (or otherwise) between 
their Cambridge Progression Level 2 units (www.ocr.org.uk/qualifications/by-type/cambridge-
progression/) and Citizen Maths. A lack of availability of a direct qualification presumably does not 
meet some students’ desires but our focus has been on students who were motivated to gain a sense 
of mathematics as a discipline, perhaps as a precursor to working towards a qualification. 

Teachers of conventional courses are able to adopt methods of formative assessment to respond to 
their students within lessons and between lessons in ways not open to us in Citizen Maths. For 
example, although the course offers a suggested sequence of activities, this preordained sequence 
might not be suited to some learners because of their prior knowledge or interests. Because there is 
no tutor to assess whether the proposed sequence should be broken, the course is left open for 
students to make that decision themselves in the light of progress. Our approach instead was to offer 
several types of short assessment tasks, aimed at helping the student to make up their own mind 
whether they have properly understood the content. 

These assessment tasks frequently offer multiple-choice questions. When the student gives the 
wrong answer, responses attempt to give some hint about where they may have gone wrong. When 
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the student gives the correct answer, the response gives a full explanation of the answer in case the 
student obtained the correct answer through wrong reasoning. Where possible the wrong options in 
the multiple choice questions are chosen to reflect common errors that students make though, in 
Citizen Maths, the student’s wrong responses can only be used for formative assessment by the 
student and not by a teacher, as recommended by William (2014). 

For example, the activity on interpreting data about incidents of crime, described above, is followed 
by the question “What is the percentage of alcohol related incidents in 2006/2007?” The correct 
answer is 54%. It is anticipated that some students will mistakenly refer to the data where the use of 
drugs (rather than alcohol) is apparent. Such a mistake would lead to an answer of 21%. If a student 
gives that answer, the following response is given by way of a hint, “This is the percentage of drug 
related incidents. Use the data for alcohol related”. 

Multiple-choice questions are not always appropriate. For example, a number of activities in the 
course have a range of solutions that are not easily captured by a system of offering multiple 
choices. In other cases, the essence of the task lies in the process of doing it, rather than in the 
outcome. It is not perhaps surprising that this type of activity is quite prevalent when the aim of the 
course is to engage students in work that reveals the power of mathematics. In such cases, the onus 
is on the student to watch the to-camera tutor review the task and decide for themselves whether 
they have understood it sufficiently. One of the powers that Citizen Maths and other MOOCs have 
that is not available in the conventional classroom is that students can easily return as many times as 
they want to a video of the tutor’s explanation or to a task they have already done. So, we hope that 
a student who is not satisfied that they have properly understood the activity after watching the tutor 
is able to return to the introductory video and the task itself. 

FINAL COMMENTS 

We accept that some of our solutions have been compromises in the sense that they often do not 
match our pedagogic ideals, which we have learned through research and teaching in conventional 
classrooms. Some colleges of further education are using our materials as additional resources and 
in those cases a tutor will of course be able to support the learning process. On the other hand, it is 
not realistic to expect the shortfall in Level 2 mathematical understanding across the population to 
be remedied in conventional ways. The 2011 Skills for Life survey (BIS 2012) estimated that some 
72% of the population of England were below Level 2 and the 2012 international survey of adult 
skills (PIACC) (BIS 2013) while using different level descriptors was consistent with this level of 
need. The existing educational structure of further, adult and vocational education could not cater 
for anything close to numbers on this scale. This problem may be even more acute in the case of 
statistical literacy, where the shortage of appropriately knowledgeable teachers is widely reported 
(see, for example in Batanero, Burrill and Reading, 2011) and where a better-informed populace 
would advantage individuals and society (see, for example, Gal, 2007). Designing the structure and 
the content of Citizen Maths has been an immense challenge and we have described some of those 
challenges in this paper. Sustaining Citizen Maths in the future will be another challenge. Some 
additional finance will be needed as errors in the current course will inevitably be identified and the 
use of data files will quickly need to be updated. Fundamental changes in technology will offer new 
solutions, including better ways to personalize the experience, making old technologies look 
obsolete. Citizen Maths was never going to be an ideal solution but the process has enhanced our 
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knowledge about what seems to work and what does not, knowledge which should help us be ready 
for that time. 

Endnote 

This paper is narrowly focused on the interests of Topic Study Group 15. But a wider range of 
issues appears when creating (maths) MOOCs. Several of these are described on the Citizen Maths 
web site, at https://citizenmaths.com/, and, in particular, on the Citizen Maths blog, at 
https://citizenmaths.com/blog. 

We also wish to acknowledge the Ufi Charitable Trust who funded the work to develop the Citizen 
Maths course. 
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Existing work in statistics education research (SER) often laudably refers to underlying theories. 

However, the theories used are mostly domain-specific and a reference to background theories, which 

relate to epistemological foundations of knowledge and learning, is often not outlined. As a 

contribution to the systematic development of SER, we highlight the need for explicating background 

theories in SER in this paper. We present one background theory, inferentialism, which is compatible 

to commonly used domain-specific theories and particularly suitable for designing and evaluating 

empirical investigations. Inferentialism allows for an analysis of students’ communication with 

regard to both the content and the structure of communication; and for a holistic perspective on 

students’ knowledge. Accordingly, it offers a fine-grained view on students’ inferences from data: on 

e.g. students’ collaboration, on the impact of impulses by the teacher, and on the opportunities and

restrictions that the tasks and the available data set hold. We illustrate our perspective using data 

from an empirical study in a Swedish 7th grade class. Here, the concept of correlation was addressed. 

INTRODUCTION 

Theory is essential for scientific work. Its use reflects the development of the scientific culture of a 

research discipline. Theorizing contributes to understanding and explaining complex phenomena 

(Bikner-Ahsbahs & Prediger, 2010). Theorizing systematizes the discipline: It contributes to a 

knowledge development within disciplines, in which research builds on previous work and goes 

beyond common sense (Lester, 2010; Nilsson, Schindler, & Bakker, 2016). Theory is crucial also for 

research in the discipline of statistics education—a discipline that massively has developed over the 

past decades (Nilsson et al., 2016). For a systematic development of this growing discipline, we see 

that theory use needs to explicitly be pointed out and reflected on in the scientific discourse.  

Whereas in mathematics education in general, concerns about a lack of theory and philosophy of the 

current research culture have been raised (e.g., Lester, 2010), the configurative literature study 

conducted by Nilsson et al. (2016) on theory use in empirical studies indicates that research works in 

statistics education mostly are connected to theory and point out theory use explicitly. Domain-

specific theories were most commonly referred to, i.e. theories that were particularly developed 

within the discipline of statistics education. One important type of these theories addresses statistical 

inference in particular. Theories such as Informal Statistical Inference (ISI) and Informal Inferential 

Reasoning (IIR) focus on students’ generalizations from data and emphasize the significance of 

students’ activities in informal and rich contexts (e.g., Makar, Bakker & Ben-Zvi, 2011).  

However, background theories (Bikner-Ahsbahs & Prediger, 2010) that provide epistemological 

foundations of the nature of knowledge and learning under investigation are not referred to to a great 

extent (Nilsson et al., 2016). Theories within statistics education, such as ISI (Makar & Rubin, 2009), 

can accordingly be conceptualized and understood in different ways—depending on the background 
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theory used for conceptualizing knowledge and learning, such as constructivism, socio-cultural 

perspective, symbolic interactionism, or distributed cognition (cf. Cobb, 2007).  

In this paper, we present how inferentialism can be used as background theory for investigating 

students’ generalizations from data (Bakker & Derry, 2011)—with implications for designing and 

evaluating empirical investigations. We illustrate this using data from an empirical investigation in a 

Swedish 7th grade class in which the concept of correlation—and concomitant other concepts such as 

mean value, median, extreme value, distribution, variation—was addressed.  

THEORY AND THEORY USE IN STATISTCS EDUCATION RESEARCH (SER) 

In mathematics education research, there seems to be a rough consensus on how theory is understood: 

As an organized, consistent, and coherent system of terminology, concepts, and principles aiming at 

conceptualizing, explaining, and predicting phenomena, and guiding research in terms of research 

questions, hypothesizing, and the identification of key variables and relationships to investigate 

(Nilsson et al., 2016). We draw on this understanding also for statistics education research. 

Theory use in SER 

In the growing discipline of statistics education, theorizing gets increasingly important. Along these 

lines, Nilsson et al. (2016) conducted a configurative literature study aiming at giving an overview 

on theory use in empirical investigations within statistics education. Even though they restricted their 

investigation to a limited scope of research articles published within the last 11 years, they were able 

to hint at some trends, summarized below.  

Domain-specific theories within statistics education, conceptualizing, for instance, particular 

statistical concepts or representations concerning the nature of statistics and probability, were most 

commonly addressed. Within this group of theories, there has been a development over the last years, 

in which students’ reasoning and meaning making has gained attention (Makar & Rubin, 2009). In 

particular, statistical inference has increasingly been focused on. Over the last decade, ISI and IIR 

have become present and important in the scientific discussion (see, e.g. Bakker & Derry, 2011; 

Makar et al., 2011). Drawing on the notion of statistical inference in a conventional sense as “a 

statement about a population or process that is inferred from a sample, along with an explicit level of 

confidence” (Makar et al., 2011, p. 153), informal statistical inference indicates that on school level 

the creation and testing of generalization from data does not necessarily involve statistics standard 

procedures. Researchers emphasize the significance of students’ activities in informal and rich 

contexts in which they can get in touch with statistics and increasingly be involved more formally 

(Makar et al., 2011). ISI emphasizes that students draw generalizations from data as evidence while 

employing probabilistic language, also informally referring to levels of certainty (Makar & Rubin, 

2009). IIR refers to the reasoning underpinning the inferences emphasized in ISI (Makar et al., 2011). 

In their review, Nilsson et al. furthermore found that—apart from other types of theory—fewer 

articles referred to what we call a background theory (Bikner-Ahsbahs & Prediger, 2010); i.e. theories 

that explicate epistemological foundations on how students’ knowledge or learning is conceptualized 

in the investigations presented.  

The anchored theory use of domain-specific theories in SER is a solid base for theory development 

in SER. This applies predominantly to domain-specific theories within statistics education, such as 

ISI. We see that research works build on each other, which is promising for the future development 
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of the SER discipline. However, we see that there is a need for SER to increasingly focus on 

background theories as well, make them explicit, and connect them to the existing theories within 

statistics education. Likewise, Bakker and Derry (2011) emphasize the benefits of ISI as a subject-

matter theory and at the same time highlight that “this area of research could in our view benefit from 

a stronger theoretical foundation rooted in what it means to know something about a context of 

inquiry, and, on the basis of such foundation, from further insight into the challenges faced when 

fostering ISI at the school level” (p. 6). Following Bakker and Derry, we use inferentialism for this 

purpose, as motivated below. 

Inferentialism and the inferentialist teaching approach in statistics education 

The perspective of inferentialism is increasingly gaining interest in statistics education (e.g., Bakker 

& Derry, 2011; Noorloos et al., 2014). Inferentialism is a semantic theory rooted in pragmatism and 

is based on philosophical ideas offered by for example, Kant, Hegel, Frege, Wittgenstein, and 

Heidegger (Brandom, 1994; 2000). Similar to theories such as constructivism, inferentialism as a 

background theory provides epistemological foundations for conceptualizing and analyzing 

knowledge and learning in the field of statistics. Inferentialism avoids a representationalist 

perspective on learning that implicitly supports a dualism between students’ internal representation 

and the worlds’ external reality (Noorloos. et al., 2014). “Rather than seeing representation to be the 

basis for reasoning, Brandom explains the meaning of representations through their origin in 

reasoning practices” (Noorloos et al., 2014). One of the crucial ideas in inferentialism is that content 

and meaning of concepts are conceptualized based on the inferential structure and role of judgements. 

Brandom (2000) states, “the guiding idea is that the essential feature distinguishing what is 

propositionally contentful is that it can serve both as a premise and as the conclusion in inferences” 

(p. 161). Thus, reasoning and inferences are significant aspects of research linked to inferentialism: 

It is assumed that individual students’ concepts can only be understood in their use in reasoning 

processes (Bakker & Derry, 2011). Inference in inferentialism is understood broader than in ISI and 

IIR. In inferentialism, understanding is conceptualized as the “mastery of properties of theoretical 

and practical inference” (Brandom, 1994, p. 5), where inferential relationships exist between 

sentences, which have a propositional content (Brandom, 2000). Inferentialism takes into account 

inferences that are formally correct and follow logical rules, but even material inferences that “are 

licensed by the empirical content” (Brigandt, 2010). It includes even inferences which are 

mathematically wrong or do not affect the mathematical structure.  

Based on Bakker and Derry (2011), inferentialist ideas can be interpreted in the light of statistics 

education, leading to an inferentialist teaching approach. Two fundamental ideas are characteristic: 

First, inferentialism emphasizes students’ participation in statistical inquiry. The discourse in these 

situations is described as games of giving and asking for reasons (GoGAR; Brandom, 1994), in which 

students make claims, give reasons, ask for reasons, in which they acknowledge claims and reasons, 

attribute them to others, undertake them themselves, or reject them. The term game highlights the 

significance of certain (possibly implicit) rules about how to make moves; about how to bring forward 

claims in the statistics classroom, about how, when and whom to ask for reasons, etc. This game in 

the classroom should not be understood as competitive, but rather as cumulative in a sense that 

reasons brought up in the GoGAR are not “lost” but shared by the members of the group in order to 

enrich the reasoning process. Statistical concepts are understood in the roles they play in reasoning 
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and inferences. “In particular, statistical concepts such as mean, variation, distribution, and sample 

should be understood in terms of their role in reasoning, i.e., in terms of the commitments entailed 

by their use” (Bakker & Derry, 2011, p. 11). The inferentialist understanding of the GoGAR and of 

statistical concepts connects to domain-specific theories such as ISI and IIR, in which students’ 

activities in informal and rich contexts are focused on. At the same time, the focus on the GoGAR 

offers additional advantages, e.g., for the data analysis of students’ collaboration as outlined below. 

Second, inferentialism has a holistic perspective on knowledge. It stresses that there are always 

“packages” of concepts involved in students’ reasoning and that these are connected via their 

inferential relations to one another: “One cannot have any concepts unless one has many concepts. 

For the content of each concept is articulated by its inferential relations to other concepts. Concepts, 

then, must come in packages” (Brandom, 2000, p. 15f). Students should be provided with informal 

ways to get familiar with situations in which packages of concepts are involved; for instance, the 

package involving the concepts of variation, distribution, and sample size (Bakker & Derry, 2011). 

Inferentialism stresses that meaning accordingly arises from students’ activity and reasoning in these 

situations (Bakker & Derry, 2011): Meanings of judgments and concepts are to be understood in the 

way they are brought into play and used as premises and consequences in the GoGAR (Brandom, 

1994). Theories such as ISI and IIR, in which contextual meaning making is emphasized, can in our 

view benefit from such inferentialist holistic knowledge conceptualization.  

Based on these ideas, inferentialism offers advantages for analyzing students’ communication when 

inferring from data. It avoids a separation of semantic content and syntactical structure in 

communication, but looks at semantics and pragmatics in their interrelation. “Semantics is rooted in 

pragmatics.” (Bakker & Derry, 2011, p. 11) Additionally, it stresses the interrelation of different 

viewpoints and the connection of different statistical concepts in the activity in which inferences are 

drawn. “Meaning should be understood as constituted in activity or social practice” (p. 11). 

APPLYING INFERENTIALISM IN AN EMPIRICAL STUDY 

Setting the scene: The class, task, and inferentialist design 

The aims. The activities focus on statistical association. The purpose of the activities is to open up 

for a GoGAR and for a social and holistic meaning making which arises from the activities. In 

particular, concepts related to sample representativeness (Mokros & Russell, 1995) such as mean 

value, mode, median, and extreme value are intended to be used in students’ discussions. Students’ 

associations—which can be imperfect and existing in degrees (Ross & Cousins, 1993)—are intended 

to foster their engagement in their probabilistic reasoning and, thus, their social GoGAR, in which 

other concepts such as variation and distribution (Batanero, Estepa, Godino, & Green, 1996) are also 

intended to be involved. Students are expected to come to view two data sets as variables that can be 

related in a certain way (Batanero et al., 1996).  

The task. The chosen statistical problem emerges from a professional development program for in-

service mathematics teachers in Sweden, “Matematiklyftet”. It deals with paper-helicopters (see also 

Ainley, Pratt, & Nardi, 2001) and the question of how to determine the best lengths for the rotor 

blades for these helicopters in terms of a long flying time. Students are in the role of experts assisting 

a company with possible rotor blade lengths between 3cm and 14cm. Questions to the students are, 

for example, “What do you think: Which one is the best rotor blade length? Reason why!” or “Can 

you find another way to determine the best rotor blade length?”. 
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The class and implementation. The empirical study was performed with a class of 20 year 7 students 

(aged 12/13) in Sweden. According to the teacher, the performance level of the students was rather 

low in general. The class was not used to inquiry-oriented learning, but to work in groups. The class 

had dealt with statistical concepts such as mean value, median, mode, and extreme value before. The 

teacher, Mrs. Andersson, had worked as an in-service mathematics teacher for over 20 years. She 

showed enthusiasm to participate in this study and to learn more about new teaching methods. The 

class dealt with the helicopter problem in two lessons. In the first lesson, the students were involved 

in the data generation via e.g. testing paper-helicopters and measuring flight times. In the second 

lesson, they interpreted and evaluated the data in groups, guided by questions provided by the teacher. 

This was followed by a whole class discussion. 

Data analysis. The data analysis in this paper focuses on students’ group work in the second lesson. 

Here, students were supposed to determine and argue for the “best” length of rotor blades and to find 

different ways doing so. Based on inferentialism, we analyze how students draw generalizations from 

data with special regard to the interrelation of content and structure in students’ social GoGAR and 

to the different concepts involved in a holistic perspective. We analyze how students ask for reasons, 

give reasons and take up reasons from each other in the GoGAR. We do this by focusing on students’ 

propositional claims, which can serve both as premise and conclusion in inferences. Based on 

Brandom’s (1994) claim that “the game of giving and asking for reasons, from which inferential 

relations are abstracted, involves both intercontent and interpersonal dimensions” (p. 496), we 

evaluate the GoGAR with special regard to how different persons and different claims and reasons 

are involved. This will be illustrated in the following. 

Analyzing students’ GoGAR—Illustrations 

In the following, we give insight into two scenes. Both emerged from one group, in which six boys 

were aiming at figuring out how to determine the best rotor blade length in terms of flying time. The 

GoGAR was based on the data that the class had gathered in lesson 1 (Tab. 1). 

1st  2nd 3rd 4th 5th 6th 7th 8th 9th 10th 

6 cm 2,50 2,30 2,50 2,30 2,40 1,90 2,59 2,94 2,56 1,83 

7 cm 1,8 1,9 2,7 2,2 2,1 2,43 3,13 2,34 2,3 2,85 

8 cm 2,6 1,9 2,6 2,5 2 2,97 2,45 2,38 3,04 2,95 

9 cm 3,1 2,98 2,9 2,86 3,03 1,64 1,31 1,94 1,85 2,12 

10 cm 2,2 2,6 2,43 2,82 2,38 1,65 2,47 2,27 2,18 2,24 

11 cm 2,24 2,8 2,9 2,12 2,7 1,34 1,87 1,87 1,3 2,78 

12 cm 2,8 2,2 2,56 2,38 3,32 1,35 2,31 1,81 1,73 2,03 

13 cm 2,56 2,23 2,46 2,28 1,73 1,68 1,63 1,81 2,38 1,98 

14 cm 4 2,98 2,95 3,08 2,08 2,33 1,86 2,16 1,68 2,36 

Table 1: Data in the helicopter experiment, gained by the students 

The following scene took place when students started to work on the question “What do you think: 

Which one is the best rotor blade length? Reason why!”.  

1.1 R: And how do you decide which one is the best? 

1.2 S1: Because this one gets the best time [points at 14cm in the table] 

1.3 S2: 4 cm… or I mean fourteen cm. [points at the paper] 

1.4 S1: Yes. […] 

[…] 
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1.5 S1: It got four seconds. […] 

1.6 S2: Because it has got the most time up in the air compared to each one. 

1.7 S1: It means? 

1.8 S2: And that means that it kind of has the most air resistance. 

1.9 S1: And that means that if it crashes […] 

1.10 S3: Yes but… yes but when they get longer then the air resistance is better than if it 

was small. 

The GoGAR. The transcript shows the beginning of the GoGAR. Introduced by the researcher’s 

question (“And how do you decide which one is the best?”), S1 and S2 claim that 14cm is best, 

because it “gets the best time” (Turn 1.2), which is 4 seconds (Turn 1.3). Their inference, which they 

make explicit collaboratively, indicates that they are drawing on the extreme value in the given data 

set; which is 4 seconds. This leads them to agree to 14cm as best rotor blade length (Turns 1.3 and 

1.4). In Turns 1.4 and 1.5, there are no new contents brought into play, but S1 and S2 express 

agreement and repeat their previous claims. The reason that S2 makes explicit in Turn 1.6 is the 

starting point of a discussion in which the students focus on real-world conditions: In Turn 1.6, S2 

gives the reason that 14cm is best because it has the longest “time in the air” in the given data set. 

The question “It means?” by S1 gives a reason for S2 to argue further. He claims that the air resistance 

is biggest for the longest rotor blades (Turn 1.8) and uses this to reason why helicopter with the 

longest rotor blades has the longest flying time. After S1’s focus on the possibility of the helicopter 

to crash (Turn 1.9), S3 then gets involved in the GoGAR, confirming S2’s idea “when they get longer 

then the air resistance is better than if it was small” (Turn 1.10), in which the concepts of rotor blade 

length and air resistance are connected. After these Turns, also the other students of this group get 

involved in the GoGAR, confirming this idea, e.g. saying “The longer the better resistance” or “When 

it gets longer, then it gets bigger air resistance than it would if it was small”. However, no new 

contents are brought into play before the students agree on 14cm or rather 4 sec to be best. 

The evaluation. In this episode, the students draw inferences from the data set. They first use the 

focus on the extreme value (4 sec) as basis for their inference that 14cm is the best rotor blade length. 

Here, two students are involved. Then, they draw on a material inference, on a real-world-

phenomenon to support their decision: the air resistance and the inference the longer the rotor blades, 

the bigger the air resistance, the longer the flight time. This inference opens up the GoGAR also for 

the other four students who have not been involved beforehand. These become engaged confirming 

this inference. The concept of material inference assists in two ways in this analysis: It provides an 

understanding of students’ way of reasoning and it helps to explain how peers are invited to the 

GoGAR in this episode, via a real-world phenomenon. In their GoGAR, in which they finally agree 

on 14cm to be best, the focus on the air resistance is central; other possible focuses—e.g. on mean 

values, on the variation, and distribution—are not explicit. The aim of this teaching experiment was 

to initiate students’ concept of statistical association or correlation. More specifically, we wanted the 

students to uncover the association between the rotor blade length and the flying time. It can be argued 

that the students in this group were able to make such connection. However—with perspective to our 

holistic perspective—, the GoGAR of this group of students does not hint at other statistical ideas 

involved in students’ inquiry process besides the material inference between the lengths of rotor 

blades, the bigger air resistance, and the flying time. 
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Later in this lesson, the teacher gets involved in the GoGAR of this group. With her claim “If you 

have to decide which length for the wings is best, you can use all of the lengths”, she gives reason for 

the boys to reconsider their approach and take more data into consideration. S2 starts considering 

every column of the table. He finds that 14cm “wins” against 13cm in all columns, except for the 

second last one (Table 1). In the following, we show an excerpt of this discussion. 

2.1 S1: You just have to look here [points at the paper] and then you see (…) four then 

it’s over. 

2.2 S2: No, it can be fours it can be ones and then each one could be threes. 

2.3 S3: Maybe they got one good. 

2.4 S2: Yes and the rest could be bad. But they aren’t. 

The GoGAR. S1’s claim in Turn 2.1 indicates that he still proposes to focus on the extreme value of 

4cm. However, S2 rejects this claim, saying “no” (Turn 2.2). He adds a reason for this disagreement. 

However, his utterance leaves room for interpretation. Our interpretation of the Turns 2.2 until 2.4 is 

the following. The students S2 and S3 argue that it could (theoretically) be possible that 14cm has 

4sec, but also many shorter flying times (1 sec), whereas another length (possibly 13cm) could have 

a lot of values of 3sec. It could be possible that 14 cm only has one good (i.e. long) flying time 

(“Maybe they got one good”, Turn 2.3) and that “the rest could be bad” (Turn 2.4) for 14cm. But in 

the given data set, that is not the case (“But they aren’t”, Turn 2.4). S2 and S3 seem to build on each 

other’s claims. S3’s claim in Turn 2.3 is affirmed by S2 and obviously perceived as contributing, as 

S2 again builds on it, initiating his next claim with “and”. 

The evaluation. In our interpretation of the GoGAR in this episode, the teacher and students deal with 

another focus than before. While the boys appeared to draw on the material inference in the first 

episode and to focus on the single extreme value of 4cm in the data set, S2 in this episode seems to 

pick up the teacher’s impulse and seems to want to point out the need to look at the rest of the data. 

He seems to argue that they should look at the other values as well. Herewith, S2 seems to invite S1 

to revise his claim. However, S2 found before that the values for 14 cm are always higher (except for 

one case). This seems to give a reason for him to assume that the choice to determine 14cm as the 

best rotor blade length was right. In this episode, it is again perceivable that only the students S1, S2, 

and S3 are involved in the GoGAR. The other students, who were involved when real-life phenomena 

were discussed, are not actively contributing to the GoGAR. With regard to the aim of the teaching 

experiment, the analysis of the GoGAR reveals that the data was not sufficient to stimulate students 

to reason in different ways. As the values for 14cm were always highest (except for one case), the 

students did probably not have sufficient reasons to focus on the mean values, or similar. The analysis 

of the GoGAR helps to see how to support students’ learning processes: In this case, another data set 

or another arrangement of the values in the table would have possibly been useful in order to get the 

concepts of mean value, median, and distribution more involved in the GoGAR in order to offer the 

students further learning opportunities. 

RÉSUMÉ 

This paper highlights the need for explicating background theories in statistics education research. 

We presented one such theory, inferentialism, which is compatible to domain-specific theories such 

as ISI (Bakker & Derry, 2011). Inferentialism allows for an analysis of students’ communication with 
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regard to both the content and the structure of communication; and it allows for a holistic perspective 

on students’ knowledge. On this basis, it offers a fine-grained view on students’ inferences from data; 

on, e.g., students’ collaboration, on the impact of impulses by the teacher, and on the opportunities 

and restrictions that the tasks and the available data set hold. With this paper—in which we presented 

inferentialism, its connections to existing domain-specific theories within statistics education 

research, and in which we illustrated its applications—we want to contribute to a scientific discourse 

on theory and theory use in the field of statistics education research. 
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